ABTOpcKa crrpaBKa 3a IPUHOCHUS XapaKTep
Ha TpyaoBeTe Ha Ejza ViBanosa-/lmMoBa,
IIpeJicTaBeHN 3a ydacTie B KOHKYPC 34
JIOIIEHT 110 MAaTEeMaTUuKa /TeoMeTpus u
TOIIOJIOTHS /

Ob6aact 4. Ilpupomgaun HayKu, MaTeMaTuka u mapopMaTuka

4.5. MaremaTtuka

B4. XabuauranmoHeH TPy — HAYYHU MyOJUKAINNYA B U3JaHUA, KOUTO CA
pedepupann m WHAEKCUPAHU B CBETOBHOM3BECTHU 0a3m JaHHU C HAYYIHA
nadopmanua (Web of Science u Scopus).

(Hzuckeam ce 100 mouru. Ilpedcmasenu ca 2 nayunu nybaukayuu, Hoceuy 06uyo
105 mowku.)

B4-1. Elza Ivanova-Dimova, Lower-Vietoris-type topologies on hyperspaces, Topo-
logy and its Applications, 220 (2017), 100-110, IF 0.549, Web of Science Quartile:
Q3, http://dx.doi.org/10.1016/j.topol.2017.02.011, ISSN (print) 0166-8641, ISSN (el-
ectronic) 1879-3207, MR3619282, Zbl 1865.54013 (45 Toukm)

Pezome

[Tpes 1975 1., M. M. Yobaun [M. M. Coban, Operations over sets, Sibirsk. Mat. Z.,
16 (1975), no. 6, 1332-1351| nedurnpa HOBa TOMOJIOTHS B MHOKECTBOTO OT BCHYKH
3aTBOPEHH OIMHOXKECTBA Ha €JHO TOIIOJOTHIHO MPOCTPAHCTBO, KOSTO € IOA00Ha Ha
BHETOPHUCOBATA XUIIEPTOIIOJIOIUs, HO e mo-caaba ot Hes. [Ipe3 1998 r., [, umos u .
Bakapesios |G. Dimov and D. Vakarelov, On Scott consequence systems, Fundamenta
Informaticae, 33 (1998), 43-70| BbBenOXa MOHATHETO TUNEPMONOAOLUA O MUTOHOE
mun. Kacbr 0T BCHYKH XUIIEPTONOIOTHH OT THXOHOB THIT C'b/IbPyKa KJIACa OT BCHUKI
xunepronojgornn Ha JobaH. XHmepTornoIoruuTe oT THXOHOB THIT (KOUTO Ce Haphudar
OIlle U TUNEPMONOAO2UL O, 20PHO-BUETMOPUCOE MUN), CA TOAPOOHO U3YUYEeHH B pa-
6orata |G. Dimov, F. Obersnel and G. Tironi, On Tychonoff-type hypertopologies,
Proceedings of the Ninth Prague Topological Symposium (Prague, Czech Republic,
August 19-25, 2001), Topology Atlas, Toronto, 2002, 51-70].

B nacrosmara ctatus e BbBeIeHO HOBO TIOHSTHE, 8 UMEHHO TIOHSITHETO LUNEPMO-
NOA02UA 0T Q0AHO-8UEMOPUCOS MUN, TI0 HAYNH MOJI00eH HA TO3MU, II0 KOHTO B IIUTHPA-
HaTa mo-rope crarus Ha JluMoB-BakapesoB e BbBeIEHO MOHATHETO XHIIEPTOIOIOT U
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OT TUXOHOB THII, U € IOKA3aHO, 9€ TO € PA3IUIHO OT KJIACHIECKOTO IOHITHE J0.-
HA BUEMOPUCOBA TUunepmonoaozus. V3ydeHn ca cBoiicTBaTa Ha XHIIEPTOINOJOTHUTE
oT AOJIHO-BUETOPHUCOB THUII, KAKTO U I/I306pa)KeHI/IHTa Me2KAYy XHUIEepIpoCTrpaHCTBaTa,
YUSTO TOIO/IOTHSA € OT JOJHO-BUETOPHUCOB THI, OO0OIIEHN Ca PeIna Pe3yTaTu OT pa-
6orara |E. Cuchillo-Ibanez, M. A. Moré6n and F. R. Ruiz del Portal, Lower semifinite
topology in hyperspaces, Topology Proceedings, 17 (1992), 29-39| u e goka3ana Teo-
peMa OTHOCHO “KOMYTaTHBHOCTTA MEKJy XHIEPIPOCTPAHCTBA U HOANPOCTPAHCTBA” B
KJaCa OT BCHYKHU XUIIEPTOIOJIOIHH OT JOJHO-BHETOPHCOB THUII, KOATO 0000IIaBa em1Ha
reopema Ha X.-TO. IImmar [H.-J. Schmidt, Hyperspaces of quotient and subspaces.
[. Hausdorff topological spaces, Math. Nachr. 104 (1981), 271-280].
ITo-xKoHKpeTHO,

® 3yYaBaT ce B3AMMOOTHOIIEHUSTA MeYKy TOMOJOTUIHUTE CBOMCTBA HA TOMOJO-
I'MYHUATE [POCTPAHCTBA U HA TEXHUTE XUIEPIPOCTPAHCTBA, PA3l/IeXKJAHU € TOIOJIO-
I'dU OT JOJIHO-BHETOPHUCOB THI, & UMEHHO, TOTOJOIHYHUTE CBOHCTBA “KOMIIAKTHOCT
u “Terso, He MO-TOJAMO OT JIaJIeHO KapAWHAJIHO YHUCJIO

I[I0Ka3Ba €€, 9€ IIPpH HAKOM eCTeCTBEeHU AOII'bJIHUTEJIHHN YCJIOBHA, XHUIIEPIIPOCTPaHC-
TBaTa C TOIOJIOTHH OT JOJIHO-BUETOPHCOB THUII

e MMAaT TPUBUAJIEH XOMOTOITEH THII,
® JBABAT Ce aOCOIOTHU €KCTEH30PH 3a KJ1aca OT BCHYKHU TOIOJOIHYHU IPOCTPAH-
CTBa,
® UMAT CBOUCTBOTO 32 HEMOJBUKHATA TOYKA (T.€. BCAKO HENMPEK'bCHATO H300parKe-
HHE Ha IPOCTPAHCTBOTO B cebe CH MMa HEMOJBUKHA TOYKA).

Envo or cnemcTBmgaTa Ha HaIaTa TeOpeMa 3a HEMOJBU KHATA TOUKA € CJIEeTHOTO:
axo [ X — X, wsdemo X e Konmuwyym, e HenpexscHamo u3obpastcenue, mo
cowecmsysa nodkonmunyym K na X, maxse ve f(K) = K.

3a ja mnpejcTaBUM IMO-TOAPOOHO HAIMKATE PE3YJITATH, e HU3M0/JI3BaMe CJIETHUTE
O3HAYEHWS:

Ako X e muoxkectBo, 10 ¢ P(X) (pect., ¢ P'(X)) mie o3HauaBaMe MHOKECTBOTO OT
BeHUKH (Henpasun) moaMuokectsa Ha X; ako M, A C P(X) u A C X, To nonarame:

o Ap L {MeM|MnA#D}

o Ay ={Ay | A€ A};

I1&:

ako (X, T) e TOMOJOTHYHO MPOCTPAHCTBO, TO TTOJATaMe:
e CL(X) A {M C X | M e 3arsopeno B X, M # (}.

Heka X e muoxkectso. [a namomunM, de exna nogdavuang U na P(X) moxe na
Obe npegdasa na ronosoruss T B X ToraBa m camo rorasa, koraro | JU = X; ako
TOBa YCJOBHE € U3II'bJIHEHO, TO e KaszBame, de cemeticmeomo U nopascda monoao-
euama T ¢ X. Hakou aBropum cuurat, de Begka nogdavmans U va P(X) moxke ma
Ob1e npenbdasa Ha TOHMOJIOIUs B X, pasriieKaaiiky KaTo npeadasa Ha Ta3H TOIOJIOIU
dbamumusta U U { X}, Bmecto U. Hue, obade, HAMA J1a cIUTAME TaKa.



Heka (X, T) e TOHOMOrHYHO IPOCTPAHCTBO. []a HAOMHIM, Ye KJIachdecKaTa JdoaHa
suemopucosa monosozua Y _x B CL(X) ce mopaxga ot damuiusTa ‘J'EL(X), T.e. OT
dbavunugara or Bemukn MuOKecTBa or Buga {F € CL(X) | FNU # 0}, kbaero U e
oTBOpeHo B X.

Enna tpuBnasina moaudukanmsg Ha Ta3u AePUHUAIMS € cjieHaTa;

Heka (X, T) e tonosoruumno mpocrpanctso u M C P'(X). Tonorsorusara Y _» B
M, nopozena or gamunuaTa Ty, e HapudaMe JOJHA BHETOPUCOBA TOMOJOTHUS

B M.

Ouesunano, ako M = CL(X), To T_y ¢hBIaIa ¢ KITACHICCKATA TOJHA BUETOPHCOBA
tonosorust Y _x B CL(X).

Cera me BbBeJeM OCHOBHOTO IOHATHE B HACTOSAINATA CTATHUS, PA3LJICXKIAHKN He
camo mpoussosiau noadavuarn M wa P'(X), HO u TpbrBaiikn 0T MHOXKeCTBO X,
BMECTO OT TOIOJIOTHIHO MPOCTPAHCTBO:

Heka X e muoxectBo, M C P (X) u O e ronosorusa B M. IIle ka3Bame,
ge O e monoaoeua om doano-euemopucos mun 6 M ako O N{A; | AC X}
e npexabasza ua 0.

dAcuo e, ue ako X e Tonosiornuno upocrparctBo, M C P (X) u O e ponna Buero-
pucosa ToroJiorusg B M, To O e Tomosiorust oT J10JHO-BUETOPUCOB THI B M.

Maxkap 4e TomoJioruuTe OT J0JHO-BHeTOoprucoB Tull B O ca gedunupanu B moada-
vmtnn M ma davumsara P'(X) or BcHUKH HempasHu MOMHOYKECTBA HA €JIHO MHO-
2KecTBO X, TO Ce OKa3Ba, Ye Te BCBITHOCT Ce MOPaKIaT [0 HAUYWH Moa00eH Ha TO3H,
0 KOHUTO ce HopaxKaaT AOJIHUTE BUETOPUCOBHU TOIIOJIOI'UN B M, T.€. B MHOZKECTBOTO
X Moxke 72 ce BbBeje Tonosjorus J, KoATo Jga nMa npeadasa P, rakasa we P na e
npeadasza vHa O. A mMeHHO, T0Ka3aHO € CJAeTHOTO TBhPIAEHNE:

Hexa X e mnoorcecmeo, M C P'(X) u O e monoroeus om doano-suemopucos mun
6 M. Tozasa pamurusma

Po L{AC X | 45, € O}
codopotca X u cayorcu kKamo npedbasa Ha Monoso2us
T o

6 X. Qamuruama (Po)y, e npedbaza na O. Pamuauama Py e sameopena ommrocHo
NPOU3BOAHU 00eJUHEHUA.

Hemo noseue, Hue nokazsame, de ako X e muoorcecmeo u M C P'(X), mo edna
mononaoeus O 6 M e monoaoceus om doano-euemopucos mun 6 N mozasa u camo
moezasa, Kozamo ceuecmeysa monoaozus T 6 X u npedbaza 8 na T (Koamo cedsporca
X u e 3ameopena 0mHOCHO NPOussoAHY obedunenua), maxasa we 8y e npedbaza Ha

0.



CreioBaTeIHO, pa3/IMKATa MEXKIY €IHA JIOJHA BHETOPHCOBA XHUIEPTOIOJIOTHs B
nondamvmmus M ma damunuara P’ (X), kbaero X e TOMOJIOTHIHO MPOCTPAHCTBO, U
XUIIEPTOIOJIONUsI OT JIOJTHO-BUeTOpUcoB Tl B M e B TOBa, 4e JIOKATO JIOJHATA BHe-
TOPHUCOBA XUIEPTOMOJOIHS Ce TMOPasKJaa OT IAjaTa TOHoJoruss B X, TO XUIEPTOIo-
JIOTHSITA, OT JIOJTHO-BUETOPHUCOB THUII C€ TIOPaskJa OT npeaba3a Ha HAKOS TOMOJIOIUS B
X. OkasBa ce, 9e Ta3u pa3juKa € ChIIECTBeHA: OKa3BaMe, e KJIACHT OT BCHY-
KU JIOJTHH BUETOPHCOBHU XHUIIEPTOMOJOTAU CE ChIbP>KA CTPOro B KJaca OT
BCUYKH XUIIEPTOMOJOTUA OT JOJIHO-BHETOPHUCOB THUIL. BKIIOYBAHETO € OYeBHU-
JieH (bakT, a 3a Ja KOHCTpyupaMe IpuMep, KORTO jia pa3indaBa JiBaTa KJjaca, IpaBuM
CJIETHOTO:

Hue orGensassame mwbpsBo, e ako X e muoxkectBo, M C P'(X) u § C P(X),
T0 83 Moke ja mopomau Tonotorua OM B M (0T J0JIHO-BHETOPHCOB THII) TOTaBa
u camo Torasa, koraro M N |J8 # 0 3a Besko M € M. o xpag Ha To3u ab3all
e pasrjexk/jaMe caMo TakKuBa (aMHINA S, KOUTO YJIOBJIETBOPSBAT TOBA YCJIOBHUE,
a davuaunre M 1me Gbaar BuHaru ecmecmeeny gamunun (T.e., damvuwrnure M e
ChIbpPKAT BCHYKH €JHOTOYKOBU ToAMHOKecTBa Ha X ). Ciienr ToBa omucBamMe OHe3W
damunnn S, 3a KOUTO ﬂ)ozztg = 8, u ru Hapudame M~ -zameopernu damuruu. Hamrero
ONMUCAHWE TTOKA3Ba, 9e 3a BCSIKA damuust 8, T@cs Ce ChIbPZKA BUHATA B TOIOJIO-
rugra B X, nmopoaena or &. T'bil Karo, 04eBUIHO, 3a BCAKa daMUIng & uMame, de
S C fPOJi/[S, TO TOJydaBaMe, de ako & e monoao2us ¢ X, mo fp@"i{s = §, T.e. BCAKa

ronosiorust B X € M™-3arBopena ¢gamuaus. ChimecTByBart, 00ade, MHOTO JAPYTH IIPH-
Mepu #Ha M™-3arBOpenn damuanu. I taka, 3a j1a noryduMm JKeJaHus MpUMep, HEeKa
pasriename eana M™-3arBopena damuiug 8. Torasa 8, mopazkia TOLOJIOIUL O B
M ot momHO-BHETOpPHUCOB TUN. Jla momycHeM, de TS e J0JIHA BUETOPHCOBA TOMOJIOTHUS
B M. Torasa 6u cbuecrsysasa tonojorus I B X, takasa e O =T _5(= OM)) u
buxMe MoJIydmin, e § = :Po.‘ﬁfs =Pr_, = ZPOJX[T = 7. 3raun, ako & He e Monoso2us

6 X, mo O nama da e doana suemopucosa monosoeus ¢ M. C nocrpoenus or Hac
npuMep OChInecTBsIBaMe TO3u 1iaH. CJea0BaTe/THO, KJAAChT OT BCHIKH XHIIEPTOIOI0-
MU OT JIOJTHO-BUETOPUCOB TUI C'hIbPrKa CTPOTO KJIACa OT BCUIKHU JOJHUA BHETOPUCOBU
XHUIEPTOIOJIOTHH.

Jla crmomeHeMm Haji-ceTHe, Ue B HACTOSINATA CTATHSA € OTOEISI3aHO, Y€ aKO pas-
rjaejame TonoJorunuTe, nopojgenu or ¢gamuiaunre or Bujga By, kbiero B e basa na
ronosorust B MaOKecTBO X, a M C P'(X) e ecrecTBena damMusnsi, TO 1€ MOJYIHM
JIOJTHU BUETOPUCOBU TOTO10THH B M.

Summary

In 1975, M. M. Coban [M. M. Coban, Operations over sets, Sibirsk. Mat. Z., 16
(1975), no. 6, 1332-1351] introduced a new topology on the set of all closed subsets of
a topological space which is similar to the upper Vietoris hypertopology but is weaker
than it. In 1998, G. Dimov and D. Vakarelov |G. Dimov and D. Vakarelov, On Scott
consequence systems, Fundamenta Informaticae, 33 (1998), 43-70| introduced the



notion of Tychonoff-type hypertopology. The class of Tychonoff-type hypertopologies
contains the class of the Coban hypertopologies. The Tychonoff-type hypertopologies
(which are now called upper-Vietoris-type hypertopologies as well) were studied in
details in |G. Dimov, F. Obersnel and G. Tironi, On Tychonoff-type hypertopologies,
Proceedings of the Ninth Prague Topological Symposium (Prague, Czech Republic,
August 19-25, 2001), Topology Atlas, Toronto, 2002, 51-70].

In this paper we introduce a new notion, namely, the notion of lower-Vietoris-
type hypertopology, in a way similar to that with which the new Tychonoff-type
hypertopology was introduced in the Dimov-Vakarelov paper cited above, and show
that it is different from the notion of lower Vietoris hypertopology. We study the
properties of the lower-Vietoris-type hypertopologies, as well as the maps between
hyperspaces endowed with lower-Vietoris-type topologies, generalize many results
from the paper [E. Cuchillo-Ibafiez, M. A. Morén and F. R. Ruiz del Portal, Lower
semifinite topology in hyperspaces, Topology Proceedings, 17 (1992), 29-39| and
prove a theorem about “commutability between hyperspaces and subspaces” in the
class of lower-Vietoris-type hypertopologies with which we generalize a theorem of
H.-J. Schmidt [H.-J. Schmidt, Hyperspaces of quotient and subspaces. 1. Hausdorff
topological spaces, Math. Nachr. 104 (1981), 271-280].

Specifically,

e we study the relationships between some topological properties of the topological
spaces and their hyperspaces endowed with a lower-Vietoris-type topology, namely,
the topological properties of being compact and to have a weight not greater than a
given cardinal number;

we show that under mild conditions, the hyperspaces endowed with a lower-
Vietoris-type topology

e have a trivial homotopy type,
e are absolute extensors for the class of all topological spaces, and
e have the fixed-point property.

As a corollary of our fixed-point theorem, we obtain that for every continuous
map f: X — X, where X is a continuum, there exist a subcontinuum K of X such

that f(K) = K.
For presenting our results in more details, we will use the following notation:

If X is a set, then we denote by P(X) (resp., by (X)) the set of all (non-empty)
subsets of X; if M, A C P(X) and A C X, then we set:

e Ay {MeM| MNA#QM
o« Ay S {Ay | Ae Ay

if (X,7) is a topological space, then we put

o CL(X) L {M C X | M is closed in X, M # }.



Let X be a set. Recall that a subfamily U of P(X) can serve as a subbase for a
topology T on X if and only if (JU = X; in this case we will say that the family U
generates the topology T on X. Some authors consider that any subfamily U of P(X)
can serve as a subbase for a topology on X taking as a subbase for this topology the
family U U { X'}, instead of U. However, we will not consider it so.

