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R
ABSTRACT. The operators Hf (z) = H . f(z)=— zq.[ f(£)d¢ | are considered with non-negative integer parameters p,q € Z_ in the case when
dz 0

p < q+1 inthe space Ab of the functions analytic in neighbourhoods of the origin z = 0 of the complex plane C . Using the power series descriptions of the
commutants of compositions of operators of the type H p.a with different parameters p and q from previous author's papers, here the question about the minimal

commutativity (in the sense of (Raichinov 1979)) of compositions is considered.

MWHUMAIHA KOMYTATUBHOCT HA KOMMNO3ULIUM OT ONEPATOPU OT CMECEH TUIN
Mupsina Xpucmoea
YHusepcumem 3a HaylUOHasHO U c8emosHo cmonaHcmeo, Kamedpa Mamemamuka, Cmydenmcku epad, 1700 Cogpusi, bvneapus

P z
d
PE3IOME. Onepatopute Hf (z) = H . f(z) = —(ij f(<)d ;j Ca pasrnefjaHn C HeoTpMLATENHW Lenu napameTpu p,q € Z, B Crydas, KoraTto
dz’ 0

p < q+1, B NPOCTPaHCTBOTO A\) Ha (yHKLMNTE aHANWTUYHI B OKONHOCTM Ha KOOPAMHATHOTO Havano z = 0 Ha komnnekcHaTa pasHuHa C . Manonssaiiku

ONMCaAHMETO Ypes CTeneHHU peaoBe Ha KOMYTaHTUTE Ha KOMMO3ULIMK Ha onepaTopu oT BuAaa H P.q C pasnuyHu napameTpu P W ( OT NpedullHn CBOU CTaTuu,

aBTOPBT pasrnexaa Tyk Bbrpoca 3a MUHUMAanHaTa KoMyTaTUBHOCT (B cMUCHI Ha (PaituuHos 1979)).

Introduction the commutants of compositions of operators of the type H
Let A, be the space of functions analytic in (possibly  with different parameters p and g when they increase or

different) neighbourhoods of the origin z =0 in the complex preserve the powers. We will discuss also the question about

plane C orits subspace S of the polynomials of the complex the minimal commutativity of compositions (in the sense of

variable z . We want to consider a generalization of the usual (Raichinov 1979)).

operator of integration J f(£)d¢ multiplying it by a non- Let us represent first the action of only one operator H

0

. k.
negative power z* and then differentiating p times, i.e. we on a single power 2 :

k

consider the operators of mixed type HpgZ = 2)
d’ 2 =i(k+q+1)((k+q+1)—1)...((k+q+1)—p+1)z<k+q+1>*P.
H,.f(2) :F(ijo f(g)dg), paez. (1) k1
z Denoting q— p+1 by «, we have >0 and can write
shortly
In (Hristova 2012) the commutational properties of a single
. Lo ‘ e o 1 (k+gq+1)!
operator H  inthe case p <q+1 were investigated, and H,2 =22 a = . #0,
’ ]
in (Hristova 2013a, 2013b) the case P = +1 is presented. k+1l  (k+a)! (3)
Here we will combine the results from these papers to describe a dif q—p+1>0.
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actson z* as

Now an arbitrary power H = of H .

1 D!
a a Zk+rrz a '(+q+)

, =— #0. (4)
k+a k+(r-1)a 1 I +1 (I + a)'

rok _
Hp‘qz =4,

In order to avoid writing the long products in (4) we will use
again a short representation denoting them by one letter:

1
1 (I+q+1).¢0.

141 (I+a)!

def

B =aa.,, B e &S (5)

and then we can write simply

r-1
K K
H;,qz ::Bkz "y ﬂk :Hak+ta’
t=0

_ 1 .(I+q+1)!;t0
I+1 (I+a)!

In fact, if y(z)=)_c,z" is an analytic function from A,
k=0

LERVIONG)
with coefficients ¢C, = y kE )

, then we have the short

representation
r c k+ra
H y(2) =) ¢z
k=0
with B, from (5) and (6) and « from (3).

Let us give some definitions:

Definition 1. It is said that a continuous linear operator L
commutes with a fixed operator M , if LM = ML.. The set
of all such operators is called the commutant of M and will

be denoted by C,, .

