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Ðåçþìå

Ïðåç 1975 ã., Ì. Ì. ×îáàí [M. M. �Coban, Operations over sets, Sibirsk. Mat. �Z.,
16 (1975), no. 6, 1332-1351] äåôèíèðà íîâà òîïîëîãèÿ â ìíîæåñòâîòî îò âñè÷êè
çàòâîðåíè ïîäìíîæåñòâà íà åäíî òîïîëîãè÷íî ïðîñòðàíñòâî, êîÿòî å ïîäîáíà íà
âèåòîðèñîâàòà õèïåðòîïîëîãèÿ, íî å ïî-ñëàáà îò íåÿ. Ïðåç 1998 ã., Ã. Äèìîâ è Ä.
Âàêàðåëîâ [G. Dimov and D. Vakarelov, On Scott consequence systems, Fundamenta
Informaticae, 33 (1998), 43-70] âúâåäîõà ïîíÿòèåòî õèïåðòîïîëîãèÿ îò òèõîíîâ
òèï. Êëàñúò îò âñè÷êè õèïåðòîïîëîãèè îò òèõîíîâ òèï ñúäúðæà êëàñà îò âñè÷êè
õèïåðòîïîëîãèè íà ×îáàí. Õèïåðòîïîëîãèèòå îò òèõîíîâ òèï (êîèòî ñå íàðè÷àò
îùå è õèïåðòîïîëîãèè îò ãîðíî-âèåòîðèñîâ òèï), ñà ïîäðîáíî èçó÷åíè â ðà-
áîòàòà [G. Dimov, F. Obersnel and G. Tironi, On Tychono�-type hypertopologies,
Proceedings of the Ninth Prague Topological Symposium (Prague, Czech Republic,
August 19�25, 2001), Topology Atlas, Toronto, 2002, 51-70].

Â íàñòîÿùàòà ñòàòèÿ å âúâåäåíî íîâî ïîíÿòèå, à èìåííî ïîíÿòèåòî õèïåðòî-
ïîëîãèÿ îò äîëíî-âèåòîðèñîâ òèï, ïî íà÷èí ïîäîáåí íà òîçè, ïî êîéòî â öèòèðà-
íàòà ïî-ãîðå ñòàòèÿ íà Äèìîâ-Âàêàðåëîâ å âúâåäåíî ïîíÿòèåòî õèïåðòîïîëîãèÿ
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îò òèõîíîâ òèï, è å ïîêàçàíî, ÷å òî å ðàçëè÷íî îò êëàñè÷åñêîòî ïîíÿòèå äîë-
íà âèåòîðèñîâà õèïåðòîïîëîãèÿ. Èçó÷åíè ñà ñâîéñòâàòà íà õèïåðòîïîëîãèèòå
îò äîëíî-âèåòîðèñîâ òèï, êàêòî è èçîáðàæåíèÿòà ìåæäó õèïåðïðîñòðàíñòâàòà,
÷èÿòî òîïîëîãèÿ å îò äîëíî-âèåòîðèñîâ òèï, îáîáùåíè ñà ðåäèöà ðåçóòàòè îò ðà-
áîòàòà [E. Cuchillo-Ibáñez, M. A. Morón and F. R. Ruiz del Portal, Lower semi�nite
topology in hyperspaces, Topology Proceedings, 17 (1992), 29-39] è å äîêàçàíà òåî-
ðåìà îòíîñíî �êîìóòàòèâíîñòòà ìåæäó õèïåðïðîñòðàíñòâà è ïîäïðîñòðàíñòâà� â
êëàñà îò âñè÷êè õèïåðòîïîëîãèè îò äîëíî-âèåòîðèñîâ òèï, êîÿòî îáîáùàâà åäíà
òåîðåìà íà Õ.-Þ. Øìèäò [H.-J. Schmidt, Hyperspaces of quotient and subspaces.
I. Hausdor� topological spaces, Math. Nachr. 104 (1981), 271-280].

Ïî-êîíêðåòíî,

• èçó÷àâàò ñå âçàèìîîòíîøåíèÿòà ìåæäó òîïîëîãè÷íèòå ñâîéñòâà íà òîïîëî-
ãè÷íèòå ïðîñòðàíñòâà è íà òåõíèòå õèïåðïðîñòðàíñòâà, ðàçãëåæäàíè ñ òîïîëî-
ãèè îò äîëíî-âèåòîðèñîâ òèï, à èìåííî, òîïîëîãè÷íèòå ñâîéñòâà �êîìïàêòíîñò�
è �òåãëî, íå ïî-ãîëÿìî îò äàäåíî êàðäèíàëíî ÷èñëî�;

ïîêàçâà ñå, ÷å ïðè íÿêîè åñòåñòâåíè äîïúëíèòåëíè óñëîâèÿ, õèïåðïðîñòðàíñ-
òâàòà ñ òîïîëîãèè îò äîëíî-âèåòîðèñîâ òèï

• èìàò òðèâèàëåí õîìîòîïåí òèï,
• ÿâÿâàò ñå àáñîëþòíè åêñòåíçîðè çà êëàñà îò âñè÷êè òîïîëîãè÷íè ïðîñòðàí-

ñòâà,
• èìàò ñâîéñòâîòî çà íåïîäâèæíàòà òî÷êà (ò.å. âñÿêî íåïðåêúñíàòî èçîáðàæå-

íèå íà ïðîñòðàíñòâîòî â ñåáå ñè èìà íåïîäâèæíà òî÷êà).

Åäíî îò ñëåäñòâèÿòà íà íàøàòà òåîðåìà çà íåïîäâèæíàòà òî÷êà å ñëåäíîòî:
àêî f : X −→ X, êúäåòî X å êîíòèíóóì, å íåïðåêúñíàòî èçîáðàæåíèå, òî
ñúùåñòâóâà ïîäêîíòèíóóì K íà X, òàêúâ ÷å f(K) = K.

Çà äà ïðåäñòàâèì ïî-ïîäðîáíî íàøèòå ðåçóëòàòè, ùå èçïîëçâàìå ñëåäíèòå
îçíà÷åíèÿ:

Àêî X å ìíîæåñòâî, òî ñ P(X) (ðåñï., ñ P′(X)) ùå îçíà÷àâàìå ìíîæåñòâîòî îò
âñè÷êè (íåïðàçíè) ïîäìíîæåñòâà íà X; àêî M,A ⊆ P(X) è A ⊆ X, òî ïîëàãàìå:

• A−
M

df
= {M ∈ M | M ∩ A ̸= ∅}

• A−
M

df
= {A−

M | A ∈ A};

àêî (X,T) å òîïîëîãè÷íî ïðîñòðàíñòâî, òî ïîëàãàìå:

• CL(X)
df
= {M ⊆ X | M å çàòâîðåíî â X, M ̸= ∅}.

Íåêà X å ìíîæåñòâî. Äà íàïîìíèì, ÷å åäíà ïîäôàìèëèÿ U íà P(X) ìîæå äà
áúäå ïðåäáàçà íà òîïîëîãèÿ T â X òîãàâà è ñàìî òîãàâà, êîãàòî

⋃
U = X; àêî

òîâà óñëîâèå å èçïúëíåíî, òî ùå êàçâàìå, ÷å ñåìåéñòâîòî U ïîðàæäà òîïîëî-
ãèÿòà T â X. Íÿêîè àâòîðè ñ÷èòàò, ÷å âñÿêà ïîäôàìèëèÿ U íà P(X) ìîæå äà
áúäå ïðåäáàçà íà òîïîëîãèÿ â X, ðàçãëåæäàéêè êàòî ïðåäáàçà íà òàçè òîïîëîãèÿ
ôàìèëèÿòà U ∪ {X}, âìåñòî U. Íèå, îáà÷å, íÿìà äà ñ÷èòàìå òàêà.
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Íåêà (X,T) å òîïîëîãè÷íî ïðîñòðàíñòâî. Äà íàïîìíèì, ÷å êëàñè÷åñêàòà äîëíà
âèåòîðèñîâà òîïîëîãèÿ Υ−X â CL(X) ñå ïîðàæäà îò ôàìèëèÿòà T−

CL(X), ò.å. îò

ôàìèëèÿòà îò âñè÷êè ìíîæåñòâà îò âèäà {F ∈ CL(X) | F ∩ U ̸= ∅}, êúäåòî U å
îòâîðåíî â X.

Åäíà òðèâèàëíà ìîäèôèêàöèÿ íà òàçè äåôèíèöèÿ å ñëåäíàòà:

Íåêà (X,T) å òîïîëîãè÷íî ïðîñòðàíñòâî è M ⊆ P′(X). Òîïîëîãèÿòà Υ−M â
M, ïîðîäåíà îò ôàìèëèÿòà T−

M, ùå íàðè÷àìå äîëíà âèåòîðèñîâà òîïîëîãèÿ
â M.

Î÷åâèäíî, àêîM = CL(X), òîΥ−M ñúâïàäà ñ êëàñè÷åñêàòà äîëíà âèåòîðèñîâà
òîïîëîãèÿ Υ−X â CL(X).

Ñåãà ùå âúâåäåì îñíîâíîòî ïîíÿòèå â íàñòîÿùàòà ñòàòèÿ, ðàçãëåæäàéêè íå
ñàìî ïðîèçâîëíè ïîäôàìèëèè M íà P′(X), íî è òðúãâàéêè îò ìíîæåñòâî X,
âìåñòî îò òîïîëîãè÷íî ïðîñòðàíñòâî:

Íåêà X å ìíîæåñòâî, M ⊆ P′(X) è O å òîïîëîãèÿ â M. Ùå êàçâàìå,
÷å O å òîïîëîãèÿ îò äîëíî-âèåòîðèñîâ òèï â M àêî O ∩ {A−

M | A ⊆ X}
å ïðåäáàçà íà O.

ßñíî å, ÷å àêî X å òîïîëîãè÷íî ïðîñòðàíñòâî, M ⊆ P′(X) è O å äîëíà âèåòî-
ðèñîâà òîïîëîãèÿ â M, òî O å òîïîëîãèÿ îò äîëíî-âèåòîðèñîâ òèï â M.

Ìàêàð ÷å òîïîëîãèèòå îò äîëíî-âèåòîðèñîâ òèï â O ñà äåôèíèðàíè â ïîäôà-
ìèëèè M íà ôàìèëèÿòà P′(X) îò âñè÷êè íåïðàçíè ïîìíîæåñòâà íà åäíî ìíî-
æåñòâî X, òî ñå îêàçâà, ÷å òå âñúùíîñò ñå ïîðàæäàò ïî íà÷èí ïîäîáåí íà òîçè,
ïî êîéòî ñå ïîðàæäàò äîëíèòå âèåòîðèñîâè òîïîëîãèè â M, ò.å. â ìíîæåñòâîòî
X ìîæå äà ñå âúâåäå òîïîëîãèÿ T, êîÿòî äà èìà ïðåäáàçà P, òàêàâà ÷å P−

M äà å
ïðåäáàçà íà O. À èìåííî, äîêàçàíî å ñëåäíîòî òâúðäåíèå:

Íåêà X å ìíîæåñòâî, M ⊆ P′(X) è O å òîïîëîãèÿ îò äîëíî-âèåòîðèñîâ òèï
â M. Òîãàâà ôàìèëèÿòà

PO
df
= {A ⊆ X | A−

M ∈ O}

ñúäúðæà X è ñëóæè êàòî ïðåäáàçà íà òîïîëîãèÿ

T−O

â X. Ôàìèëèÿòà (PO)
−
M å ïðåäáàçà íà O. Ôàìèëèÿòà PO å çàòâîðåíà îòíîñíî

ïðîèçâîëíè îáåäèíåíèÿ.

Íåùî ïîâå÷å, íèå ïîêàçâàìå, ÷å àêî X å ìíîæåñòâî è M ⊆ P′(X), òî åäíà
òîïîëîãèÿ O â M å òîïîëîãèÿ îò äîëíî-âèåòîðèñîâ òèï â M òîãàâà è ñàìî
òîãàâà, êîãàòî ñúùåñòâóâà òîïîëîãèÿ T â X è ïðåäáàçà S íà T (êîÿòî ñúäúðæà
X è å çàòâîðåíà îòíîñíî ïðîèçâîëíè îáåäèíåíèÿ), òàêàâà ÷å S−

M å ïðåäáàçà íà
O.
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Ñëåäîâàòåëíî, ðàçëèêàòà ìåæäó åäíà äîëíà âèåòîðèñîâà õèïåðòîïîëîãèÿ â
ïîäôàìèëèÿ M íà ôàìèëèÿòà P′(X), êúäåòî X å òîïîëîãè÷íî ïðîñòðàíñòâî, è
õèïåðòîïîëîãèÿ îò äîëíî-âèåòîðèñîâ òèï â M å â òîâà, ÷å äîêàòî äîëíàòà âèå-
òîðèñîâà õèïåðòîïîëîãèÿ ñå ïîðàæäà îò öÿëàòà òîïîëîãèÿ â X, òî õèïåðòîïî-
ëîãèÿòà îò äîëíî-âèåòîðèñîâ òèï ñå ïîðàæäà îò ïðåäáàçà íà íÿêîÿ òîïîëîãèÿ â
X. Îêàçâà ñå, ÷å òàçè ðàçëèêà å ñúùåñòâåíà: ïîêàçâàìå, ÷å êëàñúò îò âñè÷-
êè äîëíè âèåòîðèñîâè õèïåðòîïîëîãèè ñå ñúäúðæà ñòðîãî â êëàñà îò
âñè÷êè õèïåðòîïîëîãèè îò äîëíî-âèåòîðèñîâ òèï. Âêëþ÷âàíåòî å î÷åâè-
äåí ôàêò, à çà äà êîíñòðóèðàìå ïðèìåð, êîéòî äà ðàçëè÷àâà äâàòà êëàñà, ïðàâèì
ñëåäíîòî:

Íèå îòáåëÿçâàìå ïúðâî, ÷å àêî X å ìíîæåñòâî, M ⊆ P′(X) è S ⊆ P′(X),
òî S−

M ìîæå äà ïîðîäè òîïîëîãèÿ OM
−S â M (îò äîëíî-âèåòîðèñîâ òèï) òîãàâà

è ñàìî òîãàâà, êîãàòî M ∩
⋃

S ̸= ∅ çà âñÿêî M ∈ M. Äî êðàÿ íà òîçè àáçàö
ùå ðàçãëåæäàìå ñàìî òàêèâà ôàìèëèè S, êîèòî óäîâëåòâîðÿâàò òîâà óñëîâèå,
à ôàìèëèèòå M ùå áúäàò âèíàãè åñòåñòâåíè ôàìèëèè (ò.å., ôàìèëèèòå M ùå
ñúäúðæàò âñè÷êè åäíîòî÷êîâè ïîäìíîæåñòâà íà X). Ñëåä òîâà îïèñâàìå îíåçè
ôàìèëèè S, çà êîèòî POM