Let (X, T) be a topological space. Recall that the classical lower Vietoris topology
T_x on CL(X) is generated by the family ‘.TEL(X), i.e. by the family of all sets of the
form {F € CL(X) | FNU # 0}, where U is open in X.

A trivial modification of this definition is the following one:

Let (X,T) be a topological space and M C P'(X). The topology T _» on M
generated by the family T, will be called a lower Vietoris topology on M.

Clearly, if M = CL(X), then YT _» is just the classical lower Vietoris topology
T_X on CL(X)

We now introduce the main notion of this paper by regarding not only arbitrary
subfamilies M of P'(X) but also starting with a set X instead with a topological
space:

Let X be a set, M C 7(X) and O be a topology on M. We say that O is
a lower- Vietoris-type topology on M if ON{A;; | A C X} is a subbase for O.

It is clear that if X is a topological space, M C P(X) and O is a lower Vietoris
topology on M, then O is a lower-Vietoris-type topology on M.

Although the lower-Vietoris-type topologies O are defined on subfamilies M of the
family P’(X) of all non-empty subsets of a set X, it turns out that they are in fact
generated in a way similar to that of lower Vietoris topologies on M, i.e. the set X
can be endowed with a topology T that has a subbase P such that P, is a subbase
for O. Namely, we prove the following statement:

Let X be a set, M C P'(X) and O be a lower-Vietoris-type topology on M. Then
the family
Po L{AC X | 45, € O}

contains X and serves as a subbase for a topology
Joo

on X. The family (Po)y. is a subbase for O. The family Py is closed under arbitrary
UnLons.

Moreover, we show that if X is a set and M C P'(X), then a topology O on M is
a lower-Vietoris-type topology on M if and only if there exists a topology T on X and
a subbase 8 for T (which contains X and is closed under arbitrary unions), such that
8y s a subbase for O.



Hence, the difference between a lower Vietoris topology on M C P'(X), where X is
a topological space, and a lower-Vietoris-type topology on the same M, is in the fact
that the lower Vietoris topology is generated by the whole topology on X while the
lower-Vietoris-type topology is generated by a subbase of a topology on X. It turns
out that this difference is essential: we show that the class of all lower Vietoris
hypertopologies is strictly contained in the class of all lower-Vietoris-type
hypertopologies. The inclusion is an obvious fact, and to construct an example that
distinguishes between the two classes, we do the following:

We first note that if X is a set, M C P'(X) and § C P'(X), then §;; can serve as
a subbase for a (lower-Vietoris-type) topology O on M if and only if M NJS # 0
for every M e M. Till the end of this paragraph, we will regard only those families
S which satisfy this condition, and, also, only those families M which are natural
families (i.e. those families M which contain all singletons). We then describe those
families 8 for which ‘POM = 8. We call them M~ -closed families. Our description shows
that, for every family 8 TOM is always contained in the topology on X generated
by 8. Since, obviously, for every family 8, § C Tom holds, we obtain that if § s
a topology on X, then (POJXIS = §, i.e. every topology on X is an M~ -closed family.

There exist, however, many other examples of M™-closed families. So, for obtaining
the desired example, let us start with an M™-closed family 8. Then 8, generates the
lower-Vietoris-type topology O™ on M. Suppose that it is a lower Vietoris topology
on M. Then there exists a topology T on X such that O = T _y (= O)). This
implies that 8§ = ’:POJXES =Pr_ = TOJXE{I = 7. Thus, if § is not a topology on X, than
OM will not be a lower Vietoris topology on M. With the example we've built, we're
implementing that plan. Therefore, the class of lower-Vietoris-type hypertopologies
is strictly larger than the class of lower Vietoris hypertopologies.

Let us finally mention that in our paper we notice that if we regard the topologies
generated by B, where B is a base for a topology on a set X and M C P'(X) is a
natural family, then we will obtain lower Vietoris hypertopologies on M.

This paper is cited in:

1. Ismael Calomino, Paula Menchon, William J. Zuluaga Botero, A topological
duality for monotone expansions of semilattices, Appl. Categorical Structures 30,
1257-1282 (2022). https://doi.org/10.1007/s10485-022-09690-0, ISSN (E): 1572-9095,
Print ISSN: 0927-2852.
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1878, https://doi.org/10.2298 /FIL2106851D, IF 0.988, Web of Science Quartile:
Q2, ISSN (print) 0354-5180, ISSN (electronic) 2406-0933, MR4364041 (60 Toukm)

PesromMme

[Tpes 1937 r., M. Croyn [M. H. Stone, Applications of the theory of Boolean rings
to general topology, Trans. Amer. Math. Soc. 41, 375-481| nokasa, 9e chinecTByBa
OHEKTHBHO COTBETCTBHE 1) MEKLY KJIAaca OT BCHIKH (€ TOYHOCT JI0 XOMeOMOP(hU3bM)
HYJIMEPHH JIOKAJTHO KOMIAKTHHU XaycI0phOBH POCTPAHCTBA (HAPDUYAHH, 38 KPATKOCT,
OYAE6U NPOCMPAHCEa) U KIACA OT BCUYIKU (¢ TOYHOCT 70 u30MOphU3bM) 0606IIe-
uu OyseBu anarebpu (3a kparkocr, GBAs) (ekBuBasieHTHO, Gy/I€BH HPBCTEHU ChC HIIH
Ge3 equHuna). B Kaaca oT BCHYKM KOMIAKTHH OyJIeBH HPOCTPAHCTBA (HADHYAHH, 32
KPATKOCT, CMOYHO6U NPOCMPAHCMea) Ta3u OHeKIug MoxKe ja Oblle MPOIbIZKeHa JI0
JIyaJHa eKBuUBaJIeHTHOCT | : Stone — Boole Mexiy kareropusta Stone Ha cTO-
YHOBUTE HMPOCTPAHCTBA U HENPeKbCHATUTE U300parKeHus:, u Kareropusta Boole na
OysieBuTe ajaredpm u OyJeBuTe XOMOMOPGU3ME; TOBAa € KJacHuyecKara CTOYHOBA JIy-
amroct. ([la or6esexkum, 4e npesb3xonHara Monorpadus na I1. T. T:koucroyn [P.
T. Johnstone, Stone Spaces, Cambridge Univ. Press, Cambridge, 1982| nemoncTpupa
yOeIuTe/THO OTPOMHOTO BJIMSHUE Ha CTOYHOBATA JYAJHOCT BBPXY IMOYTH BCUYKH 00-
npactu Ha MaTemarukara.) [Ipes 1964 r., X. II. Tokrop [H. Doctor, The categories of
Boolean lattices, Boolean rings and Boolean spaces, Canad. Math. Bulletin, 7 (1964),
245-252| nokasa, de croyHoBarta Oueknus 1) mMoxke Ja Obje TPOABIKEHA TazKe 10
JlyaTHa eKBUBAJIEHTHOCT Mexy Kareropusta BooleSp,..¢ Ha Gynesnre mpocrpanc-
TBAa U CbHbBBPIICHUTE H300pazkKeHusd Mexkay Tax, u Kareropusdra GBoole na Bcuukn
GBAs u noaxozsiu Mopdusmu Mexay tax. [lo-kbeno, I. Juvos [G. Dimov, Some
generalizations of the Stone Duality Theorem, Publicationes Mathematicae Debrecen,
80 (2012), 255-293| npoabizKKu CTOyHOBAaTA JyaJHOCT BbpPXy Kareropusrta BooleSp
Ha OyJIeBUTE TTPOCTPAHCTBA W HEMPEK'bCHATUTE N300PAKEHUS.

B macrosmara cratug mocTposBaMe JBe MPOIbJKEHNsS HAa CTOYHOBATA JIYaJIHOCT
BbpXy Kareropusta ZHaus na HyaiMepHuTe xaycaopdOBH HPOCTPAHCTBA H Helpe-
KbCHATUTE u300pazkenus. A mMmenHo, gedpuHupanu ca jpe kareropun dzBoole n
mzMaps, u e JIoka3aHo, 4e ChIeCTBYBAT JAya/jinu ekpuBajenTuoctu F' : ZHaus —
dzBoole u F : ZHaus — mzMaps. 13n0/13Baiiku pecTpuKIMuTEe HA KOHTPABAPH-
antuute dyuakropu F u F Bbpxy kareropusdra D Ha JUCKpPETHHTE IMPOCTPAHCTBA U
HEIIPpEeK'bCHATHTE H300parkeHus, IOKa3BaMe, Ye HAIIKTE TeOPEMH 3, JIYAJTHOCT IIPOIbJI-
JKaBaT C'hIO TaKa M IYAJTHOCTTa Ha Tapcku MexKay KaTeropusTta Set Ha MHOXKecTBaTa
n ¢pyukmuuTe, n kKareropusta Caba na nbjiauTe aromMmun OysieBr aJredpu U b THUTE
6ynesu xomomopduamu [A. Tarski, Zur Grundlegung der Boole’schen Algebra. Fund.
Math. 24 (1935), 177-198|. Hemo nosede, ¢ momolTa Ha peCTPHKIUATA HA JTyaJHa-
Ta eKBUBaJIEHTHOCT F' BbLpXY Kareropudara D, mogydaBame u HOBO JIOKA3aTEJICTBO Ha
nayasraoctTa Ha Tapcku. Pectpuknuute na F' u F Bbpxy kareropugara EDTych na ex-
CTPEMAaJIHO HECBbP3aHUTE THXOHOBU IPOCTPAHCTBA M HENMPEKbCHATHTE M300DAZKEHU ST
HH jJaBaT jBe Teopemu 3a jayajHocT 3a kareropusta EDTych. Boeexmgame u 1Be



apyru Kareropuu zBoole u zMaps u nokassame, 4e Te ca JIyaJHO €KBHBAaJECHTHHU
Ha Kareropusra ZComp Ha HYJIMEpHHTE XaycIopdOoBH KOMIAKTHU PA3IIHPEHHS HA
Hy/MepHuTe xaycaopdosu npocrpancTsa. CbIno Taka, 100pe U3BeCTHATA TeOPeMa Ha
Heunrep [Ph. Dwinger, Introduction to Boolean Algebras, Physica Verlag, Wiirzburg,
1961] 3a myamepruTe XaycaopdoBH KOMIAKTHH Pa3IIMpeHHs] Ha HYJIMEPHHUTE Xayc-
JIop¢OBH IPOCTPAHCTBA € MOJydeHa KaTo CJAeJCTBUE OT HalllaTa KaTeropHa TeopeMa
3a JIYAJHOCT.

Benuknu pesynraru, m3M0XkKeHH MO-TOpe, €A TOJYYEeHH C IIOMOINTA Ha BbBEICHU-
Te OT HAC NMOHATHSA 0yAe6a z-anzebpa, 6ysesa dz-aneebpa, 6Yyae60 z-u300pascerue u
MAKCUMAAHO OYaeso z-udobpascenue (KOETO e HapHdaMe OIle, 33 KPATKOCT, mz-
usobpasicernue). Obextn Ha Kareropusta dzBoole ca umenno Gymesure dz-anrebpu,
a obekTu Ha Kareropusra mzMaps ca TouHo mz-uzobpaxkenusita. OOeKTH Ha Ka-
teropugTa zBoole ca Bcuuku OyineBu z-aaredopu, a Kareropusta dzBoole e mbiana
nojkareropusi Ha kareropusata zBoole. Ob6exktn na kareropusita zMaps ca BCuIku
OysieBu z-m300parkeHusi, a Kareropusta mzMaps e bjiHA MOAKATErOPHsT HA KATEro-
pusita zMaps. OGekTr Ha KaTeropuuTe, 33 KOUTO CMe MOKa3aju, 9e ca JyaJH! Ha
kareropuara EDTych, ca, cboTBeTHO, BCHUKU I'bJIHU OyJIeBU 7Z-aJreOpU M BCUUIKU
I'bJIHU OVJIeBU z-M300pazkeHnsd, Makap 4de O TPsiOBaJIO TeXHU OOEKTH Jia Ca II'bJIHUTE
Oynesu dz-ajiredpu u, CbOTBETHO, I'bJIHUTE OyJjieBU Mz-u300pazKkenus. ToBa e Taka, 3a-
IOTO B KJIACA OT BCHYKH ITbJHU Oy/1eBH aarebpu, OyneBure z-aarebpu ca uJIeHTUYHH
¢ bynesure dz-aaredpu, a OyjieBuTe 7-M300parkeHNA — C MZ-U300PaAYKEHUATA.

W newre, KOUTO CTOSAT 331 OCHOBHOTO IOHATHE, BbBEJIEHO OT HAC B HACTOSIIATA CTa-
THsI, a MMEHHO, IOHATHETO Oyaesa dz-anzebpa, ca caeanute. Kimacmdyeckara cToOyHOBA

JLyaJIHOCT

S=Ult
Boole —= Stone
T=CO

HHU T10Ka3Ba, 4e Hgara nH(OpManus OTHOCHO €HO CTOYHOBO NPOCTPAHCTBO X ce
coabpka B Oystesara anrebpa (CO(X), C) oT BCHYKH OTBOPEHO-3aTBOPEHH IIOAMHO-
JKecTBa Ha X, T.e., pasno/araiiku ¢ Ta3u oysaeBa ajaredpa, MOKeM Jia PEKOHCTPYHpaMe
IPOCTPAHCTBOTO X € TOYHOCT J0 XoMeoMopdu3bM. Ako, obade, X He e KOMIAKTHO,
T.e. X e caMo HYJIMEpHO XaycaopdOBO MPOCTPaHCTBO, TO Oyresara anredpa CO(X)
HE € JOCTAaThYHa 38 PEKOHCTPpyupaHero Ha npocrpancrsoro X. Haumcruna, cbriaacuo
Teopemara Ha JIBuHTep, KOoMHakTHOTO pasmupenne (SpX, fy) Ha X, MOCTPOEHO OT
BamarmeBckn, e TOIHO CTOYHOBHS jJyajen o0ekT Ha Oyiaesara anrebpa (CO(X),C) n
cJIeJI0BaTeNHo, chyiacuo croyuosara jgyaanoct, CO(FyX)(= T(5oX)) n (CO(X), Q)
ca u3oMopduu Oyaesu aaredbpu, 1okato Sy X u X He ca xoMeoMopdHH, Thil KaTo Sy X
e KOMIIAKTHO, a X He e TakoBa. Ako, obade, pasrieaame, 3aeHO ¢ OyseBaTa ajgredpa
CO(X), u muoKecTBOTO [o(X) (T.€. 06paza Ha X npm uzobpazkeHneTo [3y), KOETO €
noamuozkectso Ha S(CO(X)), To mpocrpancrBoro X mie 6b/1e xoMeomopdHO (mocpe/-
crBoM u306pazkennero [y : X — [$pX) Ha MHOKeCTBOTO [35(X ) pasriexkaHno Kato
noanpocrpanctso Ha S(CO(X)). Hemo nosede, ciaenara va CO(SyX) Bbpxy Fo(X)
e Touno CO(fFy(X)). Bemuko tosa nokassa, ue japoiikara (CO(X), 5o(X)), kbiero
Bo(X) e B3eT0 camMo Karo MHOKECTBO, € JOCTATHIHA 33 PEKOHCTPYUPAHETO HA MPOCT-
parcTBoTo X ¢ TOYHOCT j10 XOMeoMopduszbM. Upes nousaruero “OyseBa dz-aarebpa’



JIaBaMe aJareOpUYHO ONMMCAHHe HAa TAKUBA JBOWKH U €1HA OT HAIINTEe TEOPEMH 3a Y-
AJIHOCT, JOKA3aHW B HACTOSIIATA CTATHUsI, IOKA3Ba, 4€ TOBA HAMCTHHA € TaKa.

Heka onumem nakparko Oysesure dz-anredpu u kareropusita dzBoole. Bynesure
dz-anrebpu ca cnienmasnu OyaeBn z-aarebpu, a efana gapoiika (A, X), kbaero A e Gyie-
Ba anrebpa u X e MHOXKeCTBO OT yaATpaduaTpu B A, e Oy/ieBa z-ajaredpa, ako 3a BCEKN
eqemenT a Ha A\ {0} cbmecrByBa yarpaduarbp u € X, KoiiTo chabpxka a. OGek-
THTe Ha KaTeropusrta zBoole ca Touno OyneBute z-aarebpu, a zBoole-Mopdusmure
Mexk 1y Beekn nBa zBoole-obekta (A, X) u (A’, X') ca Bcuukn nBoiiku (o, f), Takusa
ue p: A — A’ e Gynes xomomopbuzbm, f: X' — X e dbynkuua u f(u') = o~ H(u)
3a Bcekn yarpabuarbp v € X'. (Jla orbenexum, de HEE ce HYyXKIaeM OT KOMITIOHEH-
Tata f Ha jBoiikara (¢, f) camo 3a ja nouckame, ye o~ (u') € X 3a Begxo u' € X'.)
Kareropusra dzBoole, uyunto obexktu ca Bcuuku dz-anrebpu, e peduHHpaHA KATO
I'bJIHA, OIKATEropus Ha Kareropuara zBoole. KakTo Oemre Bede crioMeHaTo IO-TOpE,
uMenno kareropusra dzBoole e nyajino ekBupasienTna na kareropusra ZHaus.

Summary

In 1937, M. Stone |[M. H. Stone, Applications of the theory of Boolean rings
to general topology, Trans. Amer. Math. Soc. 41, 375-481] proved that there exists
a bijective correspondence T; between the class of all (up to homeomorphism) zero-
dimensional locally compact Hausdorff spaces (briefly, Boolean spaces) and the class of
all (up to isomorphism) generalized Boolean algebras (briefly, GBAs) (or, equivalently,
Boolean rings with or without unit). In the class of compact Boolean spaces (briefly,
Stone spaces) this bijection can be extended to a dual equivalence T : Stone —
Boole between the category Stone of Stone spaces and continuous maps and the
category Boole of Boolean algebras and Boolean homomorphisms; this is the classical
Stone Duality. (Let us note that the excellent monograph of P. T. Johnstone [P. T.
Johnstone, Stone Spaces, Cambridge Univ. Press, Cambridge, 1982| demonstrates the
tremendous impact of the Stone Duality on almost all areas of mathematics.) In 1964,
H. P. Doctor [H. Doctor, The categories of Boolean lattices, Boolean rings and Boolean
spaces, Canad. Math. Bulletin, 7 (1964), 245-252| showed that the Stone bijection
T; can be even extended to a dual equivalence between the category BooleSp,,.,¢
of Boolean spaces and perfect maps between them and the category GBoole of
GBAs and suitable morphisms between them. Later on, G. Dimov [G. Dimov, Some
generalizations of the Stone Duality Theorem, Publicationes Mathematicae Debrecen,
80 (2012), 255-293| extended the Stone Duality to the category BooleSp of Boolean
spaces and continuous maps.

In this paper, we construct two extensions of the Stone Duality to the category
ZHaus of zero-dimensional Hausdorff spaces and continuous maps. Namely, we define
two categories dzBoole and mzMaps, and prove that there exist dual equivalences
F : ZHaus — dzBoole and F : ZHaus — mzMaps. Using the restrictions
of F' and F to the category D of discrete spaces and continuous maps, we show
that our duality theorems extend also the Tarski Duality between the category Set
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of sets and functions and the category Caba of complete atomic Boolean algebras
and complete Boolean homomorphisms [A. Tarski, Zur Grundlegung der Boole’schen
Algebra. Fund. Math. 24 (1935), 177-198|. Moreover, with the help of the restriction
of the dual equivalence F' to the category D, we obtain a new proof of the Tarski
Duality Theorem. The restrictions of F' and F to the category EDTych of extremally
disconnected Tychonoff spaces and continuous maps give us two duality theorems
for the category EDTych. We introduce as well two other categories, namely, the
categories zBoole and zMaps, and show that they are dually equivalent to the
category ZComp of zero-dimensional Hausdorff compactifications of zero-dimensional
Hausdorff spaces. As a corollary, we obtain the Dwinger Theorem [Ph. Dwinger,
Introduction to Boolean Algebras, Physica Verlag, Wiirzburg, 1961] about zero-dimen-
sional compactifications of a zero-dimensional Hausdorff space.

All results presented above are obtained with the help of the notions of Boolean
z-algebra, Boolean dz-algebra, Boolean z-map and mazimal Boolean z-map (briefly, mz-
map) introduced by us. The objects of the category dzBoole are exactly the Boolean
dz-algebras and the objects of the category mzMaps are precisely the maximal
Boolean z-maps. The category zBoole has as objects all Boolean z-algebras and
the category dzBoole is its full subcategory. The category zMaps has as objects
all Boolean z-maps and the category mzMaps is its full subcategory. The categories
dual to the category EDTych have as objects all complete Boolean z-algebras and all
complete Boolean z-maps, respectively, although one could expect that their objects
should be all complete Boolean dz-algebras and all complete mz-maps, respectively.
This is so because, in the realm of complete Boolean algebras, Boolean z-algebras
coincide with Boolean dz-algebras and Boolean z-maps coincide with mz-maps.

The ideas behind the main notion introduced by us in this paper, namely, the
notion of Boolean dz-algebra, are as follows. The classical Stone Duality

S=Ult
Boole —= Stone
T=CO

shows that the whole information about a Stone space X is contained in the Boolean
algebra (CO(X), C) of all simultaneously closed and open (briefly, clopen) subsets
of X, i.e. having the Boolean algebra CO(X), we can reconstruct the space X up
to homeomorphism. If, however, X is not compact, i.e. X is only a zero-dimensional
Hausdorff space, then the Boolean algebra CO(X) is not enough for reconstructing
the space X. Indeed, by the Dwinger Theorem, the Banaschewski compactification
(BoX, Bo) of X is the Stone dual of (CO(X),C) and thus, by the Stone duality,
CO(BoX)(= T(BpX)) and (CO(X),C) are isomorphic Boolean algebras, although
BoX is compact and, therefore, it is not homeomorphic to X. However, if we regard,
together with the Boolean algebra CO(X), the set Sy(X) (i.e. the image of X under
the map (o) which is a subset of S(CO(X)), then the space X will be homeomorphic
(via the map [y : X — [y X) to the set 5y(X) endowed with the subspace topology
of S(CO(X)). Moreover, the trace of CO(5yX) on SBy(X) will be precisely CO(5y(X)).
All this shows that the pair (CO(X), 8o(X)), where Fy(X) is regarded only as a set,
is enough for reconstructing the space X up to homeomorphism. With the notion
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of Boolean dz-algebra we give the algebraic description of such pairs and one of our
duality theorems shows that this is really so.

Let’s briefly describe the Boolean dz-algebras and the category dzBoole. The
Boolean dz-algebras are special Boolean z-algebras, and a pair (A4, X), where A is a
Boolean algebra and X is a set of ultrafilters in A, is a Boolean z-algebra if for each
a € A\ {0} there exists v € X containing a. The category zBoole has as objects
all Boolean z-algebras and its morphisms between every two zBoole-objects (A, X)
and (A’, X') are all pairs (¢, f) such that ¢ : A — A’ is a Boolean homomorphism,
f: X' — X is a function and f(u') = ¢~ }(u') for every v/ € X’. (Note that we
need the component f of the pair (¢, f) just for requiring that o ~!(u’) € X for every
u € X'.) The category dzBoole is defined as a full subcategory of the category
zBoole having as objects all Boolean dz-algebras. As we already mentioned above,
the category dzBoole is dual to the category ZHaus.
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I'7-1. Georgi Dimov, Elza Ivanova-Dimova, Extensions of the Stone Duality to the
category of Boolean spaces and continuous maps, Quaestiones Mathematicae, 45(7),
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1727-933X, MR /462230, Zbl 1498.1800/ (45 Toukm)

Pesome

B craruara B4-2, pasrnenana no-rope (r.e. cratusrta [G. Dimov, E. Ivanova-
Dimova, Two extensions of the Stone Duality to the category of zero-dimensional
Hausdorff spaces, Filomat, 35 (6) (2021), 1851-1878|), croynoBata jyaanoct 6e mpo-
J'bJI2KeHa BbPXY Kareropusita ZHaus na myaMepHuTe XaycaopdoBH MPOCTPAHCTBA
U Helpek'bcHaTuTe u300pazkenusi. B Hacrogmara cratus, KOosSaTo MOxKe Ja Obje pas-
rJexK1aHa KaTo IpoIbizKenne Ha cratnsara B4-2 (H 3aTOBA IIle U3I0JI3BaMe HeITHOTO
pe3ioMe), TIOKa3BaMe, de MPOIbJIKEHHeTO Ha CTOYHOBATA JyAaTHOCT BbHPXY KATero-
pugata BooleSp na OyieBuTe NpOCTpaHCTBA M HEIPEKbCHATUTE H300paKeHus, Ha-
Mepeno ot Jumos [G. Dimov, Some generalizations of the Stone Duality Theorem,
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Publicationes Mathematicae Debrecen, 80 (2012), 255-293|, moxke na Obie mosyde-
HO ¢ IIOMOIITA Ha TeOpeMHUTe HHU 3a JyajaHocT 3a Kareropusra ZHaus, mokasanu B
B4-2. Hewo noseue, uznonssaiiku pesyiararure or B4-2, joka3Bame JiBe HOBU T€O-
pemu 3a JyasaHocT 3a Kareropusita BooleSp, konTo ¢bino ce sBIBAT MPOIbIZKEHUST
Ha Teopemara Ha CTOYH 3a AyaJHOCT. 3a Jia HAOpaBUM BCHYKO TOBA, BbBEXKIaMe
HOHATUATA Oysaesa ldz-anzebpa u Imz-uszobpascenue. bynesure ldz-anrebpu ca cue-
nuasau oyinesu dz-arebpu. Osnadapaiiku ¢ ldzBoole kareropusita, 4unto obeKTH
ca BcHUYKH ldz-aarebpu um KogTo e IbJIHA MoakaTeropust Ha kareropusita dzBoole,
Hue joxka3pame, 1e Kareropuute BooleSp u 1dzBoole ca agyanno ekBuBaien-
THu. ToBa e HamaTa WbpBa HOBa TeopeMma 3a AyajaHocT. B paborara cu, murupana
no-rope, /lumoB BbBexK1a Kareropusta ZLBA u nokassa, 4e Td e JyajHO €KBUBa-
JleHTHa Ha Kareropusrta BooleSp. Hue nokassame, ue kareropumre ldzBoole u
ZLBA ca uzomopdHHU, KoeTo, ChIeTaHO ¢ HAIlaTa I'bpBa HOBA TEOPEMa 3a JIyaJl-
HOCT, HU JIaBa HOBO JIOKA3aTEeJCTBO HA Teopemara 3a jgyasnoct wa lumos. Cien Tosa
BbBEKIaMe Imz-n300pakeHnsiTa KaTo CIelruaJnd mz-n300pakeHnst U O3HadaBame C
ImzMaps kareropusita, 9MuTO 0OEKTH ca BCHUKN Imz-n300paskeHnst 1 KOSITO € IMhJIHA
noakareropus Ha Kareropuara mzMaps. [lokaszpame, ye kareropunre ldzBoole
u lmzMaps ca ekBuBasieHTHH. CbueTaBallKu TO3U Pe3y/aTaT ¢ I'bpBaTa HU TEO-
pema 3a JyaJHOCT, MUTHPAHA [MO-TOpe, MOoJIydaBaMe HAIlaTa BTOPAa HOBA TEOpPeMa 3a
nyasHocT: kareropuute BooleSp u ImzMaps ca ayajiHO eKBUBAaJEHTHU.

Summary

In the paper B4-2 reviewed above (i.e. the paper [Georgi Dimov, Elza Ivanova-
Dimova, Two extensions of the Stone Duality to the category of zero-dimensional
Hausdorff spaces, Filomat, 35 (6) (2021), 1851-1878]), we extended the Stone Duality
to the category ZHaus of zero-dimensional Hausdorff spaces and continuous maps.
In this paper, which can be considered as a continuation of the paper B4-2 (and
thus we will regard the summary of B4-2 as a part of the present one), we show that
the extension of the Stone Duality Theorem to the category BooleSp of Boolean
spaces and continuous maps provided by Dimov [G. Dimov, Some generalizations of
the Stone Duality Theorem, Publicationes Mathematicae Debrecen, 80 (2012), 255—
293] can be derived from our duality theorems for the category ZHaus proved in
B4-2. Moreover, with the help of our results from B4-2, we obtain two new duality
theorems which extend the Stone Duality Theorem to the category BooleSp. For
doing all this we introduce the notions of Boolean ldz-algebra and Imz-map. Boolean
ldz-algebras are special Boolean dz-algebras. Let 1dzBoole be the full subcategory
of the category dzBoole having as objects all Idz-algebras. Then we prove that the
categories BooleSp and ldzBoole are dually equivalent. This is our first new
duality theorem. In his aforementioned paper, Dimov introduced a category ZLBA
and proved that it is dually equivalent to the category BooleSp. We prove that
the categories ldzBoole and ZLBA are isomorphic which, together with our
first duality theorem, implies Dimov’s duality theorem. In this way we obtain our

13



new proof of Dimov’s duality theorem. After that, we introduce lmz-maps as special
mz-maps and define the category ImzMaps as the full subcategory of the category
mzMaps having as objects all Imz-maps. We show that the categories ldzBoole
and lmzMaps are equivalent. Combining this result with our first duality theorem
cited above, we obtain our second new duality theorem: the categories BooleSp
and lmzMaps are dually equivalent.

I'7-2. G. Dimov, E. Ivanova-Dimova, W. Tholen, Extensions of dualities and a new
approach to the Fedorchuk duality, Topology and its Applications, 281 (2020) 107207
(26 pages), https://doi.org/10.1016/j.topol.2020.107207, IF 0.617, Web of Science
Quartile: Q4, ISSN (print) 0166-8641, ISSN (electronic) 1879-3207, MR4174608, Zbl
1457.54016 (36 Toukm)

PesromMme

B nacrosimara cratus npejjarame o0IIa KaTeropHa cxeMa 3a MpoIbJizKaBaHe Ha
JLyaJTHOCTHU U € HefiHa IOMOII JlaBaMe HOBO JIOKa3aTe/JCTBO Ha TeopeMaTa 3a JIyaJHOCT
ua B. B. ®enopuyk V. V. Fedorchuk, Boolean §-algebras and quasi-open mappings.
Sibirsk. Mat. Z. 14 (5) (1973), 1088-1099; English translation: Siberian Math. J. 14

(1973), 759-767 (1974)|. A umeHHO, U JTAJEHHU JyalHA €KBHBAJEHTHOCT

(KosiTO TIe Hapu4yame basucHa dyaana exsusasermuocm) Mex iy kareropun A u X,
KbaeTo X e IbJIHa MOAKATErOpus Ha Kareropus Y, u cuenuajed Kiaac P or Y-mopdus-
MW, HHE TIOCTPosiBaMe eHa “xybapa’ kKareropus B, B KoaTo A ce Biara upe3 (GyHKTOD
J KaTo I'bJIHA IOJKATErOpHsl, KAKTO U JIyaJTHA €KBUBAJICHTHOCT

3“—~’y7

KOSAITO Ce sIBSIBA MPOIbJKEHHEe (€ TOYHOCT JI0 eCTECTBeH H30MOPMU3bM) Ha JajeHara
TakaBa ype3 ¢pyHkTOpa J M BAarani pyHKTOp [, KAKTO € MoKa3aHo Ha JAuarpamMara

Béy
-

J I

Aszf)C.
s

Pasbupa ce, MmoxKke JiecHO Ja ce mocrpoun “joma’ kareropus B, kogaTo ga ymaoBieT-
BODSIBA T€3M M3NCKBaHWsA: BLTpe B Y 3amecrBame X ¢ A n geduHUpaMe MO TOIXOISIIL
HAYMH KOMIIO3UITUUTE, U3IIOI3BARKH JIaJleHaTa JyaJ Ha eKBUBAJIEHTHOCT. Ta3u ad-hoc
npoleaypa, obade, HA JIaBa KaTO pe3yaTaT KaTeropus B, KOATO € NPOocTo KaMydIazK
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Ha KaTeropudra Y, 6e3 HUKaKBU CMHUCJIeHN Tpuioxenns. Hawama ocnosna udes e da
U3NOA3BAME ChEeUUaIHus kaac P om Y-mopdusmu, mara we moti, npu HEAUNUENO HA
kamezopusama X, 0a e 6 cocmoanue da Kooupa yAAGMa UHGOPMAUUA OMHOCHO 0CM G-
Haaume Y-obexmu. Toa 6u TpsaOBaIo aa m0Bede J0 moABaTa Ha “Xybapa’ KaTeropms
B. Heitaure obekTn 6u TpssOBaao ga ca A-00eKTH ChC CTPYKTYpPa, KOSATO [a € Ipe-
nocTaBeHa or Kjaaca P. Ul HamcruHa, HEe nedpuHHpamMe obeKTuTe Ha B KaTO NBOUKM
(A, p), kpaero A e A-obekt u p € P e Y-mopdusbm ¢ medunurmonna obaact T'(A).
2Kenanara posg Ha Ki1aca P ocurypsBaMe Upes HAJIATaHeTO Ha MeT OCHOBHH M3MCK-
BaHHs K'bM TO3H KJac. Jla orbenexxnum, de kopepaekmustocmma Ha X B Y 03BOJIABA
BUHArM Ja ObJie HaMepeH TakbB “xyOap” kiac P.

[Ipunaraiiku HalraTa KaTeropHa TeOpeMa 3a IPOb/KaBaHe HA IyaJHOCTH, IIO-
JydapaMe IyaJHoOCTTa Ha PegopdyK KaTo MpOoIb/IKeHHe Ha HOIXOIAIA PECTPUKITUS
Ha CTOyHOBaTa ayaaHocT. PeqopuyK J0Ka3Ba CBOATA TEOPEMA 38 IYAJHOCT ¢ IIOMOIII-
Ta HA TeopeMara 3a jyajHocT Ha je Bpuc. Toit mokassa, e Herosara JyaJHOCT C€
HoJIy4aBa KaTo PeCTPUKIMA Ha Jyaanoctra Ha je Bpuc. Hue, obave, g mosyuana-
Me M3MOJI3BANKN e€MHCTBEHO MOIXOSINA PECTPUKIINST HA CTOYHOBATA JyaTHOCT, €3
Jla UMaMe HYzKJa OT AyaJHocTTa Ha 1e Bpuc. [lopaam ToBa HaeTo J10Ka3aTeICTBO e
IHMPEKTHO U ChBBLPIINEHO HOBO. Helro moBede, 6iiarogapenne Ha HAIINSA KATETOPEeH IOJI-
XOJ1, MOJIydaBaMe MONOA02UYHA UHMEPNPEMAUUS HG BCUNKU AA2e0PUNHY NOHAMUA,
U3NOA3BAHY 8 meopemama 3a dyasnocm Ha Pedopuyk.

3a ja mpejcTaBuUM TO-TIOAPOOHO HarmmaTta paboTa, IHPBO IE OMUIIEM HAKPATKO
nyanHocTuTe Ha Pemopuyk u ae Bpuc.

BHaMeHHTaTa CTOYHOBA Teopema 3a ayasinoct [M. H. Stone, Applications of the
theory of Boolean rings to general topology, Trans. Amer. Math. Soc. 41, 375-481]
MOKAa3Ba, 4e MsIaTa nHQOPMAIUs 33 eTHO HYyJIMEPHO KOMIAKTHO XayC0p¢hOBO MPOCT-
paHcTBO (= cmoynoso npocmparcmeo) X, ¢ TOTHOCT 10 XOMEOMOP(MHU3bM, ¢e ChIIbp-
Ka B HeroBata OyseBa asirebpa CO(X) or BCHYKH OTBOPEHO-3ATBOPEHH MOIMHOZKEC-
tBa HA X . CbIIO Taka, IgaaTa HHGOpMaIus OTHOCHO HEIPEKbCHATUTE N300PaAKEHU ST
MEZKIy JIBe CTOYHOBH HpOCTpaHCTBa X U Y ce ¢bIbpiKa B OyJIeBUTE XOMOMOPMUIMI
mexkay Oyiaesure anrebpu CO(Y) u CO(X). EcrecTBeHO BBL3HHKBA BBLIPOCHT Ja-
Jin OI00eH Pe3yJsITaT e BaJIUeH 38 BCUIKU KOMIAKTHU XaycaopdoBu mpocTpaHCTBA
1 HeIpeKbCHATUTe M300pazkeHus MexKIy TsaX. Karo Hajf-aTpakTHBeH KaHIUIAT 32
posisita Ha GyaeBara anre6pa CO(X) mpu eqHO TaKoBa MPOIbJIZKEHHE Ce OTKPOsBa
oynesara aarebpa RC(X) oT BCHYKE peryaspHO 3aTBOPEHU MOIMHOYKECTBA HA €JTHO
KOMIIAKTHO XaycopdoBo npocrpanctso X (mwin HeitHoTo nzomopduo korme RO(X)
OT BCHYKH DEryJsipHO OTBOPEHH MOIMHOKECTBa Ha X ), HO, 3a ChiKaJleHNe, Ta3u KaH-
JIHIaTypa ce OKa3Ba HEIOIXOMAAIA: HANCTHHA, JT00pe M3BECTHO e, de OyJIeBUTe aJl-
rebpu RC(X) u RC(EX), kbaero EX e abcoaoma (= npoexmusromo nokpumaue)
Ha X, ca msomopcduu, nokaro KX e xomeomopduo ¢ X camo ako X e ekcTpeMali-
HO HecBbp3aHo. Boupekn ToBa, npes 1962 r., ne Bpuc [H. de Vries, Compact spaces
and compactifications, an algebraic approach, Van Gorcum, The Netherlands, 1962;
https://www .illc .uva .nl /Research /Publications /Dissertations /HDS/| moka3a,
qe ako pasrrename OyreBara aarebpa RC(X) s3aenno ¢ penamusra px nag RC(X),
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necdbunupana apes popmyiaTa
prG S FNG # @,

to apoiikara (RC(X), px) Hambano ompeess (¢ TOCHOCT 10 XOMEOMOPGMU3IBM) KOM-
makTHOTO Xaycaopdoso npocrpancrso X. Hemo mosede, ¢ momonira Ha Crenuagnm
m3obpazkenns mexay apoiikute (RC(X), px) u (RC(Y), py), Morar 1a 6bIaT PEKOH-
CTPYUPAHU BCHYKH HEIPEK'bCHATH M300ParKeHHd MeXKIy KOMIIAKTHHTE XaycaopdoBu
npoctpanctsa Y u X. Jle Bpuc ycnssa ma omurre anrebpuano asoiikure (RC(X), px)
Karo aBoiiku (A, p), dopMmupanu or wbjiHa Oysesa aarebpa A u penamus p Hax A,
YIOBJIETBODSIBAIIA OIIPEJIeTeHH YCJIOBUS (AKCHOMHE ), W C'bIIIO TAKA - CIIUATHUTE H300-
paxkenus Mexkay Te3u JABoiiku. C ToBa TOil Aedunupa kareropusara deV u jioka3Ba,
ge T4 € JyaJHo eKBuUBaJeHTHa Ha Kareropudara KHaus ma koMmakrauTe xaycaopdo-
BU IIPOCTPAHCTBA U HEIIPEK'LCHATUTE N300paskeHus. BCBIIHOCT, B CBOATA 1Ty OIMKALIAST
Jie Bpuc He usnosisBa pesanusaTa py CIOMEHATa MO-rope, a HeifHara “Jyasna’ peJa-
st F' <x G nedunupana upes dopmvynara (F <x G & FpxG*), kbaero G* e
oynesoro orpunanue Ha G B Gysiesara anrebpa RC(X), a p e gombiHeHneTo Ha p;
ekBUBaJIeHTHaTa Jedbunuims Ha Tasu penamus Hag RC(X) e caegnara:

F <x G F Cintx(G).

AbcrpakThure nBoiiku (A, <) ca Hapedenu or ge Bpuc komnundscenmmu anzebpu,
a cera Te ce HapUYIAT as2e0pu Ha de Bpuc. AkcmomuTe Ha penarusita p (pecrnexkTHB-
HO, <) HaJ A BCBITHOCT CHBIAJAT ¢ AKCHOMUTE Ha Oausocmume wa Efpemosun [V.
A. Efremovi¢, Infinitesimal spaces, DAN SSSR 76 (1951), 341-343|, c¢bc camo enO
U3KII0UYEHHe: BMECTO aKCHOMAaTa 33 OTAeTUMOCT Ha EdpemoBud, B KOATO ce crmome-
HaBaT TOYKHTEC Ha CbOTBETHOTO MHOZKECTBO, A€ BpI/IC BbBeZK/a HOBa aKCHUOMa, KOATO
cera ce Hapu4a aKCUOMa 3G excmencuonasnocm. Thit kKaro 6am3ocTuTe Ha Edpemo-
BHY ca pesanun Ha Oynesara anrebpa (P(X), C) o BCHUKH MOAMHOKECTBA HA €THO
MHOKecTBO X, airebpure Ha Je Bpuc morar jpa ce pasriexkgar Karo 0€3TOYKOBO
obobmmenme Ha Gaumsoctute Ha Edpemosuu. [lonacrosamem apoiikure (A, p), KbIeTo
A e Gyaesa anrebpa, a p e pesarysi oT OsausocteH Tun Haa A (HapedeHa KoHmMaKxm-
HG PeAauUA), TPUBINYAT BHIMAHUETO HE CaMO Ha TOIOJIO3WTE, HO M Ha JIOTHIUTE U
uHMOPMATHUITHATE.

Mopdusmure Ha Kareropusta deV ca gocra HeoOMYaiiHH M HE ca JOCTATHIHO
yIOOHH 3a paboTa ¢ TdX, Thil KaTo Te He ca OyJIeBH XOMOMOP(MU3MH U TIXHATA KaTe-
ropHa KOMIIO3UIUs, B 00U CJaydail, He ¢bBIaJIa ¢ TEOPETUKO-MHOYKECTBEHATA KOM-
no3utug Ha ¢gyukmuu. Ho, kakTo nokassa @epopuyk B craTugTa CH, IUTHPAHA MO-
rope, bJIHUTE OyJIeBH XOMOMOPMU3ME, KOUTO pedaeKTHPAT KOHTAKTHUTE PeJIallui,
ca deV-mopdusmu u, HEIIO MoBedYe, TEXHUTE KATETOPHH KOMIIO3UIMHU ca o0uvaiiHuTe
TEOPETUKO-MHOYKECTBEHN KOMIIO3UIMH Ha (DYHKIMU. 3aT0OBa TOi pasriexkaa (Hembi-
nara) nojgkareropust Fed na deV, qunto 06eKkTH ca CbIETe KATO HA KATEIOPUSTA
deV, vo ynuro Mmopdusmu ca camo te3u “xydbasu’ deV-mopdusmu, KOUTO TOKY-II0O
omucaxme. Toit moka3Ba, ye pecTPUKINATA Ha JAYaJTHOCTTA Ha Je Bpuc Bbpxy mogka-
reropusita Fed ua deV e nyamnoct mexiy kareropusta Fed u (Hembianata) moj-
kareropugd KHaus,,, na xareropuara KHaus, unnto obekTH ca cblIuTe KaTo Ha

16



kareropusta KHaus, Ho unuro MopdusmMu ca caMo keasu-omeopenume (HENMPEKbC-

HaTH) U300paKeHUsl, TTOJYIABANKA [0 TO3M HAYMH CBOSITA TEOPEMa 3a JTyaJHOCT.
[Ipusaraiiku namara o0Ia KaTeropHa reopeMa 3a PO bJzKABAHe HA JIYAJHH €K-

BHBaJIGHTHOCTH, MOJIy4daBaMe jryajnocTTa Ha Pegopuyk 1o ciaeanus HadwH. [losrara-

df
me A = CBooley,, (kbgero CBooley,, ¢ kareropusra Ha wbianure Oysesu aaredpu

df
u wpaaure Oyresn xomomopduszmu), X = EKH,, (kbaxero EKH,, e xareropusira
HA eKCTPEeMaJIHO HECBbP3aHUTE KOMIIAKTHU XaycAopdoBH MPOCTPAHCTBA M OTBOPE-

HUTE U300pazKeHusi) 1 Y a KHaus,,. B cratuara na I. Iumos [G. Dimov, Some
generalizations of the Stone duality theorem, Publicationes Mathematicae Debrecen,
80 (2012), 255-293] e mokazaHo, 4e pecTpUKIMATA Ha JyasHocrra Ha CTOyH BbpXY
kKareropusaTa A e ayamsHocT Mexay Kareropunute A un X; IMEHHO Hes Ie pa3rylezkamMe
KaTo 6a3uCHA JYyaJHOCT. 3a J1a OCUIYPUM HAJUYHETO Ha Kjaca P, u3moasBamMe Teope-
mata va B. Pymn [W. Rump, The absolute of a topological space and its application to
abelian l-groups, Appl. Categ. Struct. 17(2) (2009) 153-174], 1e kareropusta EKH,,
e kopedekTuBHA ToAKaTeropus Ha Kareropusta KHaus.,, (Hamcruma, xakto Be-
e oTOesIg3axXMe [MO-rope, IPU HAJHIHETO Ha KOpedJIeKTHBHOCT, II0 eCTeCTBEH HAYNH
Bb3HUKBA KJac P, yI0BJIeTBOPIBAIL BCHIKH M3NCKBAHUS KbM Hero, GpOpMyJIHPaHA B
HaImaTa o6l KaTeropHa teopeMa). VIMaiikn Bewe BCHYKH HEOOXOIUME H3XOIHU JIAH-
HU, HUE MpHUJaramMe Hamara obIa KaTeropHa Teopema W IoJiydaBaMe Kareropus B,
KOATO € AyaJIHO €eKBHUBaJICHTHaA Ha KaTEropudaTa H, CbAbP2Ka .A KaTO II'bJIHA IIOJKaTe-
ropHsl W € TaKaBa, de CJIeJHATA JUarpaMa e KOMYTATHBHA (C TOYHOCT JI0 eCTeCTBeH
H30MOPhU3bM )
T

B — KHaus,,

S
J TI
T=Ult

CBooley,, ﬁ EKH,,.

Haii-cerne, moka3maiiku, 1e kareropusata B e ekBuBajeHTHa Ha Kareropusita Fed,
HUe 3aBbpIBaMe HaITeTO HOBO JOKa3aTeJICTBO HA TeopeMara 3a ayajnocT Ha Pemop-
gyK. TouHO TYK, B IpoIeca Ha JOKa3aTeJICTBO Ha IOCTIeTHATa eKBUBAJIEHTHOCT, HUE
paskpuBaMe TOMOJOTMYHATA MPHUPOTA HA ODEKTUTe W MOPMU3IMHUTE Ha KATETOPHUATA

Fed.

Summary

In this paper we propound a general categorical framework for the extension of
dualities and applying it, we present a new proof of the Fedorchuk duality [V. V.
Fedorchuk, Boolean d-algebras and quasi-open mappings. Sibirsk. Mat. 7. 14 (5)
(1973), 1088-1099; English translation: Siberian Math. J. 14 (1973), 759-767 (1974)].
Namely, given a dual equivalence



(which we will call basic dual equivalence) of categories A and X, where X is a full
subcategory of a category Y, and a distinguished class P of morphisms in Y, we find
a “good” category B into which A is fully embedded via a functor J, and a dual
equivalence

9,

i

extending (up to natural isomorphisms) the given one along the inclusion functor I
and the embedding J, as in the diagram

BT@H
|

J I

Aéfx.
S

Of course, one may easily form a “bad” category B satisfying these requirements:
inside Y, simply replace X by A and adjust the composition, using the given dual
equivalence. But this ad-hoc procedure produces a category B that is just a camouflage
of Y, with no meaningful application. Qur main point is to take advantage of the
special class P of morphisms in'Y that, knowing the category X, is able to encode all
needed information about the remaining Y-objects. Then a “good” category B should
emerge. [ts objects should be A-objects with a structure, provided by the class P.
And so indeed, we consider as objects of B the pairs (A, p), with A an A-object and
p € P a Y-morphism with domain 7T'(A). The desired role of the class P is ensured by
imposing by us five basic requirements on this class. Let us note that coreflectivity of
X in Y always allows for the provision of such a “good” class P.

Applying our general categorical theorem for the extension of dualities, we obtain
the Fedorchuk duality as an extension of a suitable restriction of the Stone duality.
Fedorchuk proved his duality theorem using de Vries’ duality theorem. He showed
that his duality theorem is a restriction of de Vries’ duality. We, however, establish
it solely from a suitable restricted Stone duality, and without any use of the de Vries
duality. So that, our proof is a direct one and completely new. Moreover, thanks to our
categorical approach, we obtain a topological interpretation of all algebraic notions
used in the Fedorchuk Duality Theorem.

For presenting some more details about our paper, we will first describe briefly
the Fedorchuk and the de Vries dualities.

The celebrated Stone Duality Theorem [M. H. Stone, Applications of the theory of
Boolean rings to general topology, Trans. Amer. Math. Soc. 41, 375-481| shows that
the entire information about a zero-dimensional compact Hausdorff space (= Stone
space) X is, up to homeomorphism, contained in its Boolean algebra CO(X) of all
clopen (= simultaneously closed and open) subsets of X. Likewise, all information
about the continuous maps between two Stone spaces X and Y is encoded by the
Boolean homomorphisms between the Boolean algebras CO(Y) and CO(X). It is
natural to ask whether a similar result holds for all compact Hausdorff spaces and
continuous maps between them. The first candidate for the role of the Boolean
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algebra CO(X) under such an extension seems to be the Boolean algebra RC(X)
of all regular closed subsets of a compact Hausdorff space X (or, its isomorphic copy
RO(X) of all regular open subsets of X), but it fails immediately: indeed, for the
absolute (or projective cover) EX of X, it is well known that the Boolean algebras
RC(X) and RC(EX) are isomorphic, even though EX is homeomorphic to X only
if X is extremally disconnected. However, de Vries [H. de Vries, Compact spaces
and compactifications, an algebraic approach, Van Gorcum, The Netherlands, 1962;
https://www .illc .uva .nl /Research /Publications /Dissertations /HDS/| showed in
1962 that, if we regard the Boolean algebra RC(X) together with the relation px on
RC(X), defined by
prG s NG 7A (Z),

then the pair (RC(X), px) determines uniquely (up to homeomorphism) the compact
Hausdorff space X. Moreover, with the help of some special maps between the pairs
(RC(X), px) and (RC(Y'), py), one can reconstruct all continuous maps between the
compact Hausdorff spaces Y and X. He gave an algebraic description of the pairs
(RC(X), px) as pairs (A, p), formed by a complete Boolean algebra A and a relation
p on A, satisfying certain axioms, and he also described algebraically the needed
special maps of such pairs. In this way he obtained a category deV and its dual
equivalence with the category KHaus of compact Hausdorff spaces and continuous
maps. In fact, de Vries did not use the relation px as mentioned above, but its “dual”
relation, that is, the relation F' < x G defined by (F <x G < FpxG*), where G* is
the Boolean negation of G in the Boolean algebra RC(X) and p is the complement
of p; the equivalent definition of this relation on RC(X) is the following one:

Now known as de Vries algebras, he originally called the abstract pairs (A, <) compin-
gent algebras. The axioms for the relation p (respectively, <) on A are precisely
the axioms for Efremovi¢ prozimities [V. A. Efremovi¢, Infinitesimal spaces, DAN
SSSR. 76 (1951), 341-343], with only one exception: instead of Efremovi¢’s separation
axiom, which refers to the points of the space in question, de Vries introduced, what
is now called, the extensionality axiom. Since Efremovi¢ proximities are relations on
the Boolean algebra (P(X),C) of all subsets of a set X, de Vries algebras may be
regarded as point-free generalizations of the Efremovi¢ proximities. Nowadays the
pairs (A, p), where A is a Boolean algebra and p is a proximity-type relation on A
(called contact relation), attract the attention not only of topologists, but also of
logicians and theoretical computer sciencists.

A drawback of the category deV is that its morphisms are quite unusual, and
not very convenient to work with, since they are not Boolean homomorphisms, and
since their categorical composition is in general not the set-theoretical composition
of functions. But, as Fedorchuk noted in his aforementioned paper, those complete
Boolean homomorphisms which reflect the contact relations of their domains and
codomains, are morphisms in deV and, moreover, their categorical composition coin-
cides with the usual set-theoretical composition of functions. He therefore considered
the (non-full) subcategory Fed of deV with the same objects, but with morphisms
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only those “good” deV-morphisms just described. He proved that the restricted to
the subcategory Fed de Vries’ duality gives a duality between Fed and the (non-full)
subcategory KHaus,, of KHaus whose morphisms are just the quasi-open maps,
thus obtaining his duality theorem. Applying our general categorical theorem for
extensions of dualities, we obtain the Fedorchuk duality in the following way. We set

AY CBooley,;, (where CBooley,, is the category of complete Boolean algebras with

their suprema-preserving Boolean homomorphisms), X a EKH,, (where EKH,, is
the category of extremally disconnected compact Hausdorff spaces and their open

maps) and Y a KHaus,. As it was shown by Dimov [G. Dimov, Some generalizati-
ons of the Stone duality theorem, Publicationes Mathematicae Debrecen, 80 (2012),
255-293|, the Stone duality restricts to a duality between the categories A and X.
To construct the class P, we utilize the Rump theorem [W. Rump, The absolute
of a topological space and its application to abelian l-groups, Appl. Categ. Struct.
17(2) (2009) 153-174] that EKH,,, is coreflective in KHaus,, (indeed, as we have
already noted, this fact allows for the provision of a class P which satisfies all five
conditions required by our general categorical theorem). Hence, we are in position
to use it and to obtain a category B which is dually equivalent to the category Y,
contains A as a full subcategory and makes the following diagram commute (up to
natural isomorphisms):
T

B — KHaus,

S
y TI
T=Ult

CBooley,, §:coz EKH,,.

Finally, proving that the category B is equivalent to the category Fed, we complete
our new proof of the Fedorchuk duality theorem. Exactly here, in the course of the
proof of the last equivalence, we reveal the topological nature of the objects and
morphisms of the category Fed.

This paper is cited in:
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PesromMme

Tazu craTtms moxke ja ObJe pasriexkjaHa KaTo MporbikeHne Ha cratusara I'7-2
(T.e. Ha cratugTa |G. Dimov, E. Ivanova-Dimova, W. Tholen, Extensions of dualities
and a new approach to the Fedorchuk duality, Topology and its Applications, 281
(2020) 107207] u mopasau TOBA IIe CYUTAME HEHHOTO PE3IOMe 3a 9aCT OT HACTOSIIOTO.