Definition 2. It is said that a continuous linear operator T is
generated by an operator M, if T is a polynomial of M

with complex coefficients, i.e. T = Zan ",d eC.The

n=0

set of all operators generated by M will be denoted by G,, .

Obviously every operator T , which is generated by M , i.e.
T €G,, , also commutes with M ,i.e. T €C,,, and hence

G, <C,.
general, not true. Therefore the following definition is natural:

The opposite inclusion G,, oC,, is, in

Definition 3. (Raichinov 1979) An operator M is called
minimally commutative if G,, > C,, , i.e. if the commutant

CM
henceif C,, =G,, .

M’

consists only of operators T generated by M and

In general we can consider compositions
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H' =HiHZ...Hg, 8)
where H; = Hp1’q1, H, = sz,qz"“’ H, = Hpqus are
operators of the form (1), r,r,,...,r, are nonnegative
integers, and r=(r,r,,...,r,) is considered as a
multipower.

In the papers (Hristova 2013c -2013f) the author considers
for the sake of simplicity only compositions of two operators
H' =HH2, 9)

r=(n,n).

The description of the commutants of compositions is given
there in different cases: when the powers are preserved or
increased by both operators and also in the mixed cases when
one of the operators increases, while the other one preserves
the powers. It is convenient to define the numbers

def

a;=q;,-p;+1=0, 1=12, (10)
which show how each of the operators in the composition

changes the powers of the complex variable z € C .

In the general case of composition of more than two
operators the reasonings are the same but the written form of
the results becomes more complicated.

Let us note that descriptions of commutants are made by
many mathematicians. In the references of this paper we have
included only a very small part of the publications related to the
commutants of operators similar to the one considered here,
see all refferences. Additional huge number of publications
related to commutants can be found in the bibliographies of the
cited monographs.

The case of preserving the powers

Description of the commutant

The description of the commutant in the case of composition
of operators preserving the powers is proved in another paper
(Hristova 2013c). The interesting fact is that it remains the
same as the one for a single operator given in paper (Hristova
2013a).

Theorem 1.

Let the operators H, and H, be of the type (1) with
a;=q;—p,;+1=0, j=12. We can fix q, #q, and
then to express p; =q; +1, j =12, writing

Hy(z2)=H,y(2)=H,.,.,¥(2) =

q;+1

(11)

(2], v©rde) i-12.
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Then a linear operator L: A, — A, commutes with the

composition operator H' = lengz, T >1, j=L2, if

and only if it has the form

Y )

Ly(z)zz k' dkzku
k=0 -

where {d, },_, is an arbitrary sequence of complex numbers,

(12)

but such that the series in (12) converges.
For the sake of completeness we will give here only a

Sketch of the proof
A short expression of the action of either of the two operators

H, j=1,2, on an arbitrarily fixed single power z" of the
complex variable z is

H,z =B, 2 = (k+q, +D(k+q,)...(k+2) z*. (13
Then the action of the composition H™ = H{'H2 on z*
can be written as

H'Z* = (HEH2)Z* = HE(H2Z¥) =

(14)
HL (B 2%) = B B 2"

If L:A — A, is an operator from the commutant

C.=C

e Ly We suppose that its action on an arbitrary
1772

power z* has the form

(15)

with unknown  coefficients b, .
LH"Zz" and H"Lz" are
LH"Z* = L(B B2") =

o0
L of n
i :Bz?k z bk,nZ
n=0

()
n=0

o0 o0
r_n L b _n
= Z bk,n|_| z = Z bk,nﬂl,lnﬂfnz

n=0 n=0

Then the expressions of

h ph k _
Bkl =

If we equate the coefficients of the equal powers in (16) and
(17), then

lBk 2k kn_ 1r,1n Zr?nbk,n’ n=012,... (18)
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Taking into account that g, #q, and the form of the

coefficients in  (13) and (14), we have that
Do # B By, and then it follows that
d, -arbitrary, forn=Kk
e =1 Y (19)
' 0, forn=k
This reduces the series in (15) to only one term;
Lz =d,z, d,_ -arbitrary. (20)

Finally, if an arbitrary analytic function y € A, has a power

y(z) =Y ¢z
k=0

series  expansion with  coefficients

k

(k)
_Yy @
k!