−S
= S, è ãè íàðè÷àìå M−-çàòâîðåíè ôàìèëèè. Íàøåòî

îïèñàíèå ïîêàçâà, ÷å çà âñÿêà ôàìèëèÿ S, POM
−S

ñå ñúäúðæà âèíàãè â òîïîëî-

ãèÿòà â X, ïîðîäåíà îò S. Òúé êàòî, î÷åâèäíî, çà âñÿêà ôàìèëèÿ S èìàìå, ÷å
S ⊆ POM

−S
, òî ïîëó÷àâàìå, ÷å àêî S å òîïîëîãèÿ â X, òî POM

−S
= S, ò.å. âñÿêà

òîïîëîãèÿ â X å M−-çàòâîðåíà ôàìèëèÿ. Ñúùåñòâóâàò, îáà÷å, ìíîãî äðóãè ïðè-
ìåðè íà M−-çàòâîðåíè ôàìèëèè. È òàêà, çà äà ïîëó÷èì æåëàíèÿ ïðèìåð, íåêà
ðàçãëåäàìå åäíà M−-çàòâîðåíà ôàìèëèÿ S. Òîãàâà S−

M ïîðàæäà òîïîëîãèÿ OM
−S â

M îò äîëíî-âèåòîðèñîâ òèï. Äà äîïóñíåì, ÷å òÿ å äîëíà âèåòîðèñîâà òîïîëîãèÿ
â M. Òîãàâà áè ñúùåñòâóâàëà òîïîëîãèÿ T â X, òàêàâà ÷å OM

−S = Υ−M(= OM
−T) è

áèõìå ïîëó÷èëè, ÷å S = POM
−S

= PΥ−M
= POM

−T
= T. Çíà÷è, àêî S íå å òîïîëîãèÿ

â X, òî OM
−S íÿìà äà å äîëíà âèåòîðèñîâà òîïîëîãèÿ â M. Ñ ïîñòðîåíèÿ îò íàñ

ïðèìåð îñúùåñòâÿâàìå òîçè ïëàí. Ñëåäîâàòåëíî, êëàñúò îò âñè÷êè õèïåðòîïîëî-
ãèè îò äîëíî-âèåòîðèñîâ òèï ñúäúðæà ñòðîãî êëàñà îò âñè÷êè äîëíè âèåòîðèñîâè
õèïåðòîïîëîãèè.

Äà ñïîìåíåì íàé-ñåòíå, ÷å â íàñòîÿùàòà ñòàòèÿ å îòáåëÿçàíî, ÷å àêî ðàç-
ãëåäàìå òîïîëîãèèòå, ïîðîäåíè îò ôàìèëèèòå îò âèäà B−

M, êúäåòî B å áàçà íà
òîïîëîãèÿ â ìíîæåñòâî X, à M ⊆ P′(X) å åñòåñòâåíà ôàìèëèÿ, òî ùå ïîëó÷èì
äîëíè âèåòîðèñîâè òîïîëîãèè â M.

Summary

In 1975, M. M. �Coban [M. M. �Coban, Operations over sets, Sibirsk. Mat. �Z., 16
(1975), no. 6, 1332-1351] introduced a new topology on the set of all closed subsets of
a topological space which is similar to the upper Vietoris hypertopology but is weaker
than it. In 1998, G. Dimov and D. Vakarelov [G. Dimov and D. Vakarelov, On Scott
consequence systems, Fundamenta Informaticae, 33 (1998), 43-70] introduced the

4



notion of Tychono�-type hypertopology. The class of Tychono�-type hypertopologies
contains the class of the �Coban hypertopologies. The Tychono�-type hypertopologies
(which are now called upper-Vietoris-type hypertopologies as well) were studied in
details in [G. Dimov, F. Obersnel and G. Tironi, On Tychono�-type hypertopologies,
Proceedings of the Ninth Prague Topological Symposium (Prague, Czech Republic,
August 19�25, 2001), Topology Atlas, Toronto, 2002, 51-70].

In this paper we introduce a new notion, namely, the notion of lower-Vietoris-
type hypertopology, in a way similar to that with which the new Tychono�-type
hypertopology was introduced in the Dimov-Vakarelov paper cited above, and show
that it is di�erent from the notion of lower Vietoris hypertopology. We study the
properties of the lower-Vietoris-type hypertopologies, as well as the maps between
hyperspaces endowed with lower-Vietoris-type topologies, generalize many results
from the paper [E. Cuchillo-Ibáñez, M. A. Morón and F. R. Ruiz del Portal, Lower
semi�nite topology in hyperspaces, Topology Proceedings, 17 (1992), 29-39] and
prove a theorem about �commutability between hyperspaces and subspaces� in the
class of lower-Vietoris-type hypertopologies with which we generalize a theorem of
H.-J. Schmidt [H.-J. Schmidt, Hyperspaces of quotient and subspaces. I. Hausdor�
topological spaces, Math. Nachr. 104 (1981), 271-280].

Speci�cally,

• we study the relationships between some topological properties of the topological
spaces and their hyperspaces endowed with a lower-Vietoris-type topology, namely,
the topological properties of being compact and to have a weight not greater than a
given cardinal number;

we show that under mild conditions, the hyperspaces endowed with a lower-
Vietoris-type topology

• have a trivial homotopy type,
• are absolute extensors for the class of all topological spaces, and
• have the �xed-point property.

As a corollary of our �xed-point theorem, we obtain that for every continuous
map f : X −→ X, where X is a continuum, there exist a subcontinuum K of X such
that f(K) = K.

For presenting our results in more details, we will use the following notation:

If X is a set, then we denote by P(X) (resp., by P′(X)) the set of all (non-empty)
subsets of X; if M,A ⊆ P(X) and A ⊆ X, then we set:

• A−
M

df
= {M ∈ M | M ∩ A ̸= ∅}

• A−
M

df
= {A−

M | A ∈ A};

if (X,T) is a topological space, then we put

• CL(X)
df
= {M ⊆ X | M is closed in X, M ̸= ∅}.
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Let X be a set. Recall that a subfamily U of P(X) can serve as a subbase for a
topology T on X if and only if

⋃
U = X; in this case we will say that the family U

generates the topology T on X. Some authors consider that any subfamily U of P(X)
can serve as a subbase for a topology on X taking as a subbase for this topology the
family U ∪ {X}, instead of U. However, we will not consider it so.

Let (X,T) be a topological space. Recall that the classical lower Vietoris topology
Υ−X on CL(X) is generated by the family T−

CL(X), i.e. by the family of all sets of the

form {F ∈ CL(X) | F ∩ U ̸= ∅}, where U is open in X.

A trivial modi�cation of this de�nition is the following one:

Let (X,T) be a topological space and M ⊆ P′(X). The topology Υ−M on M

generated by the family T−
M will be called a lower Vietoris topology on M.

Clearly, if M = CL(X), then Υ−M is just the classical lower Vietoris topology
Υ−X on CL(X).

We now introduce the main notion of this paper by regarding not only arbitrary
subfamilies M of P′(X) but also starting with a set X instead with a topological
space:

Let X be a set, M ⊆ P′(X) and O be a topology on M. We say that O is
a lower-Vietoris-type topology on M if O∩{A−

M | A ⊆ X} is a subbase for O.

It is clear that if X is a topological space, M ⊆ P′(X) and O is a lower Vietoris
topology on M, then O is a lower-Vietoris-type topology on M.

Although the lower-Vietoris-type topologies O are de�ned on subfamilies M of the
family P′(X) of all non-empty subsets of a set X, it turns out that they are in fact
generated in a way similar to that of lower Vietoris topologies on M, i.e. the set X
can be endowed with a topology T that has a subbase P such that P−

M is a subbase
for O. Namely, we prove the following statement:

Let X be a set, M ⊆ P′(X) and O be a lower-Vietoris-type topology on M. Then
the family

PO
df
= {A ⊆ X | A−

M ∈ O}

contains X and serves as a subbase for a topology

T−O

on X. The family (PO)
−
M is a subbase for O. The family PO is closed under arbitrary

unions.

Moreover, we show that if X is a set and M ⊆ P′(X), then a topology O on M is
a lower-Vietoris-type topology on M if and only if there exists a topology T on X and
a subbase S for T (which contains X and is closed under arbitrary unions), such that
S−
M is a subbase for O.
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Hence, the di�erence between a lower Vietoris topology onM ⊆ P′(X), where X is
a topological space, and a lower-Vietoris-type topology on the same M, is in the fact
that the lower Vietoris topology is generated by the whole topology on X while the
lower-Vietoris-type topology is generated by a subbase of a topology on X. It turns
out that this di�erence is essential: we show that the class of all lower Vietoris
hypertopologies is strictly contained in the class of all lower-Vietoris-type
hypertopologies. The inclusion is an obvious fact, and to construct an example that
distinguishes between the two classes, we do the following:

We �rst note that if X is a set, M ⊆ P′(X) and S ⊆ P′(X), then S−
M can serve as

a subbase for a (lower-Vietoris-type) topology OM
−S on M if and only if M ∩

⋃
S ̸= ∅

for every M ∈ M. Till the end of this paragraph, we will regard only those families
S which satisfy this condition, and, also, only those families M which are natural
families (i.e. those families M which contain all singletons). We then describe those
families S for which POM

−S
= S. We call themM−-closed families.Our description shows

that, for every family S, POM
−S

is always contained in the topology on X generated

by S. Since, obviously, for every family S, S ⊆ POM
−S

holds, we obtain that if S is

a topology on X, then POM
−S

= S, i.e. every topology on X is an M−-closed family.

There exist, however, many other examples of M−-closed families. So, for obtaining
the desired example, let us start with an M−-closed family S. Then S−

M generates the
lower-Vietoris-type topology OM

−S on M. Suppose that it is a lower Vietoris topology
on M. Then there exists a topology T on X such that OM

−S = Υ−M(= OM
−T). This

implies that S = POM
−S

= PΥ−M
= POM

−T
= T. Thus, if S is not a topology on X, than

OM
−S will not be a lower Vietoris topology on M. With the example we've built, we're

implementing that plan. Therefore, the class of lower-Vietoris-type hypertopologies
is strictly larger than the class of lower Vietoris hypertopologies.

Let us �nally mention that in our paper we notice that if we regard the topologies
generated by B−

M, where B is a base for a topology on a set X and M ⊆ P′(X) is a
natural family, then we will obtain lower Vietoris hypertopologies on M.

This paper is cited in:

1. Ismael Calomino, Paula Menchon, William J. Zuluaga Botero, A topological
duality for monotone expansions of semilattices, Appl. Categorical Structures 30,
1257�1282 (2022). https://doi.org/10.1007/s10485-022-09690-0, ISSN (E): 1572-9095,
Print ISSN: 0927-2852.

7



B4-2. Georgi Dimov, Elza Ivanova-Dimova, Two extensions of the Stone Duality
to the category of zero-dimensional Hausdor� spaces, Filomat, 35 (6) (2021), 1851-
1878, https://doi.org/10.2298/FIL2106851D, IF 0.988, Web of Science Quartile:
Q2, ISSN (print) 0354-5180, ISSN (electronic) 2406-0933, MR4364041 (60 òî÷êè)

Ðåçþìå

Ïðåç 1937 ã., Ì. Ñòîóí [M. H. Stone, Applications of the theory of Boolean rings
to general topology, Trans. Amer. Math. Soc. 41, 375-481] äîêàçà, ÷å ñúùåñòâóâà
áèåêòèâíî ñúîòâåòñòâèå Tl ìåæäó êëàñà îò âñè÷êè (ñ òî÷íîñò äî õîìåîìîðôèçúì)
íóëìåðíè ëîêàëíî êîìïàêòíè õàóñäîðôîâè ïðîñòðàíñòâà (íàðè÷àíè, çà êðàòêîñò,
áóëåâè ïðîñòðàíñòâà) è êëàñà îò âñè÷êè (ñ òî÷íîñò äî èçîìîðôèçúì) îáîáùå-
íè áóëåâè àëãåáðè (çà êðàòêîñò, GBAs) (åêâèâàëåíòíî, áóëåâè ïðúñòåíè ñúñ èëè
áåç åäèíèöà). Â êëàñà îò âñè÷êè êîìïàêòíè áóëåâè ïðîñòðàíñòâà (íàðè÷àíè, çà
êðàòêîñò, ñòîóíîâè ïðîñòðàíñòâà) òàçè áèåêöèÿ ìîæå äà áúäå ïðîäúëæåíà äî
äóàëíà åêâèâàëåíòíîñò T : Stone −→ Boole ìåæäó êàòåãîðèÿòà Stone íà ñòî-
óíîâèòå ïðîñòðàíñòâà è íåïðåêúñíàòèòå èçîáðàæåíèÿ, è êàòåãîðèÿòà Boole íà
áóëåâèòå àëãåáðè è áóëåâèòå õîìîìîðôèçìè; òîâà å êëàñè÷åñêàòà ñòîóíîâà äó-
àëíîñò. (Äà îòáåëåæèì, ÷å ïðåâúçõîäíàòà ìîíîãðàôèÿ íà Ï. Ò. Äæîíñòîóí [P.
T. Johnstone, Stone Spaces, Cambridge Univ. Press, Cambridge, 1982] äåìîíñòðèðà
óáåäèòåëíî îãðîìíîòî âëèÿíèå íà ñòîóíîâàòà äóàëíîñò âúðõó ïî÷òè âñè÷êè îá-
ëàñòè íà ìàòåìàòèêàòà.) Ïðåç 1964 ã., Õ. Ï. Äîêòîð [H. Doctor, The categories of
Boolean lattices, Boolean rings and Boolean spaces, Canad. Math. Bulletin, 7 (1964),
245�252] ïîêàçà, ÷å ñòîóíîâàòà áèåêöèÿ Tl ìîæå äà áúäå ïðîäúëæåíà äàæå äî
äóàëíà åêâèâàëåíòíîñò ìåæäó êàòåãîðèÿòà BooleSpperf íà áóëåâèòå ïðîñòðàíñ-
òâà è ñúâúðøåíèòå èçîáðàæåíèÿ ìåæäó òÿõ, è êàòåãîðèÿòà GBoole íà âñè÷êè
GBAs è ïîäõîäÿùè ìîðôèçìè ìåæäó òÿõ. Ïî-êúñíî, Ã. Äèìîâ [G. Dimov, Some
generalizations of the Stone Duality Theorem, Publicationes Mathematicae Debrecen,
80 (2012), 255�293] ïðîäúëæè ñòîóíîâàòà äóàëíîñò âúðõó êàòåãîðèÿòà BooleSp
íà áóëåâèòå ïðîñòðàíñòâà è íåïðåêúñíàòèòå èçîáðàæåíèÿ.