B macrogimara crarus npejgiaraMe HoBa 06Ia KaTeropHa KOHCTPYKIUS (= cxema,
Teopema) 3a MpOIbJKaBaHe Ha JyaJHH eKBUBAJIEHTHOCTH. KOHCTPYKIUATA, TTPe/ICTa~
BeHa B I'7-2, ce aBgaBa HenH 4acTeH caydail. B HoBaTa TeopeMa 3amMecTBaMe CTapOTO
yeaosue (P5) 3a kmaca P or crarusta I'7-2 ¢ mo-crabo yeaosue (to durypupa B
HoBaTa cratusi Kato yciaosue (P3)). Tosa HEM mo3BossiBa J1a MOJYYHM HOBO JTOKA3a-
TEJICTBO HA TeOpeMaTra 3a JyaJHOCT Ha jie Bpuc u, Hemo mosede, jia g NpeacTaBuM B
HOBa Mojaucunupana Ghopma, B KOATO MOPGPU3MUTE HA KATErOPUATA Jya/Ha Ha KaTe-
ropusita KHaus, kakTo u TexHuTe KOMIO3UINY, ca Bede ectecTBenn. C TOBA MOy Ya-
BaMe HOBa TeopeMa 3a jyajHocT 3a Kareropusdra KHaus. Cbino Taka, nusnona3saiiku
nyaaHaTa ¢opMa Ha HAIIATa KaTeropHa TeopeMa oT crarugara I'7-2, maBaMe HOBO
JIOKA3aTeJICTBO Ha IIPObJIZKEHUETO HA JYAJTHOCTTA HA Je Bpuc Bbpxy Kareropusra
Tych na TuxoHOBUTE TPOCTPAHCTBA U HENMPEK'bCHATHTE N300parKeHUd, MOJIYIEHO OT
Bexxannmsmin-Mopauan-Oabepanur [G. Bezhanishvili, P.J. Morandi, B. Olberding,
An extension of De Vries duality to completely regular spaces and compactifications,
Topol. Appl. 257, 85-105 (2019)]; menro noBede, npaBeiiku TOBa, MOJyYaBaMe U HOBA
TeopeMa 3a JAyaJHOCT 3a Kareropusita Tych.

df
[To-konKpeTHO, 3a IMOJydYaBaHeTO Ha JAyaaHocTTa Ha Je Bpuc, mosarame A =
CBoole (gbiaero CBoole e kareropusita Ha mbianute OyjaeBu ajaredbpu u OysieBure

df
xomomopdusmn), X = EKH (kbaero EKH e kareropusita Ha KOMIAKTHHTE XayC-
JT0pOBH eKCTPEMATHO HECBBP3aHU TPOCTPAHCTBA U HEMPEK'bCHATATE N300paKeHus ),

df
Y = KHaus, a karo 6asuchHa gyaaHoct mexay A n X usmnoasBame 100pe W3BecTHATA
PECTPUKITUS

CBooleT:é EKH
S=CO

Ha croynosata jgyasaHoct. Odesuano, EKH e nbana noagkareropuss na KHaus. C
IIOMOIITa HA W3BecTHaTa Teopema Ha Lymcon [A.M. Gleason, Projective topological
spaces. Ill. J. Math. 2, 482-489 (1958)| (a umeHHO, Y€ eHO KOMIIAKTHO Xayca0pdoBo
IPOCTPAHCTBO € MPOEKTHBHO TOTaBa M CaMO TOTaBa, KOraro TO € eKCTPEMATHO HeC-
BbP3aHO) JIECHO Ce BUZK/A, Y€ KJIACHT OT BCHUKH HEMPUBOIMMHI H300DarKeH s MEK LY
KOMIIAKTHH XaycJA0PdOBH IIPOCTPAHCTBA C eKCTPEeMaJIHO HeCBbP3aHa JePUHUITNOHHA
obJlacT MOKe Ja Urpae poJdTa Ha P B HalmaTa HOBAa KaTeropHa TeopeMa 3a IHpo-
A’bJIZKaBaHe Ha AYaJIHOCTHU. PaSHOﬂaFaﬁKH C BCUYKHU TE€3W U3XOAHU JaHHU, HUE CME B
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CBCTOSHME 13, Ce Bb3II0JI3BaMe OT HAIllaTa KaTeropHa TeopeMa. T HE 1aBa eqHa KaTe-
ropust B, KosgTo e ayanno ekpuBajeHTHa Ha KaTeropusita KHaus, chiabp:xka CBoole
KaTO II'bJIHA HOAKaTEIropud U € TaKaBa, Y€ CJieJHaTa Aual'paMa € KOMYTaTHBHa <C
TOYHOCT JI0 €CTECTBEH H30MOP(MUIbM ):

B T KHaus
S
FE)
CBoole —% EKH.
S=CO

B nactosimara pabora tasu kareropuss B e ozuadena ¢ C(A, P, X)/ ~. Cren Tosa
tpaucopmupame Kareropusita B B HoBa Kareropus deVBoo/ «, anuto obekTu ca
chiuTe KaTo obekTuTe Ha Kareropusta deV u wuumo mophusmu ca kaacose Ha exsu-
BAAEHMHOCTL OM, OYALBU TOMOMOPPHUIMU, PEPACKMUPGULU KOHMAKMHUME PEAGUUL, G
MeTHUME KOMNO3UUUL CE NOAYUABAM YPE3 MEOPEMUKO-MHOHCECTNEEHU KOMNOZUUUY
Ha Npedcmasument, Ha Kiacoseme Ha exkeusaseHmHocm. JlokazBame, de KaTeropu-
ata B e ekBHBaJeHTHA Ha Ta3dH HOBa KATErOpHs, KOETO O3HAYABA, Y€ KATETOPHITA,
deVBoo/« e jyasino eksuBajienTHa Ha kareropusta KHaus. Touno ta3u HoBa jy-
agrocT 3a kKareropusta KHaus aue nHapuaame moduguyupara dyarnocm na de Bpuc.
[Tokaspaiiku, e kareropusita deVBoo/ « e nzomopdna wa kareropusita deV, nue
3apbpIIBaMe HAIEeTO HOBO JOKA3aTeJICTBO Ha TeopeMaTa Ha je Bpuc 3a mgyaHOCT.
Karo Bcgka apyra KareropHa Teopema, HalllaTa HOBa OOINa KaTeropHa TeopeMa
3a MPOJbJKABAHE HA JLyaJIHOCTH MUMa dyasen 060UHuK (= HOBA TEOpeMa, HOJLydeHa
OT cTapara 4pe3 o0pbinane Ha crpejkuTe). Henn gacren ciaydail ce sBsiBa TyaaHUSAT
JIBOWHUK Ha HAIllaTa KaTeropHa TeopeMa, Jioka3ana B paborara nu I'7-2. B pesiomero
Ha I'7-2 orGensg3axme, de KopedieKTuBHOCTTa Ha X B Y OCUI'ypsiBa C'bIIECTBYBAHETO
Ha KJaac P, yI0BIeTBOPABAI BCHIKH H3UCKBAaHUS, (POPMYJINPAHA B HAIIATA KATETOP-
Ha TeopeMa ot cratugara I'7-2. CrnemoBarenno pedaekTuBHocTTa HA X B Y ocurypsiBa
HAJIMIMETO HA KJAC, O3HAYEH Bede ¢ J, yJTOBIETBODSBAIL BCUIKU U3UCKBAaHUS, (hop-
MyJIUpaHu B JIyaJiHHWs JBOWHHUK Ha HallaTa KaTeropHa teopema or craruara I'7-2.
Vmaiiku TOBa IIpeaBHJI, 3a Ja IIOJYyYHM HOBO JOKA3aTeJCTBO Ha TeopeMara 3a JIy-

df df

amaocT Ha bexxanmmsuan-Mopanan-Onbepauar, notarame A = deV, X = KHaus,
df

Y = Tych u B KadecTrBOTO Ha 0a3mMCHA AyaJHOCT Pa3T/IeXKIaMe IYAJHOCTTa Ha e
Bpuc

deV :T KHaus
S=RC

JTobpe u3BectTHO €, 4e Kareropusrta KHaus e pediekTuBHa nojKareropus Ha Kare-
ropugara Tych. CnegoBarenno, MoxKeM [a W3MoOI3BaMe AyaaHUs JBOMHUK Ha HAIIATA
KaTeropHa Teopema U Ja MOJYYHM ¢ Heroba IOMOIN ejlHa Kareropust B (o3HadeHa
B cratusata Hu ¢ D(A,J, X)), koaro e nyanHo ekBuBajeHTHa Ha Kareropusita Tych,
chabp:xka deV KaTo mbjHa HMOJKATErOpHs W € TaKaBa, Ue cjeJHaTa JHarpaMa e Ko-
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MyTATHBHA (C TOYHOCT JI0 €CTeCTBEH H30MOPGhU3bM):

T

B — Tych

|, b

deV — KHaus.
S=RC

yaraocTTa Ha me Bpuc ce ocbliecTBsiBa Upe3 KOHTpaBapHAHTHHTE (DYHKTOPH
RC(= S) u Clust. ®yukropbr RC chnocrass ma Bceknu KHaus-o6ekt X nBoiika-
Ta, cherosina ce or Oysiesara ajarebpa RC(X) or Bcuuku HeroBu perysisipHO 3aTBO-
pern moamHOKecTBa u penarusata px Haa RC(X), medunupana upes dopmynara
FpxG < FNG # (0. (Jla nanomanM, ge ako X € eKCTPeMaJIHO HECBbP3aHO MPOCT-
paHcTBO, TO OyneBata asirebpa RC(X) cpBuaja ¢ 6ynesara aarebpa CO(X) or Bend-
KH OTBOPEHO-3aTBOPEHHN IOAMHOMKECTBa Ha X, KOSITO Ce M3IOJI3Ba B AyaaHOCTTA Ha
Croyn.) @yukropbr Clust wanogobsia croyHosusi dynkrop Ult (koiito cbmocrabs
Ha Besika (mbaHa) OyseBa anarebpa B mpoctpancTBOTO OT yaTpaduiarpure B B) u
ChIIOCTaBs Ha BCsKa anarebpa Ha ge Bpuc B mpocTpaHCTBOTO OT Taka HapedeHWTe
kascmopyu B B. B HacTodmara cratug nokassame, de GpyHKTOpbT Clust ce mpeactaBs
(rouno karo dyukropa Ult) or GyaeBara anrebGpa 2 ¢ JBa eJeMeHTa U e TOH Mo-
ke Jia O'bjie 3aMeHeH B JlyaJIHOCTTa Ha Jie Bpuc ¢ konrpasapuantiusg hom-gyHkrop
deV (—,2) c¢be croitnoctu B kareropusita KHaus, kbiero 2 ce pa3riex/ia Karto JTuc-
KperHa anrebpa Ha Je Bpuc. (Tasn koncratanusg ce 6azupa Ha dakTa, J0Ka3aH IbPBO
B |G. Dimov, Proximity-type relations on Boolean algebras and their connections with
topological spaces. Doctor of Sciences (= Dr. Habil.) Thesis, Faculty of Mathematics
and Informatics, Sofia University “St. KI. Ohridski”, Sofia, 1-292 (2013), https: //www.
fmi.uni-sofia.bg/bg/prof-dmn-georgi-dimov|, ue Touno kakro yarpabuarpure B eHa
OysneBa anrebpa A morar ga ObJAaT €KBUBAJEHTHO MPEJICTABEHN KATO OY/JIE€BH XOMO-
Mopdu3Mu, u3obpasgpamu A B 2, KILCThpUTe B eqHa aiarebpa Ha e Bpuc A mo-
rar ja O0bJaT eKBUBAJIEHTHO IpejcraBeHn kKato deV-mopdusmu, mzobpasapamm A
B JMCKpeTHaTa ajirebpa Ha je Bpuc 2.) Cren ycraHOBABaHETO Ha To3u (DaKT, HUE
Bede caurame, de uMenHo GyHkropbT deV(—,2) e ropecnomenarus Gynkrop 1T’ B
ayasiHocTTa Ha e Bpuc. Pasmonaraiiku ¢ kareropusita B (03HaUeHA B CTATHITA HH C
D(A, d, X)), nocrposiame ¢ Heitna momorr eaa “Mexkauana’ kareropus UdeV. Obex-
tuTe Ha Kareropuara UdeV, Kouto Hapudame ynusepcasnu deotiku Ha de Bpuc, ca
neoiiku (A,Y), dopmupanu or anrebpa ua ge Bpuc A u nonmuoxkectso Y Ha (KoMIax-
THOTO XaycopdoBo npocrpanctBo) deV (A, 2), koero, KAKTO € MOKa3aHO B CTATHSITA
Hu, ce sBgBa CToyH-YeXOBCKO KOMIIAKTHO PA3NIADPEHHEe Ha CBOETO MOAIPOCTPAHCT-
Bo Y. Jlecno ce Bmxkaa, e kareropusita UdeV e ekBuBaJieHTHa Ha KaTeropusTa
B(= D(A,d,X)) u, caemosaresnto, kareropusta UdeV e JqyaiHo eKBUBATEHTHA HA
kareropusaTra Tych. ToBa e n HamaTa HOBa TeopeMa 3a IYAJHOCT 33 KaTErOPHATA
Tych. [lociegnara crbika KbM yCTAHOBsIBAHE HA JIyAJHOCTTA Ha DekaHuniBu/iu-
Mopanaau-Onbepaunr ce ¢bCTON B W3MOI3BAHETO HA IYAJTHOCTTA Ha TapCKu 3a KOIU-
paHeTO HA MHOXKECTBOTO Y dUpe3 HeroBusi OyseaH, pasryieKJIaH KATO IThJHA aTOMHA
OysieBa anrebpa. Vesara e ciegHaTa: BMECTO MHOXKECTBATa Y MOZKEM Ja Pa3IyIezk1aMe
deV-pnaranusara A — B, Kbaero B e wbiaHa aToMmHa OysieBa ajarebpa. 1lo To3u Haunn
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noka3pame, de kareropusaTa UdeV e ekBuBasienTHa Ha Kareropugara UBdeV, moct-
poena ot bexanumpuan-Mopanau-O0epauHr KaTo ayasna Ha Kareropusrta Tych.
C ToBa 3aBbpIlIBaMe HAIIETO AJTEPHATUBHO J0KA3ATE/JCTBO HA TEOpeMaTa 3a JyaJ-
Hoct Ha Bexkxanumsuan-Mopanau-Onbepauar.

Summary

This paper can be regarded as a continuation of the paper I'7-2 (i.e. of the
paper [G. Dimov, E. Ivanova-Dimova, W. Tholen, Extensions of dualities and a new
approach to the Fedorchuk duality, Topology and its Applications, 281 (2020) 107207],
so that we will consider its summary as a part of the present one.

In the present paper we propound a new general categorical extension construction
for dual equivalences. That one presented in I'7-2 is now a special case of it. In the
new theorem we replace the old condition (P5) for the class P from I'7-2 with a
weaker condition (it appears in the paper as condition (P3)). This allows us to obtain
a new proof of the de Vries duality theorem and, moreover, to present it in a new
modified form in which the morphisms and their compositions are already natural.
In this way we obtain a new duality theorem for the category KHaus. Also, using
the dualization of our categorical theorem from I'7-2, we give an alternative proof
of the extension of the de Vries duality to the category Tych of Tychonoff spaces
and continuous maps that was provided by Bezhanishvili, Morandi and Olberding
[G. Bezhanishvili, P.J. Morandi, B. Olberding, An extension of De Vries duality to
completely regular spaces and compactifications, Topol. Appl. 257, 85-105 (2019)]
(we will refer to it as BMO duality) and, in the process of doing this, we obtain a
new duality theorem for the category Tych.

Specifically, for obtaining de Vries duality, we put A 4 CBoole (where CBoole is

the category of complete Boolean algebras and Boolean homomorphisms), X Y EKH
(where EKH is the category of compact Hausdorff extremally disconnected spaces

and continuous maps), Y & KHaus and as a basic duality between A and X, we use
the well-known restricted Stone duality
T=Ul
CBoole — EKH
5=CO

Clearly, EKH is a full subcategory of KHaus. With Gleason’s Theorem [A.M.
Gleason, Projective topological spaces. I1l. J. Math. 2, 482-489 (1958)| (namely, that
a compact Hausdorff space is projective if, and only if, it is extremally disconnected)
one sees easily that the class of irreducible maps of compact Hausdorff spaces with
extremally disconnected domain can be taken as the class P in our new categorical
theorem for extension of dualities. Hence, we are in a position to apply our categorical
theorem. It gives us a category B which is dually equivalent to the category KHaus,
contains CBoole as a full subcategory and makes the following diagram commute
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(up to natural isomorphisms):

B T KHaus
I
J I
CBoole —> EKH.
S=CO

In the paper this category B is denoted by C(A,P,X)/ ~. Then we transform the
category B into a new category deVBoo/« whose objects are the same as those of
the category deV and whose morphisms are equivalence classes of Boolean homomor-
phisms reflecting the contact relations, to be composed by ordinary map composition of
their representatives. We prove that the category B is equivalent to this new category,
which implies immediately that the category deVBoo/« is dually equivalent to the
category KHaus. Exactly this new duality for the category KHaus is called by us
modified de Vries’ duality. Proving that the category deVBoo/ « is isomorphic to
the category deV, we complete our new proof of de Vries’ duality theorem.

As every categorical theorem, our new general categorical theorem for the extensi-
on of dualities has a dualization. The dualization of our categorical theorem proved
in the paper I'7-2 is a special case of it. In the summary of I'7-2 we noted that
coreflectivity of X in Y always allows for the provision of a class P which satisfies all
requirements of our categorical theorem from I'7-2. Then, obviously, the reflectivity
of X in Y allows for the provision of a class, which we denote now by J, and which
satisfies all requirements of the dualization of our categorical theorem from I'7-2.
Having this in mind, for obtaining our new proof of BMO duality theorem, we set

AL deV, X & KHaus, Y a Tych and start with the de Vries duality

deV :T KHaus
S=RC

It is a well-known fact that the category KHaus is a reflective subcategory of the
category Tych. Thus we can apply our dualized categorical theorem for obtaining
a category B (denoted in the paper by D(A,d, X)) which is dually equivalent to the
category Tych, contains deV as a full subcategory and makes the following diagram
commute (up to natural isomorphisms):

T

B — Tych

s
J{ [
T
deV —— KHaus.
S=RC

The de Vries duality is realized by the contravariant functors RC(= S) and Clust.
The functor RC assigns to every space X in KHaus the complete Boolean algebra
RC(X) of its regular closed sets, provided with the relation that declares two sets
to be in contact when they intersect. (Recall that for X extremally disconnected,
RC(X) coincides with the algebra CO(X) of clopen sets in X, as used in the Stone
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duality.) The functor Clust generalizes Stone’s formation of the space of ultrafilters
in a (complete) Boolean algebra, assigning to a de Vries algebra its space of so-
called clusters. As we show in this paper, the functor Clust is (just like the ultrafilter
functor for Boolean algebras) represented by the two-chain 2 and may be replaced
by the KHaus-valued contravariant hom-functor deV(—, 2), where 2 is regarded as
a discrete de Vries algebra. This observation is based on the fact, proved first in
|G. Dimov, Proximity-type relations on Boolean algebras and their connections with
topological spaces. Doctor of Sciences (= Dr. Habil.) Thesis, Faculty of Mathematics
and Informatics, Sofia University “St. KI. Ohridski”, Sofia, 1-292 (2013), https://www.
fmi.uni-sofia.bg/bg/prof-dmn-georgi-dimov]|, that exactly as the ultrafilters in a Bool-
ean algebra A may equivalently be described as 2-valued Boolean homomorphisms
on A, the clusters in a de Vries algebra A may equivalently be presented by 2-
valued de Vries morphisms on A. Here we prefer to take the functor 7' in the form
deV(—,2). Having the category B(= D(A,d,X)), we form a “mediating” category,
UdeV, whose definition flows naturally from our categorical extension technique. The
UdeV-objects, which we call universal de Vries pairs, are de Vries algebras A that
come equipped with a subset Y of (the compact Hausdorff space) deV (A, 2) which
may then serve as the Stone-Cech compactification of its subspace Y. It is easily seen
that the category UdeV is equivalent to the category B(= D(A,d,X)) and thus the
category UdeV is dually equivalent to the category Tych. This is our new duality
theorem for the category Tych. The last step towards establishing the BMO duality
then consists of employing the Tarski duality to encode the subset Y by its power
set, treated as a complete atomic Boolean algebra. Briefly, rather than subsets Y one
may equivalently consider de Vries embeddings A — B into complete atomic Boolean
algebras B. In this way we show that our category UdeV is equivalent to the BMO
category UBdeV. This completes our alternative proof of BMO duality.
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PesromMme

Taszu cratus e npoabiazxkenune Ha cratusata I'7-3 (T.e. Ha paborara [Georgi Dimov,
Elza Ivanova-Dimova, Walter Tholen, Categorical Extension of Dualities: From Stone
to de Vries and Beyond, I, Applied Categorical Structures, 30(2), 2022, 287-329]),
HO B Hes ce W3TOJI3BAT U HAKOW pe3yataru or ctatuuTe B4-2 um I'7-1, u 3aToBa 1e
cUUTaMe, 4e pe3oMeTaTa Ha Te3W TPU CTATHH Ca YACTH OT HACTOAIIOTO PE3IOME.

B macrosimara crarws, n3nos3Baiikn Harmara o0Ia KaTeropHa TeopeMa 3a Mmpo-
JUbJIZKABaHe Ha JIyaJHU eKBUBAJEHTHOCTH, M0Ka3aHa B I'7-3, moaydyaBamMe HOBA KaTe-
ropus, KOATO € JIyaJTHO eKBuBaJeHTHa Ha KaTeropusarta LKHaus na jokano Kommax-
THHUTE XayCcAop(OBH MPOCTPAHCTBA U HEIIPEK'bCHATUTE M300parkeHrs, KATO IIPH TOBA,
Ta3W HOBA IYAJTHOCT Ce dBSIBa IPOIbJKEHHE Ha AYaaHOCT OT CTOYHOB THII 33 KaTe-
ropusita EALKH na ekcrpeMaJ/ino HeCBbp3aHUTE JIOKAJIHO KOMIAKTHH Xaycaopdosu
IPOCTPAHCTBA W HENMPeKbCHATUTE m300parkenus. JlokazBaMe ChINO Taka, Y€ HOBATA
kareropus e nzomopdna Ha kareropuara CLCA Ha mbiaHATE JIOKAJIHO KOHTAKTHU
anreOpu U MOAXOAIH MOpdhu3Mu, BbBeaeHa or lumos B cratusra [G. Dimov, A de
Vries-type duality theorem for the category of locally compact spaces and continuous
maps — [, Acta Math. Hungarica 129 (2010) 314-349|. C ToBa noka3same, 4e Karero-
pusta CLCA e nyanno ekBuasienTHa Ha kareropusara LKHaus — dakt, ycranosen
oT ﬂHMOB B IUTHUPaHaTa TOKY-IIIO HETroBa CTaTUA. HO TO3W HAaYMH IIOJIydaBaMe€ HOBO
JIOKa3aTe/ICTBO Ha TeopeMaTa 3a jyajaHocT Ha dumos 3a kareropusata LKHaus, kos-
TO e MPOIbJKeHne Ha JyaJHOCTTa Ha Jje Bpuc 3a kareropuara KHaus. 3a paszauka
om moppusmume na kamezopuama CLCA u mexnua xomnozuyuonen 3akon (Koumo
ca nodobnu wa moppusamume na xamezopusma deV u mernus KOMNo3uyuoHeH 3a-
KOM), MOpPuUsMUMeE HA HOBAMA KAME2OPUA, KAKMO U METHUA KOMNOZUUUOHEH 3GKOH
Ca MH020 ECMECTNBEHU U C MAT ce Pabomu AECHO.

ITo-koukperHo, 0obekTn Ha Kareropusata CLCA ca BCUYKH I'bJIHH JIOKAJTHO KOH-
TaKTHHU ajirebpu. JIoKaaHo KoHTaKTHUTE anrebpu ca beeenu or 11. Promep [P. Roe-
per, Region-based topology, Journal of Philosophical Logic 26 (1997) 251- 309] (Bx.
cbmo |D. Vakarelov, G. Dimov, I. Diintsch and B. Bennett, A proximity approach
to some region-based theories of space, J. Applied Non-Classical Logics 12 (2002)
527-559| u |G. Dimov and D. Vakarelov, Contact Algebras and Region-based Theory
of Space: A Proximity Approach - I, Fundamenta Informaticae 74 (2-3) (2006) 209—
249]). Te ca 0bobuenu anarebpu Ha Je Bpuc, kato B TsX, KaTO TpeTa KOMIOHEHTA,
IPUCHCTBA Ueas B OyaeBara anrebpa, siBIBAIa Ce TIXHA MbPBa KOMIIOHEHTA, KOHTO
yjoByieTBopsiBa Hakou ectecrsenu ycaoBud. CLCA-mopdusmuTe mbK ca 00600IIeHH
deV-mopdusmu, KOUTO yIOBJIETBOPIBAT HAKOHW IOMbIHUTE]IHHA YCIOBHS, OTIHTAIIN
HAJIMIMeTO Ha HOBATa TPeTa KOMIIOHEHTa — maeasa. [eXHHAT KOMIO3UIMOHEH 3aKOH
e 110/100eH Ha KOMIIO3UIIMOHHUS 3aK0H 3a deV-mopdusmure. Hawama ochosHa uena 6
HACTMOAWGMA CMAMUA € KOHCMPYUPAHEMO HA HO8G KGMe20pus, Koamo da e dyasno
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exeusasenmua na kamezopuame LKHaus, da uma cswume obexmu kamo xamezo-
puama CLCA, 1o da e ¢ no-ecmecmsaenu moppuamu, xoumo da ca csc cmandapmen
KOMNO3UUUOHEH 3AKOH.

3a mocTHraHeTo Ha Ta3| Ies NPOoIeanpaMe 0 HAYWH MOoJM00eH Ha TO3M, KOHTO U3-
MOJI3BaXMe 34 TOJIYyYaBaHeTO Ha aJTePHATUBHO JOKA3ATEICTBO HA AyaJHOCTTA Ha e

Bpuc B paborara I'7-3. Tlosarame X ® EdLKH. Cruerapaiikn pe3y/TaTuTe OT CTa-
tunte Hu B4-2 u I'7-1, moygyaBame BeHara gyasaara Ha X kareropus A = 1zCBoo:
HefiHu OOeKTH ca I'bJHUTE lz-aaredpu, KOUTO IMpeJICTaBAIBAT JBOUKH OT II'bJIHA Oy-
JeBa aarebpa W OTBOPEHO IOJAMHOYKECTBO HA HEIHHS CTOYHOB JjiyajieH 0OeKT (BiK.

B4-2 u I'7-1). Tonaraiiku Y 4 LKHaus n ¢ukcupaiikn B Ka4ecTBOTO HA P Kja-
ca OT BCHYKHU CHBBLPIICHN HEIPUBOJIUME H300parKeHUs MEXKIY JIOKAJIHO KOMIIAKTHU
XaycJa0PdQOBH MPOCTPAHCTBA € EKCTPEMaIHO HeCBbp3aHa Jie(pUuHUIMONHA 00/1acT, HHE
CMe B ChCTOSHHE 13 YCTAHOBHM CJeIHATA MOPEeIuIa OT eIWH M30MOp(pU3bM U IBE
eKBUBAJIEHTHOCTH, TIOCOYEHU B JUATDAMATA

CLCA®® —= (DBoo/«)® —= (C(A, P, X)/~)°» —=LKHaus ,

KOMIIO3UIIUATA HA KOUTO € TOYHO CIIOMEeHaTaTa II0-Trope JyaJiHa eKBUBAJEHTHOCT, MO-
aygera ot Juvos. Tyk C(A, P, X)/~ e BebimHocT KaTeropusita B, KOATO HU ce jJ1aBa
OT HaImaTa oO0INa KaTeropHa TeopeMa 3a NpoIb/IKaBaHe Ha JyaJHH eKBHBAJIEHTHOC-
T, JoKa3zana B I'7-3, a DBoo e kareropus, 4uuTo O0EKTH €a CHIIUTE KATO TE3U
Ha kareropusara CLCA, vHo wuumo mopdusmu ca bysesume xomomophusmu, Koumo
pedaexmupam KOHMAGKMHAMG PEAGUUA U CO CB2AACYBAHU C EAEMEHMUME HG Huk-
cupanume Udeat, 6 KOMNOUUUAMG UM € 00UYATIHAMG KOMNOSUUUA HA HYHKUUU.
PakTop KareropudaTa Ha Kareropusata DBoo, mocTtpoena B cratmaTa HH, € JIyaJHO
exBuBasieHTHa Ha Kareropusta LKHaus (ToBa TBbpieHne BCHIHOCT € HAWama Ho6a
meopema 3a dyannocm 3a kamezopusma LKHaus); mokassaiiku, ge s € muzomopdHa
na kareropugra CLCA, Hue 3apbpiiiBaMe HAIETO aJTEPHATHBHO JOKA3aTEJICTBO Ha
TeopeMara 3a jyajaHocT Ha JlumoB.

Summary

This paper is a continuation of the paper I'7-3 (i.e. of the paper [Georgi Dimov,
Elza Ivanova-Dimova, Walter Tholen, Categorical Extension of Dualities: From Stone
to de Vries and Beyond, I, Applied Categorical Structures, 30(2), 2022, 287-329|) but
in it we use some results from the papers B4-2 and I'7-1 as well, so that we will
consider the summaries of these three papers as parts of the present summary.

In this paper, applying our general categorical procedure for the extension of dual
equivalences as presented in I'7-3, a new algebraically defined category is established
that is dually equivalent to the category LKHaus of locally compact Hausdorff spaces
and continuous maps, with the dual equivalence extending a Stone-type duality for the
category EALKH of extremally disconnected locally compact Hausdorff spaces and
continuous maps. The new category is then shown to be isomorphic to the category
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CLCA of complete local contact algebras and suitable morphisms between them,
introduced by Dimov in the paper [G. Dimov, A de Vries-type duality theorem for
the category of locally compact spaces and continuous maps — I, Acta Math. Hungarica
129 (2010) 314-349]. With this we prove that the category CLCA is dually equivalent
to the category LKHaus - a fact established by Dimov in his article just quoted.
Thereby, a new proof of Dimov’s duality theorem is presented. (Note that Dimov’s
duality theorem for the category LKHaus is an extension of the de Vries duality
theorem for the category KHaus.) Unlike the morphisms of the category CLCA and
their composition law (which are similar to the morphisms of the category deV and
their composition law), the morphisms of the new category and their composition law
are very natural and easy to handle.

Specifically, the objects of the category CLCA are all complete local contact
algebras. The local contact algebras were introduced by Roeper [P. Roeper, Region-
based topology, Journal of Philosophical Logic 26 (1997) 251- 309] (see also |D.
Vakarelov, G. Dimov, I. Diintsch and B. Bennett, A proximity approach to some
region-based theories of space, J. Applied Non-Classical Logics 12 (2002) 527-559| and
|[G. Dimov and D. Vakarelov, Contact Algebras and Region-based Theory of Space:
A Proximity Approach - I, Fundamenta Informaticae 74 (2-3) (2006) 209- 249]).
They are generalized de Vries algebras equipped with an ideal of their underlying
Boolean algebra which satisfies some natural conditions. The CLCA-morphisms are
generalized de Vries morphisms satisfying some compatibility conditions with the
ideal structure. Their composition law is similar to the composition law of de Vries
morphisms. Our main goal is the construction of a new category, dually equivalent
to the category LKHaus, with the same objects as CLCA, but with more naturally
described morphisms, composed in a standard manner.

To this end we follow a path similar to the procedure used in our alternative proof

of the de Vries duality presented in I'7-3. We set X ¥ EALKH. Using the results from
B4-2 and T'7-1, we describe its Stone-type dual as the category A = 1zCBoo; its
object are complete 1z-algebras, these being complete Boolean algebras equipped with

an open dense subset of its Stone dual (see B4-2 and I'7-1). Putting Y 4 LKHaus
and choosing for P the class of perfect irreducible maps of locally compact Hausdoff
spaces with extremally disconnected locally compact Hausdorff domain, we are now
at the beginning of a passage that culminates in the establishment of a string of an
isomorphism and two equivalences, indicated by

CLCA®® —= (DBoo/«)® —= (C(A, P, X)/~)°» —=LKHaus

whose composite is the mentioned above dual equivalence obtained by Dimov. Here,
C(A,P,X)/ ~ is the category B given by our general categorical theorem for the
extension of dual equivalences as presented in I'7-3, and DBoo is a category with
the same objects as the category CLCA and with morphisms that are Boolean
homomorphisms reflecting the contact relation and respecting the ideal structure,
composed by ordinary map composition. Its quotient category gives a new dual equiva-
lence with LKHaus (this assertion, actually, is our new duality theorem for the
category LKHaus) and by showing that it is isomorphic to CLCA, we finally obtain
an alternative proof of the Dimov duality theorem.
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I'7-5. Georgi Dimov, Elza Ivanova-Dimova, Ivo Duentsch, On dimension and
weight of a local contact algebra, Filomat, 32 (15) (2018), 5481-5500, IF 0.789,
Web of Science Quartile: Q2, https://doi.org/10.2298 /FIL1815481D, ISSN (print)
0354-5180, ISSN (electronic) 2406-0933, MR3898590, Zbl 1499.54138 (60 Toukm)

Pesome

B ToBa pestome 1me m3nosi3BamMe HIKOM (AKTH W O3HAUEHUs] OT Pe3OMeTara Ha
craruute I'7-2, I'7-3 u I'7-4, u nmopaau ToBa Ie cYHTaMe Te3W TPH pPe3loMeTa 3a
9acT OT HACTOAIIOTO.

B macrosmara cTtaTusg BbBeXKIaMe IMOHSTHITA 338 Me2a0 W, U padmeprocm dim,
HA AOKGAHO KORMAKMHKG GA2e0pa 1 ToKa3BaMe, de ako X € JIOKAJTHO KOMIIAKTHO XayC-
nopdoso npocrpancTso, To w(X) = w,(AY (X)), n ako, ocsen ToBa, X € HOPMAJIHO, TO
dim(X) = dim,(A*(X)). Tyx w(X) e T€ra0To HA TOMOJOTHYHOTO MPOCTPAHCTBO X, a
A! e kornTpaBapranTHEA (DYHKTOP, OCHIICCTBSABAI JIyaJlHATA eKBUBAJCHTHOCT MEZKLY
kareropuure LKHaus u CLCA, noctpoer ot Jumos [G. Dimov, A de Vries-type
duality theorem for the category of locally compact spaces and continuous maps — I,
Acta Math. Hungarica 129 (2010) 314-349].

Teopemara 3a ayaanoct Ha wMoB ce Oazupa Ha pe3yjaTaTuTe OT CTATHATA HA
Promep [P. Roeper, Region-based topology, Journal of Philosophical Logic 26 (1997)
251-309], B KosITO € MOKA3aHO, Ye IsiiaTa HHMOOPMAIHsT OTHOCHO €JHO JIOKAJHO KOM-
HaKTHO Xayc10pdoBo npocrpancTBo X ce ChIbpzKa B TPOHKaTa

(RC(X), px, CR(X)),

kbjero CR(X) e MHOXKECTBOTO OT BCHYKHM KOMIIAKTHH PEryJSIPHO 3aTBOPEHH IIOJI-
MHOKecTBa Ha X. 3a 1a onuire aberpakTao tpoitkute (RC(X), px, CR(X)), Pronep
BbBEXK/IA TOHATHETO MON0A02UA, OA3UPAHA HA Pe2UuoHY U TOKA3Ba, Y€ — ¢ TOTHOCT JI0
XOMEeOMOPGU3bM, PECHEKTUBHO, U30MOPMU3IbM — C'bIIECTBYBa OUEKIIUSA MEXKIY KJla-
ca OT BCHYKH JIOKAJTHO KOMHAKTHHU XaycaopdOBH IPOCTPAHCTBA N KJaca OT BCHIKH
'bJIHU TONOJIOTNU, Da3upanu Ha pernonu. a orbenexxnm, de

AY(X) £ (RO(X), px, CR(X)),

3a BCAKO JIOKAJHO KOMIAKTHO XaycaopdoBo mpocrpancrso X. B crarusita na I
Humor u /I, Bakapesos [G. Dimov, D. Vakarelov, Contact algebras and region-
based theory of space: a proximity approach — I, Fundamenta Informaticae 74 (2006)
209-249|, 6e BbBeEHO MO-00IMOTO MOHATHE 0YAe6a KOHMAKMHA aA2e0pa U, CHOTBET-
HO, “nyajinuTe’ aaredpu Ha “KOMIUH/ZKEHTHUTe OysaeBu ajreOpu’ Osxa HapedeHu
“aopmasiau OyjeBu KonTakTHHU anrebpu” (cbkpareno, NCAs), a “ronosoruure, 6a3u-
panu Ha peruonu” Gsxa HApEYeHH “JIOKAJTHO KOHTaKTHU ajrebpu” (cbkpareno, LCAS).
Tunuanwm npuMepn Ha Oy/J1eBH KOHTAKTHH aareOpH ca JIBOMKHUTE

(RC(X),pX),

KbjieTo X € MPOM3BOJIHO TOMOJIOTHYHO TpocTpancTBo. 1lle m3mon3Bame gazxke orme
0-00IIIOTO MOHATHE Oy.aesa npedkonmarmmua aszedpa, BbBegeno ot dond u Bakape-
a0 B cratusTa [I. Diintsch, D. Vakarelov, Region-based theory of discrete spaces:
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A proximity approach, Annals of Mathematics and Artificial Intelligence 49 (2007)
5-14].
[Ipu najimuuero Ha jyajHocrra Ha umon

LKHmm%%ECLCA,

eCTECTBEHO BB3HUKBA CJIEJHATA 334a4a: aKO P e TOHOJIOrHIHO CBOHCTBO, 1a Ce OIUIIe
B TEPMHHHUTE Ha JOKAJHO KOHTAKTHUTE ajredbpu cBoiictBoro P, nedunmpano upes
Ae?P < AA) € P, kpaero A e nponssoienr CLCA-06ekT (min, eKBHBAJICHTHO,
X eP & AN (X)e?, kbuero X e npoussoien LKHaus-06exT).

B HacTostmaTa craTust BbBeXKaMe IOHITHSATA 33 PA3MEPHOCTTL HA NPEOKOHMAKIMHA
anz2ebpa m mez2ao Ha A0KAAHO KOHMAKMHA GA2ebpa, U J0Ka3BaMe, B YaCTHOCT, de:

1. TersoTo HA JOKAJHO KOMIAKTHO XaycaopdoBo mpocrpancrso X e PaBHO Ha
TErJ0TO Ha JIOKAJHO KOHTakTHaTa ajarebpa A'(X),

2. Yex-Jleberosara pasmepHocT Ha HOpMaJHO Ti-nipocTpaHcTBO X € paBHA Ha
pasMmepHocTTa Ha OyieBara HopMmasHa KoHTakTHa anrebpa (RC(X),px) (ma
orGesteXkuM, de BCsIKa HOPMaJsiHA KOHTaKTHa ajirebpa (B, p) Moxke da ce pas3-
[JeXKIa KaTo JIOKAJIHO KOHTakTHa ajarebpa ot suaa (B,p, B)). B uactHOCT,
Yex-JlebGeropara pasMepHOCT Ha HOPMAJIHO JTOKAJTHO KOMIIAKTHO XayCI0pdOBO
npocrpancTBo X € paBHa Ha PA3MEPHOCTTA HA JIOKAJHO KOHTAKTHATA ajiredpa

ANX),

3. pa3MepHOCTTa Ha BCAKa Oy/IeBa HOpMAaJIHA KOHTAKTHA aaredpa e paBHa Ha pas-
mepHocTTa Ha HeitHoro NCA-nonsanenue (Bk. |G. Dimov, A de Vries-type
duality theorem for the category of locally compact spaces and continuous maps
—II, Acta Math. Hungarica 130 (2011) 50-77] 3a ToBa monsiTne),

4. pasmeproctra Ha Besika NCA ot Buga (B, ps) (Kbiero ps e Haji-mankara (HOp-
MaJiHA) KOHTAKTHA pesalus Haj OyjaeBara aarebpa B) e paBHa Ha Hysaa (KakTo
u 6u TpsibBaso ga 6be), u

5. ako (B,p,B) e LCA, m € B\ {0}, u (B, pm,Bn) e perarupnara LCA Ha
(B,p,B), te.

BnE{beB|b<m}, puLppz, BuE{bAm:beB},

10 dimy (B, pm, Br) < dim, (B, p, B).

(Ja orbestezkum, de, KakTO € J00pe U3BECTHO, B, pasmiexk/aHa ¢ 9acTHIHaTa
Hape0a, MHAyIPaHa oT B, e Oy/ieBa aaredpa; T4 ce Hapuda Peiamueta ar2edpa
wia gaxmop anzebpa Ha B 110 OTHOLIEHHE HA 1M.)
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BbB Bpb3Ka ¢ OCIEIHOTO TBbPIeHNE, HeKa 0TOe/IeKUM, 9e TO € aaredbpuaHo 0600-
MeHHe Ha JyaJTHOTO TBbDJIEHUE HA CJEJHUsT TOMOJIOTHYeH (haKT: 3a BCAKO (JOKATHO
KOMIIAKTHO) HOpMaJiHO Ti-upocrpanctso X u HEroBO PEryJisipHO 3aTBOPEHO 110MHO-
xkecrBo M, e m3mbaneno, de dim(M) < dim(X). (Pasbupa ce, ToBa HEpaBeHCTBO €
M3II'bJIHEHO U 32 BCSKO 3aTBOPEHO MOJIMHOKECTBO M.)

Haiji-ceTne, cTpyBa cu ja orbeseKuM, 4e ¢ IOMOIITA Ha JyaJHocTure Ha JuMoB
win 1e Bpuc me moxke ga ce medpuHUpa IIOHATHE 34 PA3MEPHOCT CaMo 3G 0Yae6u
anzebpu, KOETO Ja € IyalHO Ha TOIOJOTHYHOTO IOHATHE 33 PAa3MEpPHOCT, Thil KaTo
3a BCEKH JIBe ecrecTBeHH dncja n u m, Oyaesute aarebpu RC(R™) u RC(R™) ca
m3omopdHH, HO, pa3bupa ce, npu n # m, dim(R") # dim(R™) (tyk R e peaxnara
paBa CbC CBOATA ecTecTBeHa TomoJorus). CbImo Taka, He MoOxkKe ja ce jedUHHpA
aJIeKBATHO (B CBINHsI CMUCHJI) HOHITHE 3a TErJIo caMo 3a OysieBn aiareOpu, Thil KarTo,
nanpumep, oynesure anre6pu RC(I) u RC(ET) ca uzomopdnu, no w(l) = Ry < 280 =
w(ET) (ryk I e euananug uarepsad [0,1] ¢be cBosita ecrecTBena ronosorus, a El e
abcosrroTa Ha I, T.e. CTOyHOBOTO JiyaJiHO pOCTpaHCcTBO Ha OyseBara anrebpa RC(ID)).

Summary

In this summary we will use some facts and notation from the summaries of the
papers I'7-2, I'7-3 and I'7-4, so that we will consider these three summaries as parts
of the present one.

In the present paper, we introduce the notions of weight w, and dimension dim,
of a local contact algebra, and we prove that if X is a locally compact Hausdorff
space then w(X) = w,(A' (X)), and if, in addition, X is normal, then dim(X) =
dim,(A*(X)). Here w(X) is the weight of the topological space X and A’ is the
contravariant functor, constructed by Dimov [G. Dimov, A de Vries-type duality
theorem for the category of locally compact spaces and continuous maps — I, Acta
Math. Hungarica 129 (2010) 314-349], that realizes the dual equivalence between the
categories LKHaus and CLCA.

The Dimov duality theorem is based on the results by P. Roeper |P. Roeper,
Region-based topology, Journal of Philosophical Logic 26 (1997) 251-309], who show-
ed that all information about a locally compact Hausdorff space X is contained in
the triple

(RC(X), px, CR(X)),

where CR(X) is the set of all compact regular closed subsets of X. In order to describe
abstractly the triples (RC(X), px, CR(X)), he introduced the notion of region-based
topology, and he proved that — up to homeomorphisms, respectively, isomorphisms —
there exists a bijection between the class of all locally compact Hausdorff spaces and
the class of all complete region-based topologies. Note that

AY(X) S (RC(X), px, CR(X)),
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for every locally compact Hausdorff space X. In [G. Dimov, D. Vakarelov, Contact
algebras and region-based theory of space: a proximity approach — I, Fundamenta
Informaticae 74 (2006) 209-249|, the general notion of Boolean contact algebra was
introduced and, accordingly, the “dual” algebras of the de Vries “compingent Boolean
algebras” were called “normal Boolean contact algebras” (abbreviated as NCAs), and
“region-based topologies” were called “local contact Boolean algebras” (abbreviated
as LCAs). Typical examples of Boolean contact algebras are the pairs

(RC(X), px),

where X is an arbitrary topological space. We will even use a more general notion,
namely, the notion of a Boolean precontact algebra, introduced by Diintsch and Vaka-
relov in [I. Diintsch, D. Vakarelov, Region-based theory of discrete spaces: A proximity
approach, Annals of Mathematics and Artificial Intelligence 49 (2007) 5-14].

In the presence of the Dimov duality

LKHaus % CLCA,

the following problem naturally arises: if P is a topological property, describe in terms
of local contact algebras the property %', defined by A € P’ < A*(A) € P, where A
is an arbitrary CLCA-object (or, equivalently, X € P & AY(X) € P, where X is an
arbitrary LKHaus-object).

In this paper we introduce the notions of dimension of a precontact algebra and
weight of a local contact algebra, and prove, in particular, that

1. the weight of a locally compact Hausdorff space X is equal to the weight of the
local contact algebra A*(X),

2. the (VJechfLebesgue dimension of a normal T3-space X is equal to the dimension
of the Boolean normal contact algebra (RC(X), px) (let’s note that any normal
contact algebra (B, p) can be regarded as a local contact algebra of the form
(B, p,B)). In particular, the Cech-Lebesgue dimension of a normal locally
compact Hausdorff space X is equal to the dimension of the local contact algebra

3. the dimension of a normal contact algebra is equal to the dimension of its NCA-
completion (see |G. Dimov, A de Vries-type duality theorem for the category of
locally compact spaces and continuous maps — II, Acta Math. Hungarica 130
(2011) 50-77] for this notion),

4. the dimension of every NCA of the form (B,ps) (where ps is the smallest
(normal) contact relation on the Boolean algebra B) is equal to zero (as it
should be), and

5. if (B,p,B) is an LCA, m € B\ {0}, and (B, pm,B,) is the relative LCA of
(B, p,B), i.e.

33



By S{be Bb<m}, pn S pipg, Bn S {bAm:beB),

then dim, (B, pm, Bm) < dimg (B, p, B).

(Note that, as it is well known, with the partial order inherited from B, B,, is
a Boolean algebra; it is called the relative algebra or factor algebra of B with
respect to m.)

In relation to the last assertion, we note that it is an algebraic generalization of the
dual of the following topological statement: for a (locally compact) normal T}-space
X and a regular closed subset M of X, dim(M) < dim(X) holds. (Of course, the last
inequality is satisfied by any closed subset M as well.)

Finally, it is worth remarking that one cannot define a notion of dimension only for
Boolean algebras corresponding to the topological notion of dimension via de Vries’
or Dimov’s dualities because for all positive natural numbers n and m, the Boolean
algebras RC(R™) and RC(R™) are isomorphic but, clearly, for n # m, dim(R") #
dim(R™) (here R is the real line with its natural topology). Also, one cannot define
an adequate (in the same sense) notion of weight for Boolean algebras because, for
example, the Boolean algebras RC(I) and RC(EI) are isomorphic but w(l) = ¥, <
2% = (FET) (here T is the unit interval [0,1] with its natural topology, and ET is the
absolute of I, i.e. the Stone dual of the Boolean algebra RC(I)).

This paper s cited in:
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Math. J., 44 (1-2) (2018), 103-120, ISSN (print) 1310-6600, MR3889573 (18 Toukm)

Pe3romMme

Tazwu cratusi mozke Jjia Objie pasriexk/iana Karo nporbjizKenue na padorara B4-1
(T.e. Ha paborara |[E. Ivanova-Dimova, Lower-Vietoris-type topologies on hyperspaces,
Topology and its Applications, 220 (2017), 100-110|), u nopaau ToBa IMe cYUTaMe
HEeTHOTO pe3foMe 3a 9acT OT HACTOAIIOTO.

ITpes 1975 1., M. M. Yo6an [M. M. Coban. Operations over sets, Sibirsk. Mat. Z.
16, 6 (1975), 1332— 1351 BbBeIe HOBA TOIOJOTUST B MHOYKECTBOTO OT BCUUKH 3aTBODe-
HU [OIMHOKECTBA HA €HO TOMOJOTUIHO MPOCTPAHCTBO, KOATO € MOI00Ha HA TOPHATA
BHETOPHUCOBA TOMOJIOTUs, HO e mo-cjaaba or med. [Ipez 1997 r., M. M. Knemenrtu-
o u B. Tonen [M. M. Clementino, W. Tholen, A characterization of the Vietoris
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topology, Topology Proc. 22 (1997), 71-95| BbBeoxa Tpu HOBH TOIOJOIHH B OyJie-
ana P(X) (u HeroBuTe TMOIMHOKECTBA) HA €JIHO MHOKECTBO X, KOHUTO Ce TOPayKIar
or npoussojinun pavmimun F u § or MOAMHOKECTBA HA MHOXKECTBOTO X, U I'M Hape-
KOXa, PeCeKTUBHO, 20pHa F-monosoeus, doana F-mononroeus u (F, G)-rum-and-muc
monoaozus. (Ja orbene:kuM, de B COMEHATATA [O-TOPE CTATHsI, ABTOPHTE HAMAT 3a
1T U3y9aBaHETO HA TE€3W TPH XUIEPTOINOJOrHd (M Te He IO MpaBdaT); Te3u JeduHu-
[IIU Ce IOABSIBAT CbBCEM eCTECTBEHO B Ipoleca Ha padoraTa UM BbpPXY HpobJemMa
3a KaTeropHa XapakTepH3allusi Ha BUETOpUcoBara xuiepronosorus.) Okassa ce, 4e
ropuara J-xurnepronojiorug € ob6obiiena Bepcus Ha XUIEPTOHOJOrudaTa Ha Jobaw.
[pes 1998 1., T. Jlumos u JI. Bakapenos |G. Dimov and D. Vakarelov, On Scott
consequence systems, Fund. Inform. 33, 1 (1998), 43-70| bBeioxa HezaBrCHMO OT M.
M. Knementnao u B. Tonen nmoustuero ropua F-xumepromnosiorus, Koero e Hapede-
HO OT TSX TUNEpmonosozus om muxonoe mun (M0-KbeHo, B B4-1, 1o Ge HapeueHo
CBINO U TUNEPMONOA02UA OM 20PHO-BUEMOPUCOE MUN, 3AMOTO “TUXOHOBA XHUIIEPTO-
nojiorust” M “ropHa BHETOPHCOBA XHUIEPTONOJOTHSA €& JIBE UMEHA Ha €JHO U CbIINO
MOHsITHE ). XHUIePTOMOJIOTHUTe OT THXOHOB THII OsiXa W3y4deHH MojpobHO B paborara
[G. Dimov, F. Obersnel, G. Tironi. On Tychonoff-type hypertopologies. Proceedings
of the Ninth Prague Topological Symposium (Prague, Czech Republic, August 19-25,
2001), Topology Atlas, Toronto, ON, 2002, 51-70|. Cbiio raka, B B4-1, nousruero
nonHa F-xunepronosiorus O0e BbBEIEHO HE3aBHCUMO U 0Oe HAPEYEHO TUNEPMONOAO-
eusa om doano-euemopucos mun. Haii-cerHe, B npeapapuTeanara arXiv-epcust [E.
Ivanova-Dimova, Vietoris-type topologies on hyperspaces, arXiv:1701.01181| ua ra-
3U craTusi, 6 BbBEIEHO IMOHITHETO TUNEPMONOAO2USL 0T SUEMOPUcos mun. KakTo
pa3bpaxme HO-K'bCHO, TO € eKBUBaJeHTHO Ha nonsruero (F,G)-xur-anj-muc xuiep-
rortosiorud, BbBegeno or M. M. Knementnro n B. Tosien.

B HaCTOAlaTa CTaTHA U3CJAeJBaMe XUIIEPTOIOJOTUNUTE OT BHETOPUCOB THII. B'b—
BEKJIaMe CbIIO TaKa MOHITHETO CUAHA TUNEPTONOA02UA 0M suemopucos mumn. CTpy-
Ba HH ce, 4Y¢ B CPAaBHEHHE C IOHITHETO XHUIIEPTOIOJIOIHs OT BHETOPHCOB THII, TO €
O-TIOIXOAAIIA MOIU(DUKAIMS HA TOHATHETO BHETOPHUCOBA XUMEpTOnoaorus. CHIHn-
T€ XHUIIePpTOIIOJIO'MKN OT BUETOPHUCOB THII Ca CHEIHaJIHU XUIIEePTOIIOJOruu OT BHUETO-
pucoB THIIL. M3CﬂeﬂBaMe Te3n XUIEPTOIIOJIOTUN U IMOKa3BaMe, 9€ KJIaChbT OT BCUYKHU
BHETOPUCOBH XUIEPTOIIOJOTHN Ce C'bIbpKa CTPOro B KJIaCa OT BCHIKH CHUIHU XUIIEP-
TOIOJIOTHH OT BHETOPHUCOB Tuil. IloaydaBaMe n pe3yJaTaTd 3a XHIEPIPOCTPAHCTBATA,
C TOMOJIOTUsI OT BHETOPHMCOB THII, KOUTO Ca AHAJIO3W Ha HIKOH OT pe3yJTaTuTe Ha E.
MaiikbJi 38 XUIEPIPOCTPAHCTBATA C BUETOPUCOBA TOMOJIOTHS, IIyOJIMKYBAHU B KJIACH-
geckarta My pabora [E. Michael, Topologies on spaces of subsets, Trans. Amer. Math.
Soc. 71 (1951), 152-182]. B kiaca or BCHYKE XHUIEPIPOCTPAHCTBA C'bC CHJIHA TOIO-
JIOTHS OT BHETOPHCOB THII, pasryexkaaMe U npobieMa 3a “KOMYTATHBHOCTTA MEXKIy
XUIEPIPOCTPAHCTBA U ToApocTpancTa’; Koiiro e pemen or X.-FO. IImuar [Hans-
Jiirgen Schmidt, Hyperspaces of quotient and subspaces - I. Hausdorff topological
spaces, Math. Nachr. 104 (1981), 271-280| B ksaca OT BCHYKH JOJHH BHETOPHCOBH
XUTIEPTOIOJIOTUH.

3a J1a mpeJICTaBUM IMO-AeTAMTHO MOy YeHUTE Pe3Yy/ITaTH, e BbBeIeM IIbPBO HAKOH
O3HAYEHHS.
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Heka X e muoxkectBo, a M, A C P(X) u A C X. Ilonarame:

o AL L{MeM|MC A}, u

o A L{AS | Ac A}

Koraro M = CL(X), me nmmmewm npocro AT n A~ Bmecro Al m Aj; ¢bmoro ce
orHacs u 3a nojdavuiuure A Ha davummusta P(X).

Cera e IpUuIIOMHUM HOHATHATA 20PpHA 8UECTNOPUCOBA TUNEPIMONOAO2UA U 8UECIMO-
pucoea xunepmonoiozul.

Heka (X, T) e ronosiornano npocrpancrso. basa na zopnama euemopucosa mono-
aozus Yo x B CL(X) (rapuuana cbino muzonosa monoaozus 6 CL(X)) e bamunusara
ot Bcwukn MuOKecTBa 0T Buga Ut = {F € CL(X) | FF C U}, xbaero U e orBOpeno
noaMuoKecTBO Ha X. Buemopucosama monoaoeus Yx B CL(X) ce medbunupa ka-
To cynpemyM Ha Tomosoruute Yy u ¥ _x, Te. T, x UT_x e npendasa Ha Tx. [a
or6esexkum, e pamuingara T U T~ ¢bio e nupeadasa na T x.

Bamecrsaiiku damuausta CL(X), durypupama B neduHunusaTa Ha ropHaTa Bi-
eTOPHCOBA XHUIIEPTONOJIOrHs, ¢ Tpon3BoaHa nofdavuaus M Ha damvuansta P'(X),
HoJiydaBaMe cjieinara J1epuHUAIHA.

Heka (X, T) e Tononoruano npocrpanctso u M C P (X). Tonomorusara Y B M,
3a Kosito damunsra Ty, e 6a3a, ce Hapuda muzonosa monoaozus ¢ M (unu, zopua
suemopucosa monoaoeus 6 M). Ako M = CL(X), to Ty cbBHaga ¢ Kiacudecka-
ta ropua sueropucosa tonosorust 1 x B CL(X) (= Tuxonosara tonomorus Yy B
CL(X)).

CoimecTBena MOAUMUKAIIAA Ha CBHIIOTO MOHATHE ce MoJIydaBa, obade, B caydas,
korato X e camo MHOKecTBO. CbOTBETHOTO HOBO IOHSTHE € BbBEJIECHO B TOPECIIO-
Menarure paboru Ha Kiaementuno-Tosen n /Iumo-Bakapeios.

Heka X e mmoxecrso u M C P'(X). Equa ronomorua O B muoxecrsoro M ce
HApHYA Monoaozus om muzonos mun 6 M, ako davumuara O NP(X)}, e 6aza na O.

B crarusara #a Jumos-O6epcuen-Tuponu, uTupana mo-rope, € mokasaHo, e KJjia-
ChT OT BCHYKU TUXOHOBH XUIIEPTOIIOJOTHU C€ ChbAbPKa CTPOTO B KJIACa OT BCUYIKU
XHUIIEPTOIOJOIUK OT TUXOHOB Tull. B chiara crarus e JI0Ka3aHo, 4e MOHATHETO “TO-
OJIOTHSA OT THXOHOB THI B M” MokKe /1a Objie eKBUBAJIEHTHO U3PA3EHO M AKO TPhIHEM
HE OT MHOYKeCTBO X, a OT TOTOJIOTHYHO MpocTpancTBO. [lokazano e, de pazaukara
ME2K/IY THXOHOBHUTE XHIEPTOIOJOTHH U XUIEPTOHOJOIHUTE OT THXOHOB THUII € B TOBA,
Ye TUXOHOBHUTE XUIIEPTOIOJOIHU C€ MOPAXKJIAT OT IIaTa TOIOJOTHS B ChOTBETHOTO
npocTpaHcTBO X, JOKATO XUIEPTOHOJOIMUTE OT TUXOHOB THII C€ MOPAXKIAT OT 0a3a
Ha TonojorusTa B X. ToBa e HAIpaBeHO 1O CJeIHUS HAYUNH.

Heka X e muoxecrBo, M C P'(X) u O e Tononorust B M. Torasa damumusita
Bo L {AC X | A} € O}
0= = M
chabpKa X U e 3aTBOpeHa OTHOCHO KpAiiHU CEUeHHs; CJIeTOBATEIHO, T MOXKE 14

CJAYKHU 3a 06a3a Ha TOIOJIOTHUS
Jto
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B X. Korato O e tomosorus or tuxonos tun B M, bammmuara (Bo)f; e 6aza ma O.

Ilo aHajiormyen HaumH, B cTaTudTa Ha KiaementuHo-TosieH U B MOsTa CTaTHd B
arXiv, MUTUPAHU [IO-TOpe, OIXa BbBEJIeHN CASIHUTE MOAM(DUKAIINT Ha BHETOPUCOBATA
XI/IHGPTOHOJIOFI/IHZ

e Heka (X, 7) e Ttonosornano npocrpancrso u M C P'(X). Tomonoruara Yy B
M, nopozena or dbammnusara Ty, U Ty, ce Hapnua suemopucosa monoaozus 6 M. Ako
M= CL(X), TO TM = Tx.

e Heka X e muoxkectso, M C P(X) u O e tononorus 8 M. Tonosorusra O ce
HAPUYA Monoaczua om euemopucos mun 6 M, ako dbammmmara (Be)i U (Po)y e
npejibaza va 0.

IITe osnauapame ¢ Ty TomosgorugTa B X, 3a Koaro By U Py e npendasa.

Axko O e Tonosorust ot Bueropucos Tun B M 1 aKO 03HAYUM C
e O, tonosoruara B M, 3a koaro dbavmmmara (Be); e Gasza, u ¢
e O; TonosorusTa B M, 3a koaro dbamumuara (Py),, e mpendasa,

me moayanM, de O, e Tomosjorus or ropHo-sueropuco tum B M, O; e Tomomaorus
or posao-Bueropucos tuit B M, u ge O ce sapsisa cyupemym na ronosioruure O, u
O;, kakTo u 6u TpsbBaTo Jga OGbae. Chimo Taka, ako (X, T) e TOMOJOrHYHO MPOCT-
pancrBo u M C P'(X), To, oueBugno, Ty e Tomosorust ot Bueropucos tum B M.
[lonsiTrero “romosorus or Bueropuco Tul B M”, obade, HU MOAHACS U HIKOU HU3HE-
Haau. Hamcrmraa, KakTo BegHAra ce BHXKIA OT JeHHHUIIMATE UM, BCIKA TOIIOJIOTUS OT
TOPHO-BHETOPUCOB THII B M, KAKTO U BCSIKA TOMOJIOIUS OT TOJHO-BHETOPHUCOB THII B
M, e Tonosiorust 0T BuETOPUCOB TUI B M.

3a j1a n3beraeM TaknuBa HeXKeTaHN eheKTH, BHBEXKIaMe HOBO MOHSTHE, C KOETO JIe-
buHEpaMe clienuaieH HOAKIAC Ha KJIaca OT BCHIKH XUIEPTOIOJOTHHA OT BHETOPHUCOB
tun. HeroBarta nedununus e cieanara: ako X e muoxectso, M C P'(X) u O e To-
noJIOTHsA OT BreTopucoB Tull B M, To O ce HApUUA CUAHA MONOA02UA O GUETOPUCOS
mun 6 M, ako T 9 = T_g(= To).

JlokazBame, de mMpu MUHUMAJTHE U3UCKBaHWA 338 M, BCsIKa BHETOPHCOBA TOTIO/I0-
rug B M e cmiana Tomosiorusg or BueropucoB tuin B M. B uwactHocT, 3a Bcgko Ti-
npoctpauctBo X, T x e cuwina ronosorus ot suetopucos Tui B CL(X). Cobiro Taka,
HOCTPOsABaMe IpUMeEp Ha CHJIHA XHIEPTOMOJOIHA OT BUETOPHCOB THII, KOATO HE € BHU-
€TOPpUCOBa XUIIEPTOIIOJIOI'UA.

NzyuaBaiiku cBoiicTBaTa Ha XHOEPHPOCTPAHCTBATA C TOIOJOTHH OT BHETOPUCOB
THUI, ycusiBaMe aa 00OOIMM HsIKOM OT pe3yararute Ha Maiikba (or nurupaHara
0-TOpe HeroBa KJIaCHYecKa CTATHUs), OTHACSIIU Ce JI0 XUMEPIPOCTPAHCTBATA C BHU-
eTOPUCOBA, TOMOJIOTUS, JOKA3BAWKNA AHAJOTHYHU PE3YJITATH 33 XHUIEPIPOCTPAHCTBA-
Ta ¢ TOIOJIOTHS OT BHETOPHCOB Tuil. Paborara Hag Te3u 000OIeHNEe HU TOBEIE 10
nebWHIPAHETO Ha JiBe WHTEPECHH HOBW IOHSITHS, 8 WMEHHO, IMOHSTHSITA 33 Me2ao
w(X,P) na mmoocecmso X no omuowenue na nodpamusus P na gamuivama P(X)
u P-pecynaprocm na monosoeuuno npocmparcmeo (X, T), kbrero P e npendaza Ha
(X, 7). Texuure nebuHUAIMA ca TPUBEIEHU HO-TOIY:
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e Heka X e muoxectso n P C P(X). Torasa w(X,P) £ min{|P'| | (P’ C P) A
(VU e PuVreU IV € P rakoBa e x € V C U)}.

e Heka (X, T) e Tonosormano npocrpanctso u P e npegbasza na (X, T). Kazpawme,
qe (X,T) e P-peeyaapro npocmpancmeo, ako 3a Besiko © € X u 3a Besko U € P,

takoBa 4e r € U, cwmectByBar V,W € P, 3a kouto e usmbiameno, e r € V C
X\WcU.

Ouesuno, w(X,P) < |P|; cpmo Taka, ako P e Tonosorust B X, 1o w(X,P) cbB-
aJla ¢ TerJI0To Ha TOHoJIorudHoTo npocrpancrso (X, P), a ako (X, T) e Tonosornauno
POCTPAHCTBO ¢ Ge3kpaitno Terso u P e npenbasa Ha (X, T), To w(X,P) > w(X,T).
OcBen TOBa, €JHO TOMOJOrHYHO TpocTparcTBO (X, T) e T-peryaspHo ToraBa W caMo
TOTaBa, KOaTO TO € PEry/sPHO; BCIKO P-peryssipHO HPOCTPAHCTBO € PeryjasipHO, HO
He U 0OPATHOTO: HHEe MPUBEKIaMe MPUMep Ha PeryaspHO TOMOJOTHIHO ITPOCTPAHCTBO
X u "eroBa Oa3a P, takaBa ue X He e P-perynspno. /loxazanu ca u peauia Apyru
TBbPpACHUA, OTHACAIIIN Ce JO TE3U IIOHATHUA, U € JeMOHCTpHUPpaHa TAXHaTa IIOJE3HOCT
pH W3y9aBaHETO HA XWUIEPIPOCTPAHCTBATA C TOMOJOTHH OT BHETOPUCOB THII.

Haii-cerne, nzcienpame u mpodsemMa 3a “KOMyTaTHBHOCT MEK/Iy XUIEPIPOCTPaH-
CTBa U IOQIIPOCTPAHCTBA’ B KJIACa OT BCUIKHU CHJIHH XHIIEPTOHMOJOIHH OT BHETOPHUCOB
THII, T.€. CJAeTHUS TPOOJIeM: KOTa TUunepnpocmpaHcmseomo Ha edno nodnpocmpaHci-
60 A Ha TOHOJOTMYHO HPOCTPAHCTBO X € KAHOHUYHO IPEJICTABUMO KATO NOONpoc-
MPAHCMBO HA TUNEPNPOCMPAHCMEOMOo Ha X, KbIETO TOMOJOTUNTE W HA JBETE XU-
IMeprpocTrpanCTBa Ca CUJIHA TOIMOJIOTUU OT BUETOPUCOB THII. TaKI/IBa n3cjaeaBaHd Ca
npasern o1 X.-1O. IlImuar (B craTusTa My, IUTHpPAHA MO-TOPE) B KJACA OT BCHYKH
JOJIHU BHETOPUCOBH xutnepronoaoruu, oT I. JTumos [G. Dimov, On the commutability
between hyperspaces and subspaces, and on Schmidt’s conjecture, Rend. Istit. Mat.
Univ. Trieste 25 (1993), no. 1-2, 175-194, MR 96d:54011] B kaaca oT BCHYKH TH-
XOHOBH XMIIEPTOIIOJIOTHMHM W B KJlIaCa OT BCHUYKHW BUETOPHUCOBH XHUIIEPTOIOJIOruu, OT
Humos-O6epcuen-Tuponn (B ropecnoMenarata TaxHa paboTa) B Kjaca OT BCHYKH
XUIEPTONOJOrHA OT TUXOHOB Tull, u oT B. Kapausanos [Borislav Karaivanov, On the
commutability between hyperspaces and subspaces, Questions Answers Gen. Topolo-
gy 14 (1996), no. 1, 85-102. MR 97a:54014| B apyru KjaacoBe OT XHIEPTOHOJIOTHH.

Summary

This paper can be regarded as a continuation of the paper B4-1 (i.e. of the paper
[Elza Ivanova-Dimova, Lower-Vietoris-type topologies on hyperspaces, Topology and
its Applications, 220 (2017), 100-110]), so that we will consider its summary as a part
of the present one.

In 1975, M. M. Choban [M. M. Coban. Operations over sets, Sibirsk. Mat. Z.
16, 6 (1975), 1332~ 1351] introduced a new topology on the set of all closed subsets
of a topological space which is similar to the upper Vietoris topology but is weaker
than it. In 1997, M. M. Clementino and W. Tholen [M. M. Clementino, W. Tholen, A
characterization of the Vietoris topology, Topology Proc. 22 (1997), 71-95| introduced,
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for every two families ¥ and G of subsets of a set X, three new topologies on the
power set P(X) (and its subsets), called by them, respectively, upper F-topology,
lower F-topology and (F, G)-hit-and-miss topology. (Note that in the aforementioned
article, the authors do not aim to study these three topologies (and they do not
do this); these definitions appear quite naturally in the process of their work on
the problem of categorical characterization of the Vietoris topology.) The upper F-
topology turned out to be a generalized version of the Coban topology. In 1998, G.
Dimov and D. Vakarelov [G. Dimov and D. Vakarelov, On Scott consequence systems,
Fund. Inform. 33, 1 (1998), 43-70] introduced independently of M. M. Clementino and
W. Tholen the notion of upper F-topology, which was called by them Tychonoff-type
hypertopology (later on, in B4-1, it was called also upper-Vietoris-type hypertopology
because “Tychonoff hypertopology” and “upper Vietoris hypertopology” are two names
of one and the same notion). Tychonoff-type hypertopologies were studied in details in
|G. Dimov, F. Obersnel, G. Tironi. On Tychonoff-type hypertopologies. Proceedings
of the Ninth Prague Topological Symposium (Prague, Czech Republic, August 19-25,
2001), Topology Atlas, Toronto, ON, 2002, 51-70]. Also, in B4-1, the notion of
lower JF-topology was introduced independently and was called lower-Vietoris-type
hypertopology. Finally, in the preliminary arXiv-version [E. Ivanova-Dimova, Vietoris-
type topologies on hyperspaces, arXiv: 1701.01181] of this paper, the notion of Vieto-
ris-type hypertopology was introduced. As we learned later on, it is equivalent to
the notion of (&F,§)-hit-and-miss topology introduced by M. M. Clementino and W.
Tholen.

In the present paper we study the Vietoris-type hypertopologies. We introduce as
well the notion of strong Vietoris-type hypertopology. It seems to us that compared
to the notion of Vietoris-type hypertopology, it is a more appropriate modification
of the notion of Vietoris hypertopology. Strong Vietoris-type hypertopologies are
special Vietoris-type hypertopologies. We study such hypertopologies and show that
the class of all Vietoris hypertopologies is strictly contained in the class of all strong
Vietoris-type hypertopologies. Also, some of the results of E. Michael from his classical
paper |E. Michael, Topologies on spaces of subsets, Trans. Amer. Math. Soc. 71
(1951), 152-182] about hyperspaces with Vietoris topology are extended to analogous
results for hyperspaces with Vietoris-type topology. In the class of strong Vietoris-
type hypertopologies, we investigate as well the problem of “commutability between
hyperspaces and subspaces” regarded previously by H.-J. Schmidt [H.-J. Schmidt,
Hyperspaces of quotient and subspaces - I. Hausdorff topological spaces, Math. Nachr.
104 (1981), 271-280] in the class of lower Vietoris hypertopologies.

For presenting our results in more details, we have to introduce some notation.

Let X be a set. Let M, A C P(X) and A C X. We put:

o AL L{MeM|MC A}, and

o AL L{AS | Ac Al

When M = CL(X), we will simply write A* and A~ instead of A, and A5 the
same for subfamilies A of the family P(X).
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We will now recall the notions of upper Vietoris hypertopology and Vietoris hyper-
topology.

Let (X,T) be a topological space. The upper Vietoris topology T x on CL(X)
(called also Tychonoff topology on CL(X)) has as a base the family of all sets of the
form Ut = {F € CL(X) | F C U}, where U is open in X. The Vietoris topology T x
on CL(X) is defined as the supremum of T, x and T_x, i.e. T, x UT_x is a subbase
for Tx. Note that the family 7" U T~ is also a subbase for T x.

Replacing the family CL(X) appearing in the definition of the upper Vietoris
hypertopology with an arbitrary subfamily M of the family P(X), we obtain the
following definition:

Let (X, 7) be a topological space and M C P'(X). The topology T ;5 on M having
as a base the family T is called a Tychonoff topology on M (or, upper Vietoris topology
on M). When M = CL(X), then T, is just the classical upper Vietoris topology
T, x on CL(X) (= the Tychonoff topology T, x on CL(X)).

A substantial modification of the same notion occurs, however, in the case where
X is just a set. The relevant new concept was introduced in the papers of Clementino-
Tholen and Dimov-Vakarelov, cited above:

Let X be a set and M C P'(X). A topology O on the set M is called a Tychonoff-
type topology on M if the family O N P(X)y; is a base for O.

In the aforementioned paper of Dimov-Obersnel-Tironi, it was shown that the
class of all Tychonoff topologies is strictly contained in the class of all Tychonoff-
type topologies. In the same paper, it was revealed that the notion of Tychonoff-type
topology on M can be expressed equivalently starting not with a set X but with a
topological space. It was shown that the difference between Tychonoff topologies and
Tychonoft-type topologies is in the fact that while Tychonoff topologies are generated
by a topology on the relevant set X, the Tychonoff-type topologies are generated by
a base for a topology on X. This was done as follows:

Let X be a set, M C P(X) and O be a topology on M. Then the family
Bo L{AC X | Af, € O}

contains X and is closed under finite intersections; hence, it can serve as a base for a
topology
Tho

on X. When O is a Tychonoff-type topology on M, the family (Bg);; is a base for O.

In an analogous way, in the paper of Clementino-Tholen and in my arXiv-paper
cited above, the following modifications of the notion of Vietoris hypertopology were
introduced:

e Let (X, T) be a topological space and M C P'(X). The topology Ty on M having
as a subbase the family T, U T;, is called the Vietoris topology on M. If M = CL(X)
then TM = Tx.

e Let X be aset, M C P'(X) and O be a topology on M. The topology O is called
a Vietoris-type topology on M if the family (By)i; U (Po)y, is a subbase for O.
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We denote by Ty the topology on X having By U Py as a subbase.

Having a Vietoris-type topology O on M and denoting by
e O, the topology on M having as a base the family (Bg)};, and by
e O; the topology on M having as a subbase the family (Po)y,,

we obtain that O, is an upper-Vietoris-type topology on M, O; is an lower-Vietoris-
type topology on M and O is equal to the supremum of the topologies O, and
O;, as it should be. Also, if (X,7) is a topological space and M C P'(X), then,
clearly, Ty is a Vietoris-type topology on M. However, the notion of Vietoris-type
topology on M produces some surprises as well. Indeed, as it follows immediately from
their definitions, all upper-Vietoris-type topologies on M and all lower-Vietoris-type
topologies on M are Vietoris-type topologies on M.

For avoiding such side effects, we introduce a new notion with which we define
a special subclass of the class of Vietoris-type hypertopologies. Its definition is the
following one: if X is a set, M C P'(X) and O is a Vietoris-type topology on M, then
O is called a strong Vietoris-type topology on M if T 9 = T_o(= To).

We prove that, under mild conditions on M, every Vietoris topology on M is a
strong Vietoris-type topology on M. In particular, for every Tj-space X, Tx is a
strong Vietoris-type topology on CL(X). Also, we construct an example of a strong
Vietoris-type hypertopology which is not a Vietoris hypertopology.

Studying the properties of the hyperspaces with Vietoris-type hypertopologies,
we succeeded to generalize some of the Michael results (from his classical paper cited
above) concerning hyperspaces with Vietoris hypertopology by obtaining analogous
results for the hyperspaces with Vietoris-type hypertopology. The work on these
generalizations led us to the definition of two interesting new notions, namely the
notions of weight w(X,P) of a set X with regard to a subfamily P of P(X) and
P-regularity of a topological space (X,T), where P is a subbase for (X, T). Their
definitions are given below:

e Let X be a set and P C P(X). Then w(X,P) 4 min{|P'| | (P € P)A (VU €
Pand Vx € U 3V € P such that z € V C U)}.

e Let (X,T) be a topological space and P be a subbase for (X,T). The space
(X,7T) is said to be P-regular, if for every x € X and for every U € P such that
x € U, there exist VW € Pwithz e VC X\W CU.

Clearly, w(X,P) < |P|; also, if P is a topology on X, then w(X,P) is just the
weight of the topological space (X, P). Furthermore, if (X,T) is a topological space
with infinite weight and P is a subbase for (X, T), then w(X,P) > w(X,T). Besides
that, a topological space (X,7) is T-regular iff it is regular; every P-regular space
is regular, but not viceversa. Some other results concerning these new notions are
obtained and it is demonstrated their usefulness in the study of hyperspaces endowed
with Vietoris-type hypertopologies.

Finally, we investigate the problem of “commutability between hyperspaces and
subspaces” in the class of strong Vietoris-type hypertopologies, i.e. the following
problem: when the hyperspace of a subspace A of a topological space X is canonically
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representable as a subspace of the hyperspace of X, where both hyperspaces are
endowed with a strong Vietoris-type hypertopology. Such investigations were done
previously by H.-J. Schmidt (in his paper cited above) in the class of lower Vietoris
hypertopologies, by G. Dimov [G. Dimov, On the commutability between hyperspaces
and subspaces, and on Schmidt’s conjecture, Rend. Istit. Mat. Univ. Trieste 25 (1993),
no. 1-2, 175-194, MR 96d:54011] in the class of the Tychonoff hypertopologies and in
the class of Vietoris hypertopologies, by Dimov-Obersnel-Tironi (in their aforementio-
ned paper) in the class of Tychonoff-type hypertopologies, and by B. Karaivanov
[Borislav Karaivanov, On the commutability between hyperspaces and subspaces,
Questions Answers Gen. Topology 14 (1996), no. 1, 85-102. MR 97a:54014] in other
classes of hypertopologies.

Codus, 07.04.2023 .

/En3za Usanosa-/Invosa/
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