(21)

Ly(z) = L(chzka e Lz =>cd,z"
k=0 k=0 k=0

which is the desired representation (12).
Minimal commutativity

First we have to describe the operators generated by
H " and then this description will be compared with the one of
the commutant CHr given in Theorem 1.

Theorem 2:
Let us denote for simplicity of the writing the composition (14)
and the coefficient in it by one letter
k
= ﬂkz ,

=H"ZX =HJiHR

4 I.
B = BB

sz
(22)

Then the operators Ay(z) = ZajH 'y(2) generated by

j=0

the operator H : A — A, have the form

(k)
Ay D)=33Y (O)a Bl

k=0 j=0

(23)

Proof: This follows immediately from the representation the
action of the powers H ' of H on functions y € A:

o)
H'y(z) = H (Zy (0)_, ]

VO > (0
_zy () :Zykg)ﬁkjk

(24)

Let us make the definition of the minimal commutativity more
precise. One can use two different variants of the definition,
namely finite and infinite minimal commutativity



If in an algebra K of operators the notion convergence of
sequences H_— H is defined and it is compatible with the

algebraic operations at least so that H —H and
A —->A imply HA —HA, AL-—>AL,
H,+A —>H+A, then the element H
(infinitely) minimally commutative if its commutant

consists only of elements of the form

and
is called
C

H
A= ZaHJ_IlmZaHJ_IlmA1 a, eC. (25)
]0 n—o0

If the commutant C,, contains only elements of the form

A =>aH' aeC, (26)
j=0

with finite sum, then H is called finitely minimally

commutative.

Theorem 3.

If the operator H defined by (22) is considered in the
subspace S — A, of the polynomials, then it is finitely
minimally commutative.

Proof: Let y(z) = Z:Ckzk € S be an arbitrary polynomial.

k=0
Then by (6) any operator L from the (finite) commutant C, in
S must have a polynomial form

q
Ly(z) = > cd,z"
k=0

with zero coefficients ¢, of the highest degrees if g > .

From (26) the action of an arbitrary operator Ae G,
generatedby H on vy is

Ay(z) = ZaH y(z) = Za ZCH z"

naqu: b/2" = Zab

k=0

j=0

i.e. Ay(z) is also a polynomial of degree at most q .
Now, equating the coefficients of the equal powers in (27) and
(28), we have to solve the linear system with unknowns &, :

D ab! =d,,
j=0

We can suppose that n=q since if N>, we can take

k=012,...,q. (29)

a'q +1

..=a, =0 and the system (29) becomes with equal
number of equations and unknowns:
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k=012,...

Zth =d,,

The determinant of the system
Wandermonde's one

. (30)

is the non-vanishing

b, by
b b’
W(b,.b,....0)=[ “I= TT ®,-b) =0, (31)
° 0<u<v<q
1 b b?

. - b
since b, #b, for 4 v by the definition of H . Hence the

system (30) has an unique solution (a,,4,...,a,) and the

operator H is finitely minimally commutative.

Remark:
We proved Theorem 2 for the subspace S e A, of the

polynomials. If we consider the whole space A, then it is

natural to try to prove the infinite minimal commutativity of H ,
but then a linear system like (29) with infinitely many equations
and infinitely many unknowns has to be solved. We cannot
give a positive or negative result, but it is at least clear that a
representation of the operators of the commutant with finite
sum as (26) is impossible in the general case when infinitely

many d, are chosen different from zero. Indeed, if we
suppose that the operator H : Aj — A, is finitely minimally
commutative, then

q

2

j=0

bla, =d k=0,12,.... (32)

k!

The first
(a,,a,...,

2. But from the next equations for k > g +1 we see that

g+1 equations have an unique solution
a,) dependingon d,d,,...,d, asin Theorem

q

-3

j=0

a,(d,,d;,...,d,), (17)
ie all d , k>qg+1, depend on the first d,, 0<k <q,
and cannot be arbitrarily chosen.

description of the commutant C,

This contradicts the

The case of increasing the powers

Due to the lack of space we are not able to consider here the
case of increasing the powers by the operators in the
composition (9) and also in the mixed cases. Let us only
mention that the result which will be proved in Part Il (Hristova
2013d) of this paper states that

The composition H" = H,*H . is minimally commutative if
and only if the total change of the powers is exactly one.
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