Â íàñòîÿùàòà ñòàòèÿ ïîñòðîÿâàìå äâå ïðîäúëæåíèÿ íà ñòîóíîâàòà äóàëíîñò
âúðõó êàòåãîðèÿòà ZHaus íà íóëìåðíèòå õàóñäîðôîâè ïðîñòðàíñòâà è íåïðå-
êúñíàòèòå èçîáðàæåíèÿ. À èìåííî, äåôèíèðàíè ñà äâå êàòåãîðèè dzBoole è
mzMaps, è å äîêàçàíî, ÷å ñúùåñòâóâàò äóàëíè åêâèâàëåíòíîñòè F : ZHaus −→
dzBoole è F : ZHaus −→ mzMaps. Èçïîëçâàéêè ðåñòðèêöèèòå íà êîíòðàâàðè-
àíòíèòå ôóíêòîðè F è F âúðõó êàòåãîðèÿòà D íà äèñêðåòíèòå ïðîñòðàíñòâà è
íåïðåêúñíàòèòå èçîáðàæåíèÿ, ïîêàçâàìå, ÷å íàøèòå òåîðåìè çà äóàëíîñò ïðîäúë-
æàâàò ñúùî òàêà è äóàëíîñòòà íà Òàðñêè ìåæäó êàòåãîðèÿòà Set íà ìíîæåñòâàòà
è ôóíêöèèòå, è êàòåãîðèÿòà Caba íà ïúëíèòå àòîìíè áóëåâè àëãåáðè è ïúëíèòå
áóëåâè õîìîìîðôèçìè [A. Tarski, Zur Grundlegung der Boole'schen Algebra. Fund.
Math. 24 (1935), 177-198]. Íåùî ïîâå÷å, ñ ïîìîùòà íà ðåñòðèêöèÿòà íà äóàëíà-
òà åêâèâàëåíòíîñò F âúðõó êàòåãîðèÿòà D, ïîëó÷àâàìå è íîâî äîêàçàòåëñòâî íà
äóàëíîñòòà íà Òàðñêè. Ðåñòðèêöèèòå íà F è F âúðõó êàòåãîðèÿòà EDTych íà åê-
ñòðåìàëíî íåñâúðçàíèòå òèõîíîâè ïðîñòðàíñòâà è íåïðåêúñíàòèòå èçîáðàæåíèÿ
íè äàâàò äâå òåîðåìè çà äóàëíîñò çà êàòåãîðèÿòà EDTych. Âúâåæäàìå è äâå
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äðóãè êàòåãîðèè zBoole è zMaps è ïîêàçâàìå, ÷å òå ñà äóàëíî åêâèâàëåíòíè
íà êàòåãîðèÿòà ZComp íà íóëìåðíèòå õàóñäîðôîâè êîìïàêòíè ðàçøèðåíèÿ íà
íóëìåðíèòå õàóñäîðôîâè ïðîñòðàíñòâà. Ñúùî òàêà, äîáðå èçâåñòíàòà òåîðåìà íà
Äâèíãåð [Ph. Dwinger, Introduction to Boolean Algebras, Physica Verlag, W�urzburg,
1961] çà íóëìåðíèòå õàóñäîðôîâè êîìïàêòíè ðàçøèðåíèÿ íà íóëìåðíèòå õàóñ-
äîðôîâè ïðîñòðàíñòâà å ïîëó÷åíà êàòî ñëåäñòâèå îò íàøàòà êàòåãîðíà òåîðåìà
çà äóàëíîñò.

Âñè÷êè ðåçóëòàòè, èçëîæåíè ïî-ãîðå, ñà ïîëó÷åíè ñ ïîìîùòà íà âúâåäåíè-
òå îò íàñ ïîíÿòèÿ áóëåâà z-àëãåáðà, áóëåâà dz-àëãåáðà, áóëåâî z-èçîáðàæåíèå è
ìàêñèìàëíî áóëåâî z-èçîáðàæåíèå (êîåòî ùå íàðè÷àìå îùå, çà êðàòêîñò, mz-
èçîáðàæåíèå). Îáåêòè íà êàòåãîðèÿòà dzBoole ñà èìåííî áóëåâèòå dz-àëãåáðè,
à îáåêòè íà êàòåãîðèÿòà mzMaps ñà òî÷íî mz-èçîáðàæåíèÿòà. Îáåêòè íà êà-
òåãîðèÿòà zBoole ñà âñè÷êè áóëåâè z-àëãåáðè, à êàòåãîðèÿòà dzBoole å ïúëíà
ïîäêàòåãîðèÿ íà êàòåãîðèÿòà zBoole. Îáåêòè íà êàòåãîðèÿòà zMaps ñà âñè÷êè
áóëåâè z-èçîáðàæåíèÿ, à êàòåãîðèÿòà mzMaps å ïúëíà ïîäêàòåãîðèÿ íà êàòåãî-
ðèÿòà zMaps. Îáåêòè íà êàòåãîðèèòå, çà êîèòî ñìå ïîêàçàëè, ÷å ñà äóàëíè íà
êàòåãîðèÿòà EDTych, ñà, ñúîòâåòíî, âñè÷êè ïúëíè áóëåâè z-àëãåáðè è âñè÷êè
ïúëíè áóëåâè z-èçîáðàæåíèÿ, ìàêàð ÷å áè òðÿáâàëî òåõíè îáåêòè äà ñà ïúëíèòå
áóëåâè dz-àëãåáðè è, ñúîòâåòíî, ïúëíèòå áóëåâè mz-èçîáðàæåíèÿ. Òîâà å òàêà, çà-
ùîòî â êëàñà îò âñè÷êè ïúëíè áóëåâè àëãåáðè, áóëåâèòå z-àëãåáðè ñà èäåíòè÷íè
ñ áóëåâèòå dz-àëãåáðè, à áóëåâèòå z-èçîáðàæåíèÿ � ñ mz-èçîáðàæåíèÿòà.

Èäåèòå, êîèòî ñòîÿò çàä îñíîâíîòî ïîíÿòèå, âúâåäåíî îò íàñ â íàñòîÿùàòà ñòà-
òèÿ, à èìåííî, ïîíÿòèåòî áóëåâà dz-àëãåáðà, ñà ñëåäíèòå. Êëàñè÷åñêàòà ñòîóíîâà
äóàëíîñò

Boole
S=Ult .. Stone
T=CO
nn

íè ïîêàçâà, ÷å öÿëàòà èíôîðìàöèÿ îòíîñíî åäíî ñòîóíîâî ïðîñòðàíñòâî X ñå
ñúäúðæà â áóëåâàòà àëãåáðà (CO(X),⊆) îò âñè÷êè îòâîðåíî-çàòâîðåíè ïîäìíî-
æåñòâà íà X, ò.å., ðàçïîëàãàéêè ñ òàçè áóëåâà àëãåáðà, ìîæåì äà ðåêîíñòðóèðàìå
ïðîñòðàíñòâîòî X ñ òî÷íîñò äî õîìåîìîðôèçúì. Àêî, îáà÷å, X íå å êîìïàêòíî,
ò.å. X å ñàìî íóëìåðíî õàóñäîðôîâî ïðîñòðàíñòâî, òî áóëåâàòà àëãåáðà CO(X)
íå å äîñòàòú÷íà çà ðåêîíñòðóèðàíåòî íà ïðîñòðàíñòâîòî X. Íàèñòèíà, ñúãëàñíî
òåîðåìàòà íà Äâèíãåð, êîìïàêòíîòî ðàçøèðåíèå (β0X, β0) íà X, ïîñòðîåíî îò
Áàíàøåâñêè, å òî÷íî ñòîóíîâèÿ äóàëåí îáåêò íà áóëåâàòà àëãåáðà (CO(X),⊆) è
ñëåäîâàòåëíî, ñúãëàñíî ñòîóíîâàòà äóàëíîñò, CO(β0X)(= T(β0X)) è (CO(X),⊆)
ñà èçîìîðôíè áóëåâè àëãåáðè, äîêàòî β0X è X íå ñà õîìåîìîðôíè, òúé êàòî β0X
å êîìïàêòíî, à X íå å òàêîâà. Àêî, îáà÷å, ðàçãëåäàìå, çàåäíî ñ áóëåâàòà àëãåáðà
CO(X), è ìíîæåñòâîòî β0(X) (ò.å. îáðàçà íà X ïðè èçîáðàæåíèåòî β0), êîåòî å
ïîäìíîæåñòâî íà S(CO(X)), òî ïðîñòðàíñòâîòî X ùå áúäå õîìåîìîðôíî (ïîñðåä-
ñòâîì èçîáðàæåíèåòî β0 : X −→ β0X) íà ìíîæåñòâîòî β0(X) ðàçãëåæäàíî êàòî
ïîäïðîñòðàíñòâî íà S(CO(X)). Íåùî ïîâå÷å, ñëåäàòà íà CO(β0X) âúðõó β0(X)
å òî÷íî CO(β0(X)). Âñè÷êî òîâà ïîêàçâà, ÷å äâîéêàòà (CO(X), β0(X)), êúäåòî
β0(X) å âçåòî ñàìî êàòî ìíîæåñòâî, å äîñòàòú÷íà çà ðåêîíñòðóèðàíåòî íà ïðîñò-
ðàíñòâîòî X ñ òî÷íîñò äî õîìåîìîðôèçúì. ×ðåç ïîíÿòèåòî �áóëåâà dz-àëãåáðà�
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äàâàìå àëãåáðè÷íî îïèñàíèå íà òàêèâà äâîéêè è åäíà îò íàøèòå òåîðåìè çà äó-
àëíîñò, äîêàçàíè â íàñòîÿùàòà ñòàòèÿ, ïîêàçâà, ÷å òîâà íàèñòèíà å òàêà.

Íåêà îïèøåì íàêðàòêî áóëåâèòå dz-àëãåáðè è êàòåãîðèÿòà dzBoole. Áóëåâèòå
dz-àëãåáðè ñà ñïåöèàëíè áóëåâè z-àëãåáðè, à åäíà äâîéêà (A,X), êúäåòî A å áóëå-
âà àëãåáðà è X å ìíîæåñòâî îò óëòðàôèëòðè â A, å áóëåâà z-àëãåáðà, àêî çà âñåêè
åëåìåíò a íà A \ {0} ñúùåñòâóâà óëòðàôèëòúð u ∈ X, êîéòî ñúäúðæà a. Îáåê-
òèòå íà êàòåãîðèÿòà zBoole ñà òî÷íî áóëåâèòå z-àëãåáðè, à zBoole-ìîðôèçìèòå
ìåæäó âñåêè äâà zBoole-îáåêòà (A,X) è (A′, X ′) ñà âñè÷êè äâîéêè (φ, f), òàêèâà
÷å φ : A −→ A′ å áóëåâ õîìîìîðôèçúì, f : X ′ −→ X å ôóíêöèÿ è f(u′) = φ−1(u′)
çà âñåêè óëòðàôèëòúð u′ ∈ X ′. (Äà îòáåëåæèì, ÷å íèå ñå íóæäàåì îò êîìïîíåí-
òàòà f íà äâîéêàòà (φ, f) ñàìî çà äà ïîèñêàìå, ÷å φ−1(u′) ∈ X çà âñÿêî u′ ∈ X ′.)
Êàòåãîðèÿòà dzBoole, ÷èèòî îáåêòè ñà âñè÷êè dz-àëãåáðè, å äåôèíèðàíà êàòî
ïúëíà ïîäêàòåãîðèÿ íà êàòåãîðèÿòà zBoole. Êàêòî áåøå âå÷å ñïîìåíàòî ïî-ãîðå,
èìåííî êàòåãîðèÿòà dzBoole å äóàëíî åêâèâàëåíòíà íà êàòåãîðèÿòà ZHaus.

Summary

In 1937, M. Stone [M. H. Stone, Applications of the theory of Boolean rings
to general topology, Trans. Amer. Math. Soc. 41, 375-481] proved that there exists
a bijective correspondence Tl between the class of all (up to homeomorphism) zero-
dimensional locally compact Hausdor� spaces (brie�y, Boolean spaces) and the class of
all (up to isomorphism) generalized Boolean algebras (brie�y, GBAs) (or, equivalently,
Boolean rings with or without unit). In the class of compact Boolean spaces (brie�y,
Stone spaces) this bijection can be extended to a dual equivalence T : Stone −→
Boole between the category Stone of Stone spaces and continuous maps and the
category Boole of Boolean algebras and Boolean homomorphisms; this is the classical
Stone Duality. (Let us note that the excellent monograph of P. T. Johnstone [P. T.
Johnstone, Stone Spaces, Cambridge Univ. Press, Cambridge, 1982] demonstrates the
tremendous impact of the Stone Duality on almost all areas of mathematics.) In 1964,
H. P. Doctor [H. Doctor, The categories of Boolean lattices, Boolean rings and Boolean
spaces, Canad. Math. Bulletin, 7 (1964), 245�252] showed that the Stone bijection
Tl can be even extended to a dual equivalence between the category BooleSpperf

of Boolean spaces and perfect maps between them and the category GBoole of
GBAs and suitable morphisms between them. Later on, G. Dimov [G. Dimov, Some
generalizations of the Stone Duality Theorem, Publicationes Mathematicae Debrecen,
80 (2012), 255�293] extended the Stone Duality to the category BooleSp of Boolean
spaces and continuous maps.

In this paper, we construct two extensions of the Stone Duality to the category
ZHaus of zero-dimensional Hausdor� spaces and continuous maps. Namely, we de�ne
two categories dzBoole and mzMaps, and prove that there exist dual equivalences
F : ZHaus −→ dzBoole and F : ZHaus −→ mzMaps. Using the restrictions
of F and F to the category D of discrete spaces and continuous maps, we show
that our duality theorems extend also the Tarski Duality between the category Set
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of sets and functions and the category Caba of complete atomic Boolean algebras
and complete Boolean homomorphisms [A. Tarski, Zur Grundlegung der Boole'schen
Algebra. Fund. Math. 24 (1935), 177-198]. Moreover, with the help of the restriction
of the dual equivalence F to the category D, we obtain a new proof of the Tarski
Duality Theorem. The restrictions of F and F to the category EDTych of extremally
disconnected Tychono� spaces and continuous maps give us two duality theorems
for the category EDTych. We introduce as well two other categories, namely, the
categories zBoole and zMaps, and show that they are dually equivalent to the
category ZComp of zero-dimensional Hausdor� compacti�cations of zero-dimensional
Hausdor� spaces. As a corollary, we obtain the Dwinger Theorem [Ph. Dwinger,
Introduction to Boolean Algebras, Physica Verlag, W�urzburg, 1961] about zero-dimen-
sional compacti�cations of a zero-dimensional Hausdor� space.

All results presented above are obtained with the help of the notions of Boolean
z-algebra, Boolean dz-algebra, Boolean z-map and maximal Boolean z-map (brie�y, mz-
map) introduced by us. The objects of the category dzBoole are exactly the Boolean
dz-algebras and the objects of the category mzMaps are precisely the maximal
Boolean z-maps. The category zBoole has as objects all Boolean z-algebras and
the category dzBoole is its full subcategory. The category zMaps has as objects
all Boolean z-maps and the category mzMaps is its full subcategory. The categories
dual to the category EDTych have as objects all complete Boolean z-algebras and all
complete Boolean z-maps, respectively, although one could expect that their objects
should be all complete Boolean dz-algebras and all complete mz-maps, respectively.
This is so because, in the realm of complete Boolean algebras, Boolean z-algebras
coincide with Boolean dz-algebras and Boolean z-maps coincide with mz-maps.

The ideas behind the main notion introduced by us in this paper, namely, the
notion of Boolean dz-algebra, are as follows. The classical Stone Duality

Boole
S=Ult .. Stone
T=CO
nn

shows that the whole information about a Stone space X is contained in the Boolean
algebra (CO(X),⊆) of all simultaneously closed and open (brie�y, clopen) subsets
of X, i.e. having the Boolean algebra CO(X), we can reconstruct the space X up
to homeomorphism. If, however, X is not compact, i.e. X is only a zero-dimensional
Hausdor� space, then the Boolean algebra CO(X) is not enough for reconstructing
the space X. Indeed, by the Dwinger Theorem, the Banaschewski compacti�cation
(β0X, β0) of X is the Stone dual of (CO(X),⊆) and thus, by the Stone duality,
CO(β0X)(= T(β0X)) and (CO(X),⊆) are isomorphic Boolean algebras, although
β0X is compact and, therefore, it is not homeomorphic to X. However, if we regard,
together with the Boolean algebra CO(X), the set β0(X) (i.e. the image of X under
the map β0) which is a subset of S(CO(X)), then the space X will be homeomorphic
(via the map β0 : X −→ β0X) to the set β0(X) endowed with the subspace topology
of S(CO(X)). Moreover, the trace of CO(β0X) on β0(X) will be precisely CO(β0(X)).
All this shows that the pair (CO(X), β0(X)), where β0(X) is regarded only as a set,
is enough for reconstructing the space X up to homeomorphism. With the notion
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of Boolean dz-algebra we give the algebraic description of such pairs and one of our
duality theorems shows that this is really so.

Let's brie�y describe the Boolean dz-algebras and the category dzBoole. The
Boolean dz-algebras are special Boolean z-algebras, and a pair (A,X), where A is a
Boolean algebra and X is a set of ultra�lters in A, is a Boolean z-algebra if for each
a ∈ A \ {0} there exists u ∈ X containing a. The category zBoole has as objects
all Boolean z-algebras and its morphisms between every two zBoole-objects (A,X)
and (A′, X ′) are all pairs (φ, f) such that φ : A −→ A′ is a Boolean homomorphism,
f : X ′ −→ X is a function and f(u′) = φ−1(u′) for every u′ ∈ X ′. (Note that we
need the component f of the pair (φ, f) just for requiring that φ−1(u′) ∈ X for every
u′ ∈ X ′.) The category dzBoole is de�ned as a full subcategory of the category
zBoole having as objects all Boolean dz-algebras. As we already mentioned above,
the category dzBoole is dual to the category ZHaus.

This paper is cited in:

1. A. Pi�ekosz, Esakia Duality for Heyting Small Spaces, Symmetry 14 (12) (2022),
2567, https://doi.org/10.3390/sym14122567. IF 2.940 (2021), ISSN: 2073-8994.
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4.5. Ìàòåìàòèêà
Ã7. Íàó÷íà ïóáëèêàöèÿ â èçäàíèÿ, êîèòî ñà ðåôåðèðàíè è èíäåê-

ñèðàíè â ñâåòîâíîèçâåñòíè áàçè äàííè ñ íàó÷íà èíôîðìàöèÿ (Web of
Science è Scopus), èçâúí õàáèëèòàöèîííèÿ òðóä.
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240 òî÷êè.)
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1727-933X, MR4462230, Zbl 1498.18004 (45 òî÷êè)

Ðåçþìå

Â ñòàòèÿòà B4-2, ðàçãëåäàíà ïî-ãîðå (ò.å. ñòàòèÿòà [G. Dimov, E. Ivanova-
Dimova, Two extensions of the Stone Duality to the category of zero-dimensional
Hausdor� spaces, Filomat, 35 (6) (2021), 1851-1878]), ñòîóíîâàòà äóàëíîñò áå ïðî-
äúëæåíà âúðõó êàòåãîðèÿòà ZHaus íà íóëìåðíèòå õàóñäîðôîâè ïðîñòðàíñòâà
è íåïðåêúñíàòèòå èçîáðàæåíèÿ. Â íàñòîÿùàòà ñòàòèÿ, êîÿòî ìîæå äà áúäå ðàç-
ãëåæäàíà êàòî ïðîäúëæåíèå íà ñòàòèÿòà B4-2 (è çàòîâà ùå èçïîëçâàìå íåéíîòî
ðåçþìå), ïîêàçâàìå, ÷å ïðîäúëæåíèåòî íà ñòîóíîâàòà äóàëíîñò âúðõó êàòåãî-
ðèÿòà BooleSp íà áóëåâèòå ïðîñòðàíñòâà è íåïðåêúñíàòèòå èçîáðàæåíèÿ, íà-
ìåðåíî îò Äèìîâ [G. Dimov, Some generalizations of the Stone Duality Theorem,
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Publicationes Mathematicae Debrecen, 80 (2012), 255�293], ìîæå äà áúäå ïîëó÷å-
íî ñ ïîìîùòà íà òåîðåìèòå íè çà äóàëíîñò çà êàòåãîðèÿòà ZHaus, äîêàçàíè â
B4-2. Íåùî ïîâå÷å, èçïîëçâàéêè ðåçóëòàòèòå îò B4-2, äîêàçâàìå äâå íîâè òåî-
ðåìè çà äóàëíîñò çà êàòåãîðèÿòà BooleSp, êîèòî ñúùî ñå ÿâÿâàò ïðîäúëæåíèÿ
íà òåîðåìàòà íà Ñòîóí çà äóàëíîñò. Çà äà íàïðàâèì âñè÷êî òîâà, âúâåæäàìå
ïîíÿòèÿòà áóëåâà ldz-àëãåáðà è lmz-èçîáðàæåíèå. Áóëåâèòå ldz-àëãåáðè ñà ñïå-
öèàëíè áóëåâè dz-àëãåáðè. Îçíà÷àâàéêè ñ ldzBoole êàòåãîðèÿòà, ÷èèòî îáåêòè
ñà âñè÷êè ldz-àëãåáðè è êîÿòî å ïúëíà ïîäêàòåãîðèÿ íà êàòåãîðèÿòà dzBoole,
íèå äîêàçâàìå, ÷å êàòåãîðèèòå BooleSp è ldzBoole ñà äóàëíî åêâèâàëåí-
òíè. Òîâà å íàøàòà ïúðâà íîâà òåîðåìà çà äóàëíîñò. Â ðàáîòàòà ñè, öèòèðàíà
ïî-ãîðå, Äèìîâ âúâåæäà êàòåãîðèÿòà ZLBA è ïîêàçâà, ÷å òÿ å äóàëíî åêâèâà-
ëåíòíà íà êàòåãîðèÿòà BooleSp. Íèå äîêàçâàìå, ÷å êàòåãîðèèòå ldzBoole è
ZLBA ñà èçîìîðôíè, êîåòî, ñú÷åòàíî ñ íàøàòà ïúðâà íîâà òåîðåìà çà äóàë-
íîñò, íè äàâà íîâî äîêàçàòåëñòâî íà òåîðåìàòà çà äóàëíîñò íà Äèìîâ. Ñëåä òîâà
âúâåæäàìå lmz-èçîáðàæåíèÿòà êàòî ñïåöèàëíè mz-èçîáðàæåíèÿ è îçíà÷àâàìå ñ
lmzMaps êàòåãîðèÿòà, ÷èèòî îáåêòè ñà âñè÷êè lmz-èçîáðàæåíèÿ è êîÿòî å ïúëíà
ïîäêàòåãîðèÿ íà êàòåãîðèÿòà mzMaps. Ïîêàçâàìå, ÷å êàòåãîðèèòå ldzBoole
è lmzMaps ñà åêâèâàëåíòíè. Ñú÷åòàâàéêè òîçè ðåçóëòàò ñ ïúðâàòà íè òåî-
ðåìà çà äóàëíîñò, öèòèðàíà ïî-ãîðå, ïîëó÷àâàìå íàøàòà âòîðà íîâà òåîðåìà çà
äóàëíîñò: êàòåãîðèèòå BooleSp è lmzMaps ñà äóàëíî åêâèâàëåíòíè.

Summary

In the paper B4-2 reviewed above (i.e. the paper [Georgi Dimov, Elza Ivanova-
Dimova, Two extensions of the Stone Duality to the category of zero-dimensional
Hausdor� spaces, Filomat, 35 (6) (2021), 1851-1878]), we extended the Stone Duality
to the category ZHaus of zero-dimensional Hausdor� spaces and continuous maps.
In this paper, which can be considered as a continuation of the paper B4-2 (and
thus we will regard the summary of B4-2 as a part of the present one), we show that
the extension of the Stone Duality Theorem to the category BooleSp of Boolean
spaces and continuous maps provided by Dimov [G. Dimov, Some generalizations of
the Stone Duality Theorem, Publicationes Mathematicae Debrecen, 80 (2012), 255�
293] can be derived from our duality theorems for the category ZHaus proved in
B4-2. Moreover, with the help of our results from B4-2, we obtain two new duality
theorems which extend the Stone Duality Theorem to the category BooleSp. For
doing all this we introduce the notions of Boolean ldz-algebra and lmz-map. Boolean
ldz-algebras are special Boolean dz-algebras. Let ldzBoole be the full subcategory
of the category dzBoole having as objects all ldz-algebras. Then we prove that the
categories BooleSp and ldzBoole are dually equivalent. This is our �rst new
duality theorem. In his aforementioned paper, Dimov introduced a category ZLBA
and proved that it is dually equivalent to the category BooleSp. We prove that
the categories ldzBoole and ZLBA are isomorphic which, together with our
�rst duality theorem, implies Dimov's duality theorem. In this way we obtain our
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new proof of Dimov's duality theorem. After that, we introduce lmz-maps as special
mz-maps and de�ne the category lmzMaps as the full subcategory of the category
mzMaps having as objects all lmz-maps. We show that the categories ldzBoole
and lmzMaps are equivalent. Combining this result with our �rst duality theorem
cited above, we obtain our second new duality theorem: the categories BooleSp
and lmzMaps are dually equivalent.

Ã7-2.G. Dimov, E. Ivanova-Dimova, W. Tholen, Extensions of dualities and a new
approach to the Fedorchuk duality, Topology and its Applications, 281 (2020) 107207
(26 pages), https://doi.org/10.1016/j.topol.2020.107207, IF 0.617, Web of Science
Quartile: Q4, ISSN (print) 0166-8641, ISSN (electronic) 1879-3207,MR4174608, Zbl
1457.54016 (36 òî÷êè)

Ðåçþìå

Â íàñòîÿùàòà ñòàòèÿ ïðåäëàãàìå îáùà êàòåãîðíà ñõåìà çà ïðîäúëæàâàíå íà
äóàëíîñòè è ñ íåéíà ïîìîù äàâàìå íîâî äîêàçàòåëñòâî íà òåîðåìàòà çà äóàëíîñò
íà Â. Â. Ôåäîð÷óê [V. V. Fedorchuk, Boolean δ-algebras and quasi-open mappings.
Sibirsk. Mat. �Z. 14 (5) (1973), 1088�1099; English translation: Siberian Math. J. 14
(1973), 759-767 (1974)]. À èìåííî, ïðè äàäåíè äóàëíà åêâèâàëåíòíîñò

A
T -- X
S
mm

(êîÿòî ùå íàðè÷àìå áàçèñíà äóàëíà åêâèâàëåíòíîñò) ìåæäó êàòåãîðèè A è X,
êúäåòî X å ïúëíà ïîäêàòåãîðèÿ íà êàòåãîðèÿ Y, è ñïåöèàëåí êëàñ P îò Y-ìîðôèç-
ìè, íèå ïîñòðîÿâàìå åäíà �õóáàâà� êàòåãîðèÿ B, â êîÿòî A ñå âëàãà ÷ðåç ôóíêòîð
J êàòî ïúëíà ïîäêàòåãîðèÿ, êàêòî è äóàëíà åêâèâàëåíòíîñò

B
T̃ -- Y,
S̃

mm

êîÿòî ñå ÿâÿâà ïðîäúëæåíèå (ñ òî÷íîñò äî åñòåñòâåí èçîìîðôèçúì) íà äàäåíàòà
òàêàâà ÷ðåç ôóíêòîðà J è âëàãàù ôóíêòîð I, êàêòî å ïîêàçàíî íà äèàãðàìàòà

B
T̃ ,, Y
S̃

mm

A

J

OO

T -- X.

I

OO

S
mm

Ðàçáèðà ñå, ìîæå ëåñíî äà ñå ïîñòðîè �ëîøà� êàòåãîðèÿ B, êîÿòî äà óäîâëåò-
âîðÿâà òåçè èçèñêâàíèÿ: âúòðå â Y çàìåñòâàìå X ñ A è äåôèíèðàìå ïî ïîäõîäÿù
íà÷èí êîìïîçèöèèòå, èçïîëçâàéêè äàäåíàòà äóàëíà åêâèâàëåíòíîñò. Òàçè ad-hoc
ïðîöåäóðà, îáà÷å, íè äàâà êàòî ðåçóëòàò êàòåãîðèÿ B, êîÿòî å ïðîñòî êàìóôëàæ
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íà êàòåãîðèÿòà Y, áåç íèêàêâè ñìèñëåíè ïðèëîæåíèÿ. Íàøàòà îñíîâíà èäåÿ å äà
èçïîëçâàìå ñïåöèàëíèÿ êëàñ P îò Y-ìîðôèçìè, òàêà ÷å òîé, ïðè íàëè÷èåòî íà
êàòåãîðèÿòà X, äà å â ñúñòîÿíèå äà êîäèðà öÿëàòà èíôîðìàöèÿ îòíîñíî îñòà-
íàëèòå Y-îáåêòè. Òîâà áè òðÿáâàëî äà äîâåäå äî ïîÿâàòà íà �õóáàâà� êàòåãîðèÿ
B. Íåéíèòå îáåêòè áè òðÿáâàëî äà ñà A-îáåêòè ñúñ ñòðóêòóðà, êîÿòî äà å ïðå-
äîñòàâåíà îò êëàñà P. È íàèñòèíà, íèå äåôèíèðàìå îáåêòèòå íà B êàòî äâîéêè
(A, p), êúäåòî A å A-îáåêò è p ∈ P å Y-ìîðôèçúì ñ äåôèíèöèîííà îáëàñò T (A).
Æåëàíàòà ðîëÿ íà êëàñà P îñèãóðÿâàìå ÷ðåç íàëàãàíåòî íà ïåò îñíîâíè èçèñê-
âàíèÿ êúì òîçè êëàñ. Äà îòáåëåæèì, ÷å êîðåôëåêòèâíîñòòà íà X â Y ïîçâîëÿâà
âèíàãè äà áúäå íàìåðåí òàêúâ �õóáàâ� êëàñ P.

Ïðèëàãàéêè íàøàòà êàòåãîðíà òåîðåìà çà ïðîäúëæàâàíå íà äóàëíîñòè, ïî-
ëó÷àâàìå äóàëíîñòòà íà Ôåäîð÷óê êàòî ïðîäúëæåíèå íà ïîäõîäÿùà ðåñòðèêöèÿ
íà ñòîóíîâàòà äóàëíîñò. Ôåäîð÷óê äîêàçâà ñâîÿòà òåîðåìà çà äóàëíîñò ñ ïîìîù-
òà íà òåîðåìàòà çà äóàëíîñò íà äå Âðèñ. Òîé ïîêàçâà, ÷å íåãîâàòà äóàëíîñò ñå
ïîëó÷àâà êàòî ðåñòðèêöèÿ íà äóàëíîñòòà íà äå Âðèñ. Íèå, îáà÷å, ÿ ïîëó÷àâà-
ìå èçïîëçâàéêè åäèíñòâåíî ïîäõîäÿùà ðåñòðèêöèÿ íà ñòîóíîâàòà äóàëíîñò, áåç
äà èìàìå íóæäà îò äóàëíîñòòà íà äå Âðèñ. Ïîðàäè òîâà íàøåòî äîêàçàòåëñòâî å
äèðåêòíî è ñúâúðøåíî íîâî. Íåùî ïîâå÷å, áëàãîäàðåíèå íà íàøèÿ êàòåãîðåí ïîä-
õîä, ïîëó÷àâàìå òîïîëîãè÷íà èíòåðïðåòàöèÿ íà âñè÷êè àëãåáðè÷íè ïîíÿòèÿ,
èçïîëçâàíè â òåîðåìàòà çà äóàëíîñò íà Ôåäîð÷óê.

Çà äà ïðåäñòàâèì ïî-ïîäðîáíî íàøàòà ðàáîòà, ïúðâî ùå îïèøåì íàêðàòêî
äóàëíîñòèòå íà Ôåäîð÷óê è äå Âðèñ.

Çíàìåíèòàòà ñòîóíîâà òåîðåìà çà äóàëíîñò [M. H. Stone, Applications of the
theory of Boolean rings to general topology, Trans. Amer. Math. Soc. 41, 375-481]
ïîêàçâà, ÷å öÿëàòà èíôîðìàöèÿ çà åäíî íóëìåðíî êîìïàêòíî õàóñäîðôîâî ïðîñò-
ðàíñòâî (= ñòîóíîâî ïðîñòðàíñòâî) X, ñ òî÷íîñò äî õîìåîìîðôèçúì, ñå ñúäúð-
æà â íåãîâàòà áóëåâà àëãåáðà CO(X) îò âñè÷êè îòâîðåíî-çàòâîðåíè ïîäìíîæåñ-
òâà íà X. Ñúùî òàêà, öÿëàòà èíôîðìàöèÿ îòíîñíî íåïðåêúñíàòèòå èçîáðàæåíèÿ
ìåæäó äâå ñòîóíîâè ïðîñòðàíñòâà X è Y ñå ñúäúðæà â áóëåâèòå õîìîìîðôèçìè
ìåæäó áóëåâèòå àëãåáðè CO(Y ) è CO(X). Åñòåñòâåíî âúçíèêâà âúïðîñúò äà-
ëè ïîäîáåí ðåçóëòàò å âàëèäåí çà âñè÷êè êîìïàêòíè õàóñäîðôîâè ïðîñòðàíñòâà
è íåïðåêúñíàòèòå èçîáðàæåíèÿ ìåæäó òÿõ. Êàòî íàé-àòðàêòèâåí êàíäèäàò çà
ðîëÿòà íà áóëåâàòà àëãåáðà CO(X) ïðè åäíî òàêîâà ïðîäúëæåíèå ñå îòêðîÿâà
áóëåâàòà àëãåáðà RC(X) îò âñè÷êè ðåãóëÿðíî çàòâîðåíè ïîäìíîæåñòâà íà åäíî
êîìïàêòíî õàóñäîðôîâî ïðîñòðàíñòâî X (èëè íåéíîòî èçîìîðôíî êîïèå RO(X)
îò âñè÷êè ðåãóëÿðíî îòâîðåíè ïîäìíîæåñòâà íà X), íî, çà ñúæàëåíèå, òàçè êàí-
äèäàòóðà ñå îêàçâà íåïîäõîäÿùà: íàèñòèíà, äîáðå èçâåñòíî å, ÷å áóëåâèòå àë-
ãåáðè RC(X) è RC(EX), êúäåòî EX å àáñîëþòà (= ïðîåêòèâíîòî ïîêðèòèå)
íà X, ñà èçîìîðôíè, äîêàòî EX å õîìåîìîðôíî ñ X ñàìî àêî X å åêñòðåìàë-
íî íåñâúðçàíî. Âúïðåêè òîâà, ïðåç 1962 ã., äå Âðèñ [H. de Vries, Compact spaces
and compacti�cations, an algebraic approach, Van Gorcum, The Netherlands, 1962;
https://www .illc .uva .nl /Research /Publications /Dissertations /HDS/] ïîêàçà,
÷å àêî ðàçãëåäàìå áóëåâàòà àëãåáðà RC(X) çàåäíî ñ ðåëàöèÿòà ρX íàä RC(X),
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äåôèíèðàíà ÷ðåç ôîðìóëàòà

FρXG ⇔ F ∩G ̸= ∅,

òî äâîéêàòà (RC(X), ρX) íàïúëíî îïðåäåëÿ (ñ òî÷íîñò äî õîìåîìîðôèçúì) êîì-
ïàêòíîòî õàóñäîðôîâî ïðîñòðàíñòâî X. Íåùî ïîâå÷å, ñ ïîìîùòà íà ñïåöèàëíè
èçîáðàæåíèÿ ìåæäó äâîéêèòå (RC(X), ρX) è (RC(Y ), ρY ), ìîãàò äà áúäàò ðåêîí-
ñòðóèðàíè âñè÷êè íåïðåêúñíàòè èçîáðàæåíèÿ ìåæäó êîìïàêòíèòå õàóñäîðôîâè
ïðîñòðàíñòâà Y è X. Äå Âðèñ óñïÿâà äà îïèøå àëãåáðè÷íî äâîéêèòå (RC(X), ρX)
êàòî äâîéêè (A, ρ), ôîðìèðàíè îò ïúëíà áóëåâà àëãåáðà A è ðåëàöèÿ ρ íàä A,
óäîâëåòâîðÿâàùà îïðåäåëåíè óñëîâèÿ (àêñèîìè), è ñúùî òàêà - ñïåöèàëíèòå èçîá-
ðàæåíèÿ ìåæäó òåçè äâîéêè. Ñ òîâà òîé äåôèíèðà êàòåãîðèÿòà deV è äîêàçâà,
÷å òÿ å äóàëíî åêâèâàëåíòíà íà êàòåãîðèÿòà KHaus íà êîìïàêòíèòå õàóñäîðôî-
âè ïðîñòðàíñòâà è íåïðåêúñíàòèòå èçîáðàæåíèÿ. Âñúùíîñò, â ñâîÿòà ïóáëèêàöèÿ
äå Âðèñ íå èçïîëçâà ðåëàöèÿòà ρX ñïîìåíàòà ïî-ãîðå, à íåéíàòà �äóàëíà� ðåëà-
öèÿ F ≪X G äåôèíèðàíà ÷ðåç ôîðìóëàòà (F ≪X G ⇔ F ρ̄XG

∗), êúäåòî G∗ å
áóëåâîòî îòðèöàíèå íà G â áóëåâàòà àëãåáðà RC(X), à ρ̄ å äîïúëíåíèåòî íà ρ;
åêâèâàëåíòíàòà äåôèíèöèÿ íà òàçè ðåëàöèÿ íàä RC(X) å ñëåäíàòà:

F ≪X G ⇔ F ⊆ intX(G).

Àáñòðàêòíèòå äâîéêè (A,≪) ñà íàðå÷åíè îò äå Âðèñ êîìïèíäæåíòíè àëãåáðè,
à ñåãà òå ñå íàðè÷àò àëãåáðè íà äå Âðèñ. Àêñèîìèòå íà ðåëàöèÿòà ρ (ðåñïåêòèâ-
íî, ≪) íàä A âñúùíîñò ñúâïàäàò ñ àêñèîìèòå íà áëèçîñòèòå íà Åôðåìîâè÷ [V.
A. Efremovi�c, In�nitesimal spaces, DAN SSSR 76 (1951), 341�343], ñúñ ñàìî åäíî
èçêëþ÷åíèå: âìåñòî àêñèîìàòà çà îòäåëèìîñò íà Åôðåìîâè÷, â êîÿòî ñå ñïîìå-
íàâàò òî÷êèòå íà ñúîòâåòíîòî ìíîæåñòâî, äå Âðèñ âúâåæäà íîâà àêñèîìà, êîÿòî
ñåãà ñå íàðè÷à àêñèîìà çà åêñòåíñèîíàëíîñò. Òúé êàòî áëèçîñòèòå íà Åôðåìî-
âè÷ ñà ðåëàöèè íàä áóëåâàòà àëãåáðà (P(X),⊆) îò âñè÷êè ïîäìíîæåñòâà íà åäíî
ìíîæåñòâî X, àëãåáðèòå íà äå Âðèñ ìîãàò äà ñå ðàçãëåæäàò êàòî áåçòî÷êîâî
îáîáùåíèå íà áëèçîñòèòå íà Åôðåìîâè÷. Ïîíàñòîÿùåì äâîéêèòå (A, ρ), êúäåòî
A å áóëåâà àëãåáðà, à ρ å ðåëàöèÿ îò áëèçîñòåí òèï íàä A (íàðå÷åíà êîíòàêò-
íà ðåëàöèÿ), ïðèâëè÷àò âíèìàíèåòî íå ñàìî íà òîïîëîçèòå, íî è íà ëîãèöèòå è
èíôîðìàòèöèòå.

Ìîðôèçìèòå íà êàòåãîðèÿòà deV ñà äîñòà íåîáè÷àéíè è íå ñà äîñòàòú÷íî
óäîáíè çà ðàáîòà ñ òÿõ, òúé êàòî òå íå ñà áóëåâè õîìîìîðôèçìè è òÿõíàòà êàòå-
ãîðíà êîìïîçèöèÿ, â îáùèÿ ñëó÷àé, íå ñúâïàäà ñ òåîðåòèêî-ìíîæåñòâåíàòà êîì-
ïîçèöèÿ íà ôóíêöèè. Íî, êàêòî ïîêàçâà Ôåäîð÷óê â ñòàòèÿòà ñè, öèòèðàíà ïî-
ãîðå, ïúëíèòå áóëåâè õîìîìîðôèçìè, êîèòî ðåôëåêòèðàò êîíòàêòíèòå ðåëàöèè,
ñà deV-ìîðôèçìè è, íåùî ïîâå÷å, òåõíèòå êàòåãîðíè êîìïîçèöèè ñà îáè÷àéíèòå
òåîðåòèêî-ìíîæåñòâåíè êîìïîçèöèè íà ôóíêöèè. Çàòîâà òîé ðàçãëåæäà (íåïúë-
íàòà) ïîäêàòåãîðèÿ Fed íà deV, ÷èèòî îáåêòè ñà ñúùèòå êàòî íà êàòåãîðèÿòà
deV, íî ÷èèòî ìîðôèçìè ñà ñàìî òåçè �õóáàâè� deV-ìîðôèçìè, êîèòî òîêó-ùî
îïèñàõìå. Òîé ïîêàçâà, ÷å ðåñòðèêöèÿòà íà äóàëíîñòòà íà äå Âðèñ âúðõó ïîäêà-
òåãîðèÿòà Fed íà deV å äóàëíîñò ìåæäó êàòåãîðèÿòà Fed è (íåïúëíàòà) ïîä-
êàòåãîðèÿ KHausqop íà êàòåãîðèÿòà KHaus, ÷èèòî îáåêòè ñà ñúùèòå êàòî íà
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êàòåãîðèÿòà KHaus, íî ÷èèòî ìîðôèçìè ñà ñàìî êâàçè-îòâîðåíèòå (íåïðåêúñ-
íàòè) èçîáðàæåíèÿ, ïîëó÷àâàéêè ïî òîçè íà÷èí ñâîÿòà òåîðåìà çà äóàëíîñò.

Ïðèëàãàéêè íàøàòà îáùà êàòåãîðíà òåîðåìà çà ïðîäúëæàâàíå íà äóàëíè åê-
âèâàëåíòíîñòè, ïîëó÷àâàìå äóàëíîñòòà íà Ôåäîð÷óê ïî ñëåäíèÿ íà÷èí. Ïîëàãà-

ìå A
df
= CBoolesup (êúäåòî CBoolesup å êàòåãîðèÿòà íà ïúëíèòå áóëåâè àëãåáðè

è ïúëíèòå áóëåâè õîìîìîðôèçìè), X
df
= EKHop (êúäåòî EKHop å êàòåãîðèÿòà

íà åêñòðåìàëíî íåñâúðçàíèòå êîìïàêòíè õàóñäîðôîâè ïðîñòðàíñòâà è îòâîðå-

íèòå èçîáðàæåíèÿ) è Y
df
= KHausqop. Â ñòàòèÿòà íà Ã. Äèìîâ [G. Dimov, Some

generalizations of the Stone duality theorem, Publicationes Mathematicae Debrecen,
80 (2012), 255�293] å ïîêàçàíî, ÷å ðåñòðèêöèÿòà íà äóàëíîñòòà íà Ñòîóí âúðõó
êàòåãîðèÿòà A å äóàëíîñò ìåæäó êàòåãîðèèòå A è X; èìåííî íåÿ ùå ðàçãëåæäàìå
êàòî áàçèñíà äóàëíîñò. Çà äà îñèãóðèì íàëè÷èåòî íà êëàñà P, èçïîëçâàìå òåîðå-
ìàòà íà Â. Ðóìï [W. Rump, The absolute of a topological space and its application to
abelian l-groups, Appl. Categ. Struct. 17(2) (2009) 153�174], ÷å êàòåãîðèÿòà EKHop

å êîðåôëåêòèâíà ïîäêàòåãîðèÿ íà êàòåãîðèÿòà KHausqop (íàèñòèíà, êàêòî âå-
÷å îòáåëÿçàõìå ïî-ãîðå, ïðè íàëè÷èåòî íà êîðåôëåêòèâíîñò, ïî åñòåñòâåí íà÷èí
âúçíèêâà êëàñ P, óäîâëåòâîðÿâàù âñè÷êè èçèñêâàíèÿ êúì íåãî, ôîðìóëèðàíè â
íàøàòà îáùà êàòåãîðíà òåîðåìà). Èìàéêè âå÷å âñè÷êè íåîáõîäèìè èçõîäíè äàí-
íè, íèå ïðèëàãàìå íàøàòà îáùà êàòåãîðíà òåîðåìà è ïîëó÷àâàìå êàòåãîðèÿ B,
êîÿòî å äóàëíî åêâèâàëåíòíà íà êàòåãîðèÿòà Y, ñúäúðæà A êàòî ïúëíà ïîäêàòå-
ãîðèÿ è å òàêàâà, ÷å ñëåäíàòà äèàãðàìà å êîìóòàòèâíà (ñ òî÷íîñò äî åñòåñòâåí
èçîìîðôèçúì):

B
T̃ ..KHausqop
S̃

nn

CBoolesup

J

OO

T=Ult .. EKHop.

I

OO

S=CO
oo

Íàé-ñåòíå, äîêàçâàéêè, ÷å êàòåãîðèÿòà B å åêâèâàëåíòíà íà êàòåãîðèÿòà Fed,
íèå çàâúðøâàìå íàøåòî íîâî äîêàçàòåëñòâî íà òåîðåìàòà çà äóàëíîñò íà Ôåäîð-
÷óê. Òî÷íî òóê, â ïðîöåñà íà äîêàçàòåëñòâî íà ïîñëåäíàòà åêâèâàëåíòíîñò, íèå
ðàçêðèâàìå òîïîëîãè÷íàòà ïðèðîäà íà îáåêòèòå è ìîðôèçìèòå íà êàòåãîðèÿòà
Fed.

Summary

In this paper we propound a general categorical framework for the extension of
dualities and applying it, we present a new proof of the Fedorchuk duality [V. V.
Fedorchuk, Boolean δ-algebras and quasi-open mappings. Sibirsk. Mat. �Z. 14 (5)
(1973), 1088�1099; English translation: Siberian Math. J. 14 (1973), 759-767 (1974)].
Namely, given a dual equivalence

A
T -- X
S
mm
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(which we will call basic dual equivalence) of categories A and X, where X is a full
subcategory of a category Y, and a distinguished class P of morphisms in Y, we �nd
a �good� category B into which A is fully embedded via a functor J , and a dual
equivalence

B
T̃ -- Y,
S̃

mm

extending (up to natural isomorphisms) the given one along the inclusion functor I
and the embedding J , as in the diagram

B
T̃ ,, Y
S̃

mm

A

J

OO

T -- X.

I

OO

S
mm

Of course, one may easily form a �bad� category B satisfying these requirements:
inside Y, simply replace X by A and adjust the composition, using the given dual
equivalence. But this ad-hoc procedure produces a categoryB that is just a camou�age
of Y, with no meaningful application. Our main point is to take advantage of the
special class P of morphisms in Y that, knowing the category X, is able to encode all
needed information about the remaining Y-objects. Then a �good� category B should
emerge. Its objects should be A-objects with a structure, provided by the class P.
And so indeed, we consider as objects of B the pairs (A, p), with A an A-object and
p ∈ P a Y-morphism with domain T (A). The desired role of the class P is ensured by
imposing by us �ve basic requirements on this class. Let us note that core�ectivity of
X in Y always allows for the provision of such a �good� class P.

Applying our general categorical theorem for the extension of dualities, we obtain
the Fedorchuk duality as an extension of a suitable restriction of the Stone duality.
Fedorchuk proved his duality theorem using de Vries' duality theorem. He showed
that his duality theorem is a restriction of de Vries' duality. We, however, establish
it solely from a suitable restricted Stone duality, and without any use of the de Vries
duality. So that, our proof is a direct one and completely new. Moreover, thanks to our
categorical approach, we obtain a topological interpretation of all algebraic notions
used in the Fedorchuk Duality Theorem.

For presenting some more details about our paper, we will �rst describe brie�y
the Fedorchuk and the de Vries dualities.

The celebrated Stone Duality Theorem [M. H. Stone, Applications of the theory of
Boolean rings to general topology, Trans. Amer. Math. Soc. 41, 375-481] shows that
the entire information about a zero-dimensional compact Hausdor� space (= Stone
space) X is, up to homeomorphism, contained in its Boolean algebra CO(X) of all
clopen (= simultaneously closed and open) subsets of X. Likewise, all information
about the continuous maps between two Stone spaces X and Y is encoded by the
Boolean homomorphisms between the Boolean algebras CO(Y ) and CO(X). It is
natural to ask whether a similar result holds for all compact Hausdor� spaces and
continuous maps between them. The �rst candidate for the role of the Boolean
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algebra CO(X) under such an extension seems to be the Boolean algebra RC(X)
of all regular closed subsets of a compact Hausdor� space X (or, its isomorphic copy
RO(X) of all regular open subsets of X), but it fails immediately: indeed, for the
absolute (or projective cover) EX of X, it is well known that the Boolean algebras
RC(X) and RC(EX) are isomorphic, even though EX is homeomorphic to X only
if X is extremally disconnected. However, de Vries [H. de Vries, Compact spaces
and compacti�cations, an algebraic approach, Van Gorcum, The Netherlands, 1962;
https://www .illc .uva .nl /Research /Publications /Dissertations /HDS/] showed in
1962 that, if we regard the Boolean algebra RC(X) together with the relation ρX on
RC(X), de�ned by

FρXG ⇔ F ∩G ̸= ∅,

then the pair (RC(X), ρX) determines uniquely (up to homeomorphism) the compact
Hausdor� space X. Moreover, with the help of some special maps between the pairs
(RC(X), ρX) and (RC(Y ), ρY ), one can reconstruct all continuous maps between the
compact Hausdor� spaces Y and X. He gave an algebraic description of the pairs
(RC(X), ρX) as pairs (A, ρ), formed by a complete Boolean algebra A and a relation
ρ on A, satisfying certain axioms, and he also described algebraically the needed
special maps of such pairs. In this way he obtained a category deV and its dual
equivalence with the category KHaus of compact Hausdor� spaces and continuous
maps. In fact, de Vries did not use the relation ρX as mentioned above, but its �dual�
relation, that is, the relation F ≪X G de�ned by (F ≪X G ⇔ F ρ̄XG

∗), where G∗ is
the Boolean negation of G in the Boolean algebra RC(X) and ρ̄ is the complement
of ρ; the equivalent de�nition of this relation on RC(X) is the following one:

F ≪X G ⇔ F ⊆ intX(G).

Now known as de Vries algebras, he originally called the abstract pairs (A,≪) compin-
gent algebras. The axioms for the relation ρ (respectively, ≪) on A are precisely
the axioms for Efremovi�c proximities [V. A. Efremovi�c, In�nitesimal spaces, DAN
SSSR 76 (1951), 341�343], with only one exception: instead of Efremovi�c's separation
axiom, which refers to the points of the space in question, de Vries introduced, what
is now called, the extensionality axiom. Since Efremovi�c proximities are relations on
the Boolean algebra (P(X),⊆) of all subsets of a set X, de Vries algebras may be
regarded as point-free generalizations of the Efremovi�c proximities. Nowadays the
pairs (A, ρ), where A is a Boolean algebra and ρ is a proximity-type relation on A
(called contact relation), attract the attention not only of topologists, but also of
logicians and theoretical computer sciencists.

A drawback of the category deV is that its morphisms are quite unusual, and
not very convenient to work with, since they are not Boolean homomorphisms, and
since their categorical composition is in general not the set-theoretical composition
of functions. But, as Fedorchuk noted in his aforementioned paper, those complete
Boolean homomorphisms which re�ect the contact relations of their domains and
codomains, are morphisms in deV and, moreover, their categorical composition coin-
cides with the usual set-theoretical composition of functions. He therefore considered
the (non-full) subcategory Fed of deV with the same objects, but with morphisms
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only those �good� deV-morphisms just described. He proved that the restricted to
the subcategory Fed de Vries' duality gives a duality between Fed and the (non-full)
subcategory KHausqop of KHaus whose morphisms are just the quasi-open maps,
thus obtaining his duality theorem. Applying our general categorical theorem for
extensions of dualities, we obtain the Fedorchuk duality in the following way. We set

A
df
= CBoolesup (where CBoolesup is the category of complete Boolean algebras with

their suprema-preserving Boolean homomorphisms), X
df
= EKHop (where EKHop is

the category of extremally disconnected compact Hausdor� spaces and their open

maps) and Y
df
= KHausqop. As it was shown by Dimov [G. Dimov, Some generalizati-

ons of the Stone duality theorem, Publicationes Mathematicae Debrecen, 80 (2012),
255�293], the Stone duality restricts to a duality between the categories A and X.
To construct the class P, we utilize the Rump theorem [W. Rump, The absolute
of a topological space and its application to abelian l-groups, Appl. Categ. Struct.
17(2) (2009) 153�174] that EKHop is core�ective in KHausqop (indeed, as we have
already noted, this fact allows for the provision of a class P which satis�es all �ve
conditions required by our general categorical theorem). Hence, we are in position
to use it and to obtain a category B which is dually equivalent to the category Y,
contains A as a full subcategory and makes the following diagram commute (up to
natural isomorphisms):

B
T̃ ..KHausqop
S̃

nn

CBoolesup

J

OO

T=Ult .. EKHop.

I

OO

S=CO
oo

Finally, proving that the category B is equivalent to the category Fed, we complete
our new proof of the Fedorchuk duality theorem. Exactly here, in the course of the
proof of the last equivalence, we reveal the topological nature of the objects and
morphisms of the category Fed.
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Ðåçþìå

Òàçè ñòàòèÿ ìîæå äà áúäå ðàçãëåæäàíà êàòî ïðîäúëæåíèå íà ñòàòèÿòà Ã7-2
(ò.å. íà ñòàòèÿòà [G. Dimov, E. Ivanova-Dimova, W. Tholen, Extensions of dualities
and a new approach to the Fedorchuk duality, Topology and its Applications, 281
(2020) 107207] è ïîðàäè òîâà ùå ñ÷èòàìå íåéíîòî ðåçþìå çà ÷àñò îò íàñòîÿùîòî.

Â íàñòîÿùàòà ñòàòèÿ ïðåäëàãàìå íîâà îáùà êàòåãîðíà êîíñòðóêöèÿ (= ñõåìà,
òåîðåìà) çà ïðîäúëæàâàíå íà äóàëíè åêâèâàëåíòíîñòè. Êîíñòðóêöèÿòà, ïðåäñòà-
âåíà â Ã7-2, ñå ÿâÿâà íåèí ÷àñòåí ñëó÷àé. Â íîâàòà òåîðåìà çàìåñòâàìå ñòàðîòî
óñëîâèå (P5) çà êëàñà P îò ñòàòèÿòà Ã7-2 ñ ïî-ñëàáî óñëîâèå (òî ôèãóðèðà â
íîâàòà ñòàòèÿ êàòî óñëîâèå (P3)). Òîâà íè ïîçâîëÿâà äà ïîëó÷èì íîâî äîêàçà-
òåëñòâî íà òåîðåìaòà çà äóàëíîñò íà äå Âðèñ è, íåùî ïîâå÷å, äà ÿ ïðåäñòàâèì â
íîâà ìîäèôèöèðàíà ôîðìà, â êîÿòî ìîðôèçìèòå íà êàòåãîðèÿòà äóàëíà íà êàòå-
ãîðèÿòà KHaus, êàêòî è òåõíèòå êîìïîçèöèè, ñà âå÷å åñòåñòâåíè. Ñ òîâà ïîëó÷à-
âàìå íîâà òåîðåìà çà äóàëíîñò çà êàòåãîðèÿòà KHaus. Ñúùî òàêà, èçïîëçâàéêè
äóàëíàòà ôîðìà íà íàøàòà êàòåãîðíà òåîðåìà îò ñòàòèÿòà Ã7-2, äàâàìå íîâî
äîêàçàòåëñòâî íà ïðîäúëæåíèåòî íà äóàëíîñòòà íà äå Âðèñ âúðõó êàòåãîðèÿòà
Tych íà òèõîíîâèòå ïðîñòðàíñòâà è íåïðåêúñíàòèòå èçîáðàæåíèÿ, ïîëó÷åíî îò
Áåæàíèøâèëè-Ìîðàíäè-Îëáåðäèíã [G. Bezhanishvili, P.J. Morandi, B. Olberding,
An extension of De Vries duality to completely regular spaces and compacti�cations,
Topol. Appl. 257, 85�105 (2019)]; íåùî ïîâå÷å, ïðàâåéêè òîâà, ïîëó÷àâàìå è íîâà
òåîðåìà çà äóàëíîñò çà êàòåãîðèÿòà Tych.

Ïî-êîíêðåòíî, çà ïîëó÷àâàíåòî íà äóàëíîñòòà íà äå Âðèñ, ïîëàãàìå A
df
=

CBoole (êúäåòî CBoole å êàòåãîðèÿòà íà ïúëíèòå áóëåâè àëãåáðè è áóëåâèòå

õîìîìîðôèçìè), X
df
= EKH (êúäåòî EKH å êàòåãîðèÿòà íà êîìïàêòíèòå õàóñ-

äîðôîâè åêñòðåìàëíî íåñâúðçàíè ïðîñòðàíñòâà è íåïðåêúñíàòèòå èçîáðàæåíèÿ),

Y
df
= KHaus, à êàòî áàçèñíà äóàëíîñò ìåæäó A è X èçïîëçâàìå äîáðå èçâåñòíàòà

ðåñòðèêöèÿ

CBoole
T=Ult .. EKH
S=CO
nn

íà ñòîóíîâàòà äóàëíîñò. Î÷åâèäíî, EKH å ïúëíà ïîäêàòåãîðèÿ íà KHaus. Ñ
ïîìîùòà íà èçâåñòíàòà òåîðåìà íà Ãëèñîí [A.M. Gleason, Projective topological
spaces. Ill. J. Math. 2, 482�489 (1958)] (à èìåííî, ÷å åäíî êîìïàêòíî õàóñäîðôîâî
ïðîñòðàíñòâî å ïðîåêòèâíî òîãàâà è ñàìî òîãàâà, êîãàòî òî å åêñòðåìàëíî íåñ-
âúðçàíî) ëåñíî ñå âèæäà, ÷å êëàñúò îò âñè÷êè íåïðèâîäèìè èçîáðàæåíèÿ ìåæäó
êîìïàêòíè õàóñäîðôîâè ïðîñòðàíñòâà ñ åêñòðåìàëíî íåñâúðçàíà äåôèíèöèîííà
îáëàñò ìîæå äà èãðàå ðîëÿòà íà P â íàøàòà íîâà êàòåãîðíà òåîðåìà çà ïðî-
äúëæàâàíå íà äóàëíîñòè. Ðàçïîëàãàéêè ñ âñè÷êè òåçè èçõîäíè äàííè, íèå ñìå â
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ñúñòîÿíèå äà ñå âúçïîëçâàìå îò íàøàòà êàòåãîðíà òåîðåìà. Òÿ íè äàâà åäíà êàòå-
ãîðèÿ B, êîÿòî å äóàëíî åêâèâàëåíòíà íà êàòåãîðèÿòà KHaus, ñúäúðæà CBoole
êàòî ïúëíà ïîäêàòåãîðèÿ è å òàêàâà, ÷å ñëåäíàòà äèàãðàìà å êîìóòàòèâíà (ñ
òî÷íîñò äî åñòåñòâåí èçîìîðôèçúì):

B
T̃ ..KHaus
S̃

mm

CBoole

J

OO

T=Ult .. EKH.

I

OO

S=CO
nn

Â íàñòîÿùàòà ðàáîòà òàçè êàòåãîðèÿ B å îçíà÷åíà ñ C(A,P,X)/ ∼. Ñëåä òîâà
òðàíñôîðìèðàìå êàòåãîðèÿòà B â íîâà êàòåãîðèÿ deVBoo/∽, ÷èèòî îáåêòè ñà
ñúùèòå êàòî îáåêòèòå íà êàòåãîðèÿòà deV è ÷èèòî ìîðôèçìè ñà êëàñîâå íà åêâè-
âàëåíòíîñò îò áóëåâè õîìîìîðôèçìè, ðåôëåêòèðàùè êîíòàêòíèòå ðåëàöèè, à
òåõíèòå êîìïîçèöèè ñå ïîëó÷àâàò ÷ðåç òåîðåòèêî-ìíîæåñòâåíè êîìïîçèöèè
íà ïðåäñòàâèòåëè íà êëàñîâåòå íà åêâèâàëåíòíîñò. Äîêàçâàìå, ÷å êàòåãîðè-
ÿòà B å åêâèâàëåíòíà íà òàçè íîâà êàòåãîðèÿ, êîåòî îçíà÷àâà, ÷å êàòåãîðèÿòà
deVBoo/∽ å äóàëíî åêâèâàëåíòíà íà êàòåãîðèÿòà KHaus. Òî÷íî òàçè íîâà äó-
àëíîñò çà êàòåãîðèÿòàKHaus íèå íàðè÷àìå ìîäèôèöèðàíà äóàëíîñò íà äå Âðèñ.
Ïîêàçâàéêè, ÷å êàòåãîðèÿòà deVBoo/∽ å èçîìîðôíà íà êàòåãîðèÿòà deV, íèå
çàâúðøâàìå íàøåòî íîâî äîêàçàòåëñòâî íà òåîðåìàòà íà äå Âðèñ çà äóàëíîñò.

Êàòî âñÿêà äðóãà êàòåãîðíà òåîðåìà, íàøàòà íîâà îáùà êàòåãîðíà òåîðåìà
çà ïðîäúëæàâàíå íà äóàëíîñòè èìà äóàëåí äâîéíèê (= íîâà òåîðåìà, ïîëó÷åíà
îò ñòàðàòà ÷ðåç îáðúùàíå íà ñòðåëêèòå). Íåèí ÷àñòåí ñëó÷àé ñå ÿâÿâà äóàëíèÿò
äâîéíèê íà íàøàòà êàòåãîðíà òåîðåìà, äîêàçàíà â ðàáîòàòà íè Ã7-2. Â ðåçþìåòî
íà Ã7-2 îòáåëÿçàõìå, ÷å êîðåôëåêòèâíîñòòà íà X â Y îñèãóðÿâà ñúùåñòâóâàíåòî
íà êëàñ P, óäîâëåòâîðÿâàù âñè÷êè èçèñêâàíèÿ, ôîðìóëèðàíè â íàøàòà êàòåãîð-
íà òåîðåìà îò ñòàòèÿòà Ã7-2. Ñëåäîâàòåëíî ðåôëåêòèâíîñòòà íà X â Y îñèãóðÿâà
íàëè÷èåòî íà êëàñ, îçíà÷åí âå÷å ñ J, óäîâëåòâîðÿâàù âñè÷êè èçèñêâàíèÿ, ôîð-
ìóëèðàíè â äóàëíèÿ äâîéíèê íà íàøàòà êàòåãîðíà òåîðåìà îò ñòàòèÿòà Ã7-2.
Èìàéêè òîâà ïðåäâèä, çà äà ïîëó÷èì íîâî äîêàçàòåëñòâî íà òåîðåìàòà çà äó-

àëíîñò íà Áåæàíèøâèëè-Ìîðàíäè-Îëáåðäèíã, ïîëàãàìå A
df
= deV, X

df
= KHaus,

Y
df
= Tych è â êà÷åñòâîòî íà áàçèñíà äóàëíîñò ðàçãëåæäàìå äóàëíîñòòà íà äå

Âðèñ

deV
T ..KHaus

S=RC
nn

Äîáðå èçâåñòíî å, ÷å êàòåãîðèÿòà KHaus å ðåôëåêòèâíà ïîäêàòåãîðèÿ íà êàòå-
ãîðèÿòà Tych. Ñëåäîâàòåëíî, ìîæåì äà èçïîëçâàìå äóàëíèÿ äâîéíèê íà íàøàòà
êàòåãîðíà òåîðåìà è äà ïîëó÷èì ñ íåãîâà ïîìîù åäíà êaòåãîðèÿ B (îçíà÷åíà
â ñòàòèÿòà íè ñ D(A, J,X)), êîÿòî å äóàëíî åêâèâàëåíòíà íà êàòåãîðèÿòà Tych,
ñúäúðæà deV êàòî ïúëíà ïîäêàòåãîðèÿ è e òàêàâà, ÷å ñëåäíàòà äèàãðàìà å êî-
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ìóòàòèâíà (ñ òî÷íîñò äî åñòåñòâåí èçîìîðôèçúì):

B
T̃ .. Tych
S̃

mm

deV

J

OO

T ..KHaus.

I

OO

S=RC
nn

Äóàëíîñòòà íà äå Âðèñ ñå îñúùåñòâÿâà ÷ðåç êîíòðàâàðèàíòíèòå ôóíêòîðè
RC(= S) è Clust. Ôóíêòîðúò RC ñúïîñòàâÿ íà âñåêè KHaus-îáåêò X äâîéêà-
òà, ñúñòîÿùà ñå îò áóëåâàòà àëãåáðà RC(X) îò âñè÷êè íåãîâè ðåãóëÿðíî çàòâî-
ðåíè ïîäìíîæåñòâà è ðåëàöèÿòà ρX íàä RC(X), äåôèíèðàíà ÷ðåç ôîðìóëàòà
FρXG ⇔ F ∩ G ̸= ∅. (Äà íàïîìíèì, ÷å àêî X å åêñòðåìàëíî íåñâúðçàíî ïðîñò-
ðàíñòâî, òî áóëåâàòà àëãåáðà RC(X) ñúâïàäà ñ áóëåâàòà àëãåáðà CO(X) îò âñè÷-
êè îòâîðåíî-çàòâîðåíè ïîäìíîæåñòâà íà X, êîÿòî ñå èçïîëçâà â äóàëíîñòòà íà
Ñòîóí.) Ôóíêòîðúò Clust íàïîäîáÿâà ñòîóíîâèÿ ôóíêòîð Ult (êîéòî ñúïîñòàâÿ
íà âñÿêà (ïúëíà) áóëåâà àëãåáðà B ïðîñòðàíñòâîòî îò óëòðàôèëòðèòå â B) è
ñúïîñòàâÿ íà âñÿêà àëãåáðà íà äå Âðèñ B ïðîñòðàíñòâîòî îò òàêà íàðå÷åíèòå
êëúñòúðè â B. Â íàñòîÿùàòà ñòàòèÿ ïîêàçâàìå, ÷å ôóíêòîðúò Clust ñå ïðåäñòàâÿ
(òî÷íî êàòî ôóíêòîðà Ult) îò áóëåâàòà àëãåáðà 2 ñ äâà åëåìåíòà è ÷å òîé ìî-
æå äà áúäå çàìåíåí â äóàëíîñòòà íà äå Âðèñ ñ êîíòðàâàðèàíòíèÿ hom-ôóíêòîð
deV(−,2) ñúñ ñòîéíîñòè â êàòåãîðèÿòà KHaus, êúäåòî 2 ñå ðàçãëåæäà êàòî äèñ-
êðåòíà àëãåáðà íà äå Âðèñ. (Òàçè êîíñòàòàöèÿ ñå áàçèðà íà ôàêòà, äîêàçàí ïúðâî
â [G. Dimov, Proximity-type relations on Boolean algebras and their connections with
topological spaces. Doctor of Sciences (= Dr. Habil.) Thesis, Faculty of Mathematics
and Informatics, So�a University �St. Kl. Ohridski�, So�a, 1�292 (2013), https://www.
fmi.uni-so�a.bg/bg/prof-dmn-georgi-dimov], ÷å òî÷íî êàêòî óëòðàôèëòðèòå â åäíà
áóëåâà àëãåáðà A ìîãàò äà áúäàò åêâèâàëåíòíî ïðåäñòàâåíè êàòî áóëåâè õîìî-
ìîðôèçìè, èçîáðàçÿâàùè A â 2, êëúñòúðèòå â åäíà àëãåáðà íà äå Âðèñ A ìî-
ãàò äà áúäàò åêâèâàëåíòíî ïðåäñòàâåíè êàòî deV-ìîðôèçìè, èçîáðàçÿâàùè A
â äèñêðåòíàòà àëãåáðà íà äå Âðèñ 2.) Ñëåä óñòàíîâÿâàíåòî íà òîçè ôàêò, íèå
âå÷å ñ÷èòàìå, ÷å èìåííî ôóíêòîðúò deV(−,2) å ãîðåñïîìåíàòèÿ ôóíêòîð T â
äóàëíîñòòà íà äå Âðèñ. Ðàçïîëàãàéêè ñ êàòåãîðèÿòà B (îçíà÷åíà â ñòàòèÿòà íè ñ
D(A, J,X)), ïîñòðîÿâàìå ñ íåéíà ïîìîù åäíà �ìåæäèííà� êàòåãîðèÿUdeV. Îáåê-
òèòå íà êàòåãîðèÿòà UdeV, êîèòî íàðè÷àìå óíèâåðñàëíè äâîéêè íà äå Âðèñ, ñà
äâîéêè (A, Y ), ôîðìèðàíè îò àëãåáða íà äå ÂðèñA è ïîäìíîæåñòâî Y íà (êîìïàê-
òíîòî õàóñäîðôîâî ïðîñòðàíñòâî) deV(A, 2), êîåòî, êàêòî å ïîêàçàíî â ñòàòèÿòà
íè, ñå ÿâÿâà Ñòîóí-×åõîâñêî êîìïàêòíî ðàçøèðåíèå íà ñâîåòî ïîäïðîñòðàíñò-
âî Y . Ëåñíî ñå âèæäà, ÷å êàòåãîðèÿòà UdeV å åêâèâàëåíòíà íà êàòåãîðèÿòà
B(= D(A, J,X)) è, ñëåäîâàòåëíî, êàòåãîðèÿòà UdeV å äóàëíî åêâèâàëåíòíà íà
êàòåãîðèÿòà Tych. Òîâà å è íàøàòà íîâà òåîðåìà çà äóàëíîñò çà êàòåãîðèÿòà
Tych. Ïîñëåäíàòà ñòúïêà êúì óñòàíîâÿâàíå íà äóàëíîñòòà íà Áåæàíèøâèëè-
Ìîðàíäè-Îëáåðäèíã ñå ñúñòîè â èçïîëçâàíåòî íà äóàëíîñòòà íà Òàðñêè çà êîäè-
ðàíåòî íà ìíîæåñòâîòî Y ÷ðåç íåãîâèÿ áóëåàí, ðàçãëåæäàí êàòî ïúëíà àòîìíà
áóëåâà àëãåáðà. Èäåÿòà å ñëåäíàòà: âìåñòî ìíîæåñòâàòà Y ìîæåì äà ðàçãëåæäàìå
deV-âëàãàíèÿòà A → B, êúäåòî B å ïúëíà àòîìíà áóëåâà àëãåáðà. Ïî òîçè íà÷èí
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ïîêàçâàìå, ÷å êàòåãîðèÿòà UdeV å åêâèâàëåíòíà íà êàòåãîðèÿòà UBdeV, ïîñò-
ðîåíà îò Áåæàíèøâèëè-Ìîðàíäè-Îëáåðäèíã êàòî äóàëíà íà êàòåãîðèÿòà Tych.
Ñ òîâà çàâúðøâàìå íàøåòî àëòåðíàòèâíî äîêàçàòåëñòâî íà òåîðåìàòà çà äóàë-
íîñò íà Áåæàíèøâèëè-Ìîðàíäè-Îëáåðäèíã.

Summary

This paper can be regarded as a continuation of the paper Ã7-2 (i.e. of the
paper [G. Dimov, E. Ivanova-Dimova, W. Tholen, Extensions of dualities and a new
approach to the Fedorchuk duality, Topology and its Applications, 281 (2020) 107207],
so that we will consider its summary as a part of the present one.

In the present paper we propound a new general categorical extension construction
for dual equivalences. That one presented in Ã7-2 is now a special case of it. In the
new theorem we replace the old condition (P5) for the class P from Ã7-2 with a
weaker condition (it appears in the paper as condition (P3)). This allows us to obtain
a new proof of the de Vries duality theorem and, moreover, to present it in a new
modi�ed form in which the morphisms and their compositions are already natural.
In this way we obtain a new duality theorem for the category KHaus. Also, using
the dualization of our categorical theorem from Ã7-2, we give an alternative proof
of the extension of the de Vries duality to the category Tych of Tychono� spaces
and continuous maps that was provided by Bezhanishvili, Morandi and Olberding
[G. Bezhanishvili, P.J. Morandi, B. Olberding, An extension of De Vries duality to
completely regular spaces and compacti�cations, Topol. Appl. 257, 85�105 (2019)]
(we will refer to it as BMO duality) and, in the process of doing this, we obtain a
new duality theorem for the category Tych.

Speci�cally, for obtaining de Vries duality, we put A
df
= CBoole (where CBoole is

the category of complete Boolean algebras and Boolean homomorphisms), X
df
= EKH

(where EKH is the category of compact Hausdor� extremally disconnected spaces

and continuous maps), Y
df
= KHaus and as a basic duality between A and X, we use

the well-known restricted Stone duality

CBoole
T=Ult .. EKH
S=CO
nn

Clearly, EKH is a full subcategory of KHaus. With Gleason's Theorem [A.M.
Gleason, Projective topological spaces. Ill. J. Math. 2, 482�489 (1958)] (namely, that
a compact Hausdor� space is projective if, and only if, it is extremally disconnected)
one sees easily that the class of irreducible maps of compact Hausdor� spaces with
extremally disconnected domain can be taken as the class P in our new categorical
theorem for extension of dualities. Hence, we are in a position to apply our categorical
theorem. It gives us a category B which is dually equivalent to the category KHaus,
contains CBoole as a full subcategory and makes the following diagram commute
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(up to natural isomorphisms):

B
T̃ ..KHaus
S̃

mm

CBoole

J

OO

T=Ult .. EKH.

I

OO

S=CO
nn

In the paper this category B is denoted by C(A,P,X)/ ∼. Then we transform the
category B into a new category deVBoo/∽ whose objects are the same as those of
the category deV and whose morphisms are equivalence classes of Boolean homomor-
phisms re�ecting the contact relations, to be composed by ordinary map composition of
their representatives. We prove that the category B is equivalent to this new category,
which implies immediately that the category deVBoo/∽ is dually equivalent to the
category KHaus. Exactly this new duality for the category KHaus is called by us
modi�ed de Vries' duality. Proving that the category deVBoo/∽ is isomorphic to
the category deV, we complete our new proof of de Vries' duality theorem.

As every categorical theorem, our new general categorical theorem for the extensi-
on of dualities has a dualization. Òhe dualization of our categorical theorem proved
in the paper Ã7-2 is a special case of it. In the summary of Ã7-2 we noted that
core�ectivity of X in Y always allows for the provision of a class P which satis�es all
requirements of our categorical theorem from Ã7-2. Then, obviously, the re�ectivity
of X in Y allows for the provision of a class, which we denote now by J, and which
satis�es all requirements of the dualization of our categorical theorem from Ã7-2.
Having this in mind, for obtaining our new proof of BMO duality theorem, we set

A
df
= deV, X

df
= KHaus, Y

df
= Tych and start with the de Vries duality

deV
T ..KHaus

S=RC
nn

It is a well-known fact that the category KHaus is a re�ective subcategory of the
category Tych. Thus we can apply our dualized categorical theorem for obtaining
a category B (denoted in the paper by D(A, J,X)) which is dually equivalent to the
category Tych, contains deV as a full subcategory and makes the following diagram
commute (up to natural isomorphisms):

B
T̃ .. Tych
S̃

mm

deV

J

OO

T ..KHaus.

I

OO

S=RC
nn

The de Vries duality is realized by the contravariant functors RC(= S) and Clust.
The functor RC assigns to every space X in KHaus the complete Boolean algebra
RC(X) of its regular closed sets, provided with the relation that declares two sets
to be in contact when they intersect. (Recall that for X extremally disconnected,
RC(X) coincides with the algebra CO(X) of clopen sets in X, as used in the Stone
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duality.) The functor Clust generalizes Stone's formation of the space of ultra�lters
in a (complete) Boolean algebra, assigning to a de Vries algebra its space of so-
called clusters. As we show in this paper, the functor Clust is (just like the ultra�lter
functor for Boolean algebras) represented by the two-chain 2 and may be replaced
by the KHaus-valued contravariant hom-functor deV(−,2), where 2 is regarded as
a discrete de Vries algebra. This observation is based on the fact, proved �rst in
[G. Dimov, Proximity-type relations on Boolean algebras and their connections with
topological spaces. Doctor of Sciences (= Dr. Habil.) Thesis, Faculty of Mathematics
and Informatics, So�a University �St. Kl. Ohridski�, So�a, 1�292 (2013), https://www.
fmi.uni-so�a.bg/bg/prof-dmn-georgi-dimov], that exactly as the ultra�lters in a Bool-
ean algebra A may equivalently be described as 2-valued Boolean homomorphisms
on A, the clusters in a de Vries algebra A may equivalently be presented by 2-
valued de Vries morphisms on A. Here we prefer to take the functor T in the form
deV(−,2). Having the category B(= D(A, J,X)), we form a �mediating� category,
UdeV, whose de�nition �ows naturally from our categorical extension technique. The
UdeV-objects, which we call universal de Vries pairs, are de Vries algebras A that
come equipped with a subset Y of (the compact Hausdor� space) deV(A, 2) which
may then serve as the Stone-�Cech compacti�cation of its subspace Y . It is easily seen
that the category UdeV is equivalent to the category B(= D(A, J,X)) and thus the
category UdeV is dually equivalent to the category Tych. This is our new duality
theorem for the category Tych. The last step towards establishing the BMO duality
then consists of employing the Tarski duality to encode the subset Y by its power
set, treated as a complete atomic Boolean algebra. Brie�y, rather than subsets Y one
may equivalently consider de Vries embeddings A → B into complete atomic Boolean
algebras B. In this way we show that our category UdeV is equivalent to the BMO
category UBdeV. This completes our alternative proof of BMO duality.

This paper is cited in:

1. Ali Akbar Estaji, Toktam Haghdadi and Javad Farokhi Ostad, Topobooleans
and Boolean Contact Algebras with Interpolation Property, Filomat 35 (9) (2021),
2895-2909. IF 0.844 (2020).

2. Guram Bezhanishvili, Luca Carai, Patrick J. Morandi and Bruce Olberding, A
uni�ed approach to Gelfand and de Vries dualities, Forum Mathematicum (Published
online by De Gruyter: February 28, 2023), https://doi.org/10.1515/forum-2022-0096,
Impact Factor: 0.943 (2021), Online ISSN: 1435-5337, Print ISSN: 0933-7741.
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Ã7-4. Georgi Dimov, Elza Ivanova-Dimova, Walter Tholen, Categorical Extension
of Dualities: From Stone to de Vries and Beyond, II, Topology and its Applications
(2023) IF 0.583 (2021), Web of Science Quartile: Q4 (2021), ISSN (print)
0166-8641, ISSN (electronic) 1879-3207 (accepted for publication) (36 òî÷êè).

Ðåçþìå

Òàçè ñòàòèÿ å ïðîäúëæåíèå íà ñòàòèÿòà Ã7-3 (ò.å. íà ðàáîòàòà [Georgi Dimov,
Elza Ivanova-Dimova, Walter Tholen, Categorical Extension of Dualities: From Stone
to de Vries and Beyond, I, Applied Categorical Structures, 30(2), 2022, 287�329]),
íî â íåÿ ñå èçïîëçâàò è íÿêîè ðåçóëòàòè îò ñòàòèèòå B4-2 è Ã7-1, è çàòîâà ùå
ñ÷èòàìå, ÷å ðåçþìåòàòà íà òåçè òðè ñòàòèè ñà ÷àñòè îò íàñòîÿùîòî ðåçþìå.

Â íàñòîÿùàòà ñòàòèÿ, èçïîëçâàéêè íàøàòà îáùà êàòåãîðíà òåîðåìà çà ïðî-
äúëæàâàíå íà äóàëíè åêâèâàëåíòíîñòè, äîêàçàíà â Ã7-3, ïîëó÷àâàìå íîâà êàòå-
ãîðèÿ, êîÿòî å äóàëíî åêâèâàëåíòíà íà êàòåãîðèÿòà LKHaus íà ëîêàëíî êîìïàê-
òíèòå õàóñäîðôîâè ïðîñòðàíñòâà è íåïðåêúñíàòèòå èçîáðàæåíèÿ, êàòî ïðè òîâà
òàçè íîâà äóàëíîñò ñå ÿâÿâà ïðîäúëæåíèå íà äóàëíîñò îò ñòîóíîâ òèï çà êàòå-
ãîðèÿòà EdLKH íà åêñòðåìàëíî íåñâúðçàíèòå ëîêàëíî êîìïàêòíè õàóñäîðôîâè
ïðîñòðàíñòâà è íåïðåêúñíàòèòå èçîáðàæåíèÿ. Äîêàçâàìå ñúùî òàêà, ÷å íîâàòà
êàòåãîðèÿ å èçîìîðôíà íà êàòåãîðèÿòà CLCA íà ïúëíèòå ëîêàëíî êîíòàêòíè
àëãåáðè è ïîäõîäÿùè ìîðôèçìè, âúâåäåíà îò Äèìîâ â ñòàòèÿòà [G. Dimov, A de
Vries-type duality theorem for the category of locally compact spaces and continuous
maps � I, Acta Math. Hungarica 129 (2010) 314�349]. Ñ òîâà ïîêàçâàìå, ÷å êàòåãî-
ðèÿòà CLCA å äóàëíî åêâèâàëåíòíà íà êàòåãîðèÿòà LKHaus � ôàêò, óñòàíîâåí
îò Äèìîâ â öèòèðàíàòà òîêó-ùî íåãîâà ñòàòèÿ. Ïî òîçè íà÷èí ïîëó÷àâàìå íîâî
äîêàçàòåëñòâî íà òåîðåìàòà çà äóàëíîñò íà Äèìîâ çà êàòåãîðèÿòà LKHaus, êîÿ-
òî å ïðîäúëæåíèå íà äóàëíîñòòà íà äå Âðèñ çà êàòåãîðèÿòà KHaus. Çà ðàçëèêà
îò ìîðôèçìèòå íà êàòåãîðèÿòà CLCA è òåõíèÿ êîìïîçèöèîíåí çàêîí (êîèòî
ñà ïîäîáíè íà ìîðôèçìèòå íà êàòåãîðèÿòà deV è òåõíèÿ êîìïîçèöèîíåí çà-
êîí), ìîðôèçìèòå íà íîâàòà êàòåãîðèÿ, êàêòî è òåõíèÿ êîìïîçèöèîíåí çàêîí
ñà ìíîãî åñòåñòâåíè è ñ òÿõ ñå ðàáîòè ëåñíî.

Ïî-êîíêðåòíî, îáåêòè íà êàòåãîðèÿòà CLCA ñà âñè÷êè ïúëíè ëîêàëíî êîí-
òàêòíè àëãåáðè. Ëîêàëíî êîíòàêòíèòå àëãåáðè ñà âúâåäåíè îò Ï. Ðüîïåð [P. Roe-
per, Region-based topology, Journal of Philosophical Logic 26 (1997) 251� 309] (âæ.
ñúùî [D. Vakarelov, G. Dimov, I. D�untsch and B. Bennett, A proximity approach
to some region-based theories of space, J. Applied Non-Classical Logics 12 (2002)
527-559] è [G. Dimov and D. Vakarelov, Contact Algebras and Region-based Theory
of Space: A Proximity Approach - I, Fundamenta Informaticae 74 (2-3) (2006) 209�
249]). Òå ñà îáîáùåíè àëãåáðè íà äå Âðèñ, êàòî â òÿõ, êàòî òðåòà êîìïîíåíòà,
ïðèñúñòâà èäåàë â áóëåâàòà àëãåáðà, ÿâÿâàùà ñå òÿõíà ïúðâà êîìïîíåíòà, êîéòî
óäîâëåòâîðÿâà íÿêîè åñòåñòâåíè óñëîâèÿ. CLCA-ìîðôèçìèòå ïúê ñà îáîáùåíè
deV-ìîðôèçìè, êîèòî óäîâëåòâîðÿâàò íÿêîè äîïúëíèòåëíè óñëîâèÿ, îò÷èòàùè
íàëè÷èåòî íà íîâàòà òðåòà êîìïîíåíòà � èäåàëà. Òåõíèÿò êîìïîçèöèîíåí çàêîí
å ïîäîáåí íà êîìïîçèöèîííèÿ çàêîí çà deV-ìîðôèçìèòå. Íàøàòà îñíîâíà öåë â
íàñòîÿùàòà ñòàòèÿ å êîíñòðóèðàíåòî íà íîâà êàòåãîðèÿ, êîÿòî äà å äóàëíî
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åêâèâàëåíòíà íà êàòåãîðèÿòà LKHaus, äà èìà ñúùèòå îáåêòè êàòî êàòåãî-
ðèÿòà CLCA, íî äà å ñ ïî-åñòåñòâåíè ìîðôèçìè, êîèòî äà ñà ñúñ ñòàíäàðòåí
êîìïîçèöèîíåí çàêîí.

Çà ïîñòèãàíåòî íà òàçè öåë ïðîöåäèðàìå ïî íà÷èí ïîäîáåí íà òîçè, êîéòî èç-
ïîëçâàõìå çà ïîëó÷àâàíåòî íà àëòåðíàòèâíî äîêàçàòåëñòâî íà äóàëíîñòòà íà äå

Âðèñ â ðàáîòàòà Ã7-3. Ïîëàãàìå X
df
= EdLKH. Ñú÷åòàâàéêè ðåçóëòàòèòå îò ñòà-

òèèòå íèB4-2 è Ã7-1, ïîëó÷àâàìå âåäíàãà äóàëíàòà íà X êàòåãîðèÿA = lzCBoo:
íåéíè îáåêòè ñà ïúëíèòå lz-àëãåáðè, êîèòî ïðåäñòàâëÿâàò äâîéêè îò ïúëíà áó-
ëåâà àëãåáðà è îòâîðåíî ïîäìíîæåñòâî íà íåéíèÿ ñòîóíîâ äóàëåí îáåêò (âæ.

B4-2 è Ã7-1). Ïîëàãàéêè Y
df
= LKHaus è ôèêñèðàéêè â êà÷åñòâîòî íà P êëà-

ñà îò âñè÷êè ñúâúðøåíè íåïðèâîäèìè èçîáðàæåíèÿ ìåæäó ëîêàëíî êîìïàêòíè
õàóñäîðôîâè ïðîñòðàíñòâà ñ åêñòðåìàëíî íåñâúðçàíà äåôèíèöèîííà îáëàñò, íèå
ñìå â ñúñòîÿíèå äà óñòàíîâèì ñëåäíàòà ïîðåäèöà îò åäèí èçîìîðôèçúì è äâå
åêâèâàëåíòíîñòè, ïîñî÷åíè â äèàãðàìàòà

CLCAop // (DBoo/∽)op //nn (C(A,P,X)/∼)op ..oo LKHaus ,oo

êîìïîçèöèÿòà íà êîèòî å òî÷íî ñïîìåíàòàòà ïî-ãîðå äóàëíà åêâèâàëåíòíîñò, ïî-
ëó÷åíà îò Äèìîâ. Òóê C(A,P,X)/∼ å âñúùíîñò êàòåãîðèÿòà B, êîÿòî íè ñå äàâà
îò íàøàòà îáùà êàòåãîðíà òåîðåìà çà ïðîäúëæàâàíå íà äóàëíè åêâèâàëåíòíîñ-
òè, äîêàçàíà â Ã7-3, à DBoo å êàòåãîðèÿ, ÷èèòî îáåêòè ñà ñúùèòå êàòî òåçè
íà êàòåãîðèÿòà CLCA, íî ÷èèòî ìîðôèçìè ñà áóëåâèòå õîìîìîðôèçìè, êîèòî
ðåôëåêòèðàò êîíòàêòíàòà ðