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ABSTRACT:An existence theorem for neutral equations with polynominal nonlinearities is proved.

INTRODUCTION

It is known that in the theory of nonlinear circuits V —1
characteristic curve can be approximated by various nonlinear
functions (cf. [1][3]) - polynoms, exponential functions,
hyperbolic functions and their combinations. In [4]-[7] the
authors in their endevour to investigate the lossless
transmission lines considers the hyperbolic system
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where i =i(t,Xx), u=u(t,x) are the current and the voltage

respectively, while L is the series inductance, and C is the
parallel capacitance per unit length of the line. The line is
shorted at x=0 which implies u(0,t)=0 and it is
connected with a nonlinear element (for instance tunnel diode)
at x=I1 (I is the length of the line), that is,
i(I,t)=f(u(l,t)+E), where E is the bias voltage, and
I = f(V) is the V —1I characteristic curve. In many cases

f (V) is third degree polynom of the type f(V)=-aV +V 3

(cf. [41{7]) or polynom of higher order [1], [2]. If the parallel
capacitance Cq is considered in the circuit the above

boundary value condition becomes

au(l,t)

i(l,t) = f(u(l,t)+ E)+Cg

Then the mixed initial-boundary problem for system (1) can
be replaced by a pure initial value problem for a functional
differential equation of neutral type ([4]-[7]) while in the first one
obtains only functional equations. The general theory of neutral
equations can be found in [8]-[11] but the polynomial
nonlinearities only in particular cases are considered [4]-[7].

The main purpose of the present paper is to formulate
conditions for the existence and uniqueness of solutions of
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neutral functional differential equations with polynomial
nonlinearities in the right-hand sides in general case. Our
investigations are based on fixed point approach obtained in
[12]-[13].

Let us consider an initial value problem for the neutral
functional differential equation of first order

U(t) = F(U(Al(t))l (] U(Am(t)’ U(Yl(t):; U(Yn(t)),t >0 ’
u(t) = o(t), u(t) = o), t<0 (2)

where F(Uq,...,Up,Vq,-, V)
o), o(t): Rt > R, RY =[0,x0), R = (—0,0],
Ajt):R SR (i=12,...m),

7 ()Rt >R (k=1,2,..., n) are prescribed functions.

Usually when one look for global solution of (2) F has to
satisfy the condition of the type

m

n
| F(Ugeees U Ve vn)|<a[2|uk|+2|vs|]

k=1 s=1

(3)

Our goal is to include in the consicleration the right-hand
sides of general type:
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where a, ag'), by are prescribed constants.
The equations obtained in [4] - [7] are particular cases of (4):

Co[u(t)+Ku(t—h)]+(——gju(t) K( +gju(t—h)_

=-ud(t)-Kud-h),

where Cg, K, 1, g and h are prescribed constants.
z

EXISTENCE THEOREM
As usually we put y(t) =u(t) for t >0 and y(t) = ¢(t)
for t<0. Then (2) becomes assuming
y(0)=9(0)=0):
A1) Ap (1)

YO =F| [y)ds. [y(S)ds, Yz O) Ylra(®) >0
0 0
y(t) =wy(t), t<0. (5)
Indeed y(t—tg) =u(t) —og — gt —ty) satisfies

Condition
S

y(0) = y(tg —tg) = u(ty) — o =0 and
y'(0) =u'(tg) —@p =0 (u(ty) = @o,u’'(ty) = ¢p) -

Theorem 1. Let the following conditions be fulfilled:
Functions

Ai®), 7@ :RY >R (i=1..,mk=1..n)
are continuous and A; (0) <0, v, (0) <0, and

t—Aj{t) 2 A0 >0, t—y,(t)=v9 >0,
where Ag and yg > 0 are constants;

the function

is continuous and satisfies the conditions:
1.3.1 y(t) = ¢(t) is continuous and satisfies conformity

condition
1.3.2

A1(0) Ap(0)
w(0)=F[ [w(s)ds... Jw(s)ds W1 (O w(vn(O))]
0
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1.2.3

| F(Up,eo Upy Vs V) IS

ky Knn n
< Z|U1|S+---+Z|Um|s +322|V5 |
s=0 s=0 s=1

where a; and a, are positive constants;
1.2.3

s=1

ky m n
S ~S S ~ >
<y Y Jup =GP [+ D U = | [+ D | vg Vs
s=1 s=1
Then (5) has a unique continuous solution.

Proof. Consider the set X of all continuous functions
f (t) :[0, To] — R which coincide with (t) for t <0.

Introduce a family of pseudometrics

2 = py (F, X1 e[0,00)], where

o (F, 1) =supk ™| £ (- T Fte[0,Tol].
Recall thatfor t <0 f(t) = w(t) and f(t):w(t).

Then the set X endowed with the family .2 becomes a
uniform space (X, .«#).

Introduce the set
M ={f e (X,.2) | f(t)|< Ae™ t [0, To]},
where A is a fixed constant which does not depend on f .

It is easy to verify that (Tf)(t) is a continuous function on
R

First we show that the operator T defined by the right-hand
side of (5) is contractive:

N0 A1)
F[ jf S j (s)ds, f (yy(t)
0 0

y(t), t<0.

o Flrn (t))} te0,To]

Indeed for every f, feM we have te[0,Tg] for which
Ak (t) >0:

5 Ao ) (A )
|(TF)®) — (TF (1) [<by| > If(r)dr - _[f(r)dr Fot
s=1{ 0 0

keBn® ) (800 Y
+Z[ jf(r)dr} [ [T ] +bZZ|st OEIAOIE
s=1l o 0
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) M0 MW IYOR
<by| > J‘f(r)drf If(r)dts jf(r)dr -
s=1 0 0
Ky [ (©) Ap (1) An® [
+Z jf(r)dr— If(r)drs jf‘(r)dr +
s=1 0 0

n _—~
+ bzz“e_?ws(t) [ f(ys®) = f (ys(t)] Ms(t) <

s=1
IO e 0 _
<by ZsAS—1 je“dr j | ()= f(r)|e ™ eMdd+...
s=1 0
an® a0
+ZSAS‘1 j eMdr j|f(r)-f(r)|e—“.e“dr +
s=1 0

n
+bopy, (£, 1) e <
s=1

S S

Aq(t)

J’ eMye

A (1)
J" eMdr

Ky
<bypy (f, ) ZsAs -+

s=1

K

+.. +ZSAS -1

+

- n
by (F, 1) esW < (k= maxky kp.....km})
s=1

M () 1

<bypy (1, f){ZsAS e

_n
+hopy (F, )Y e MW ght <
s=1

- kg o MEAAL (1) s
<py (f, )| by D sASTe?! — |+

s=1

kn oM (1) s n
; ZsAs’le“‘ — n esz Ze*}’o < (-M4RA (t) <-AAg)

s=1 1

—AAgS

<p(f, f)[blstAs 18 =

= oMty neMhye Mo 1 -
s=1

—At

We multiply the previous inequality with e and then

e | (TF)(t) - (TF (1) |<

<p (£, T) blstAS e

5T 4 e Mo}
s=1 N

<py.(f, 1)\ oym
=p (f.1)B) = p, (TF,TF) <BM)p; (F, ).

For sufficiently large A one can see that B(L) <1 provided
To —Ag < 0. This implies that T is contractive.

s=1

-1
Ay K Mg AT, P
g "0 Ae *70TH0 _
+nbze Mo =
A A

Weshow f e M = Tf €M .Indeed (A, >0):

S S

k1 AL (1) Ky [Am ©
[Tt < ay] Y jf(r)dt +. +Z j f(o)dy [+
s=1{ 0 s=1l 0

+ay ) | f(rs )<

s=1

1 (0 _g)° b (ehan® _q)°
<y ZAS[ ] em+...+ZAs[e ; 1} et |4
s=1

n
i azeMZe_M””VS(t)A <
s=1

Kk S
< almZ[é) (e‘Mo”‘TO )s +aye™ Ane Mo
~ 2
s=1
Multiply the last inequality e ™M
RIUPGIE
K p)S
salmZ(—) (e_MOJr}‘TO)Se‘M +nayAe 0 <
s=1 A

k S
< almZ(éj (e’MO”TO )S +naAe 10 <A
s=1 A

which is always satisfied for sufficiently large A and
In order to be satified all conditions of the fixed point theorem
[12] we have to find such an element x; that

ij(x)(XO!TXO) <Q<w(k=12..)

Here the map j: A— A (cf. [12])is j(A)=A . One can
choose Xq

_Jw(0), t=0
%)= {\y(t),t <0
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Then we obtain

pjk(k)(XO’TXO):

=sup{y(0) - F(AL(O(0),-. A (O(0),v(0).... () [ ™ :te[0,TT}<oo
The last supremum exists because

|Aj(t)|<|t—Ag | and consequently

ki
e (A O w(0)° <, (i=12,..,m).
s=1

Therefore T has a unique fixed point [12], which is a
solution of (5).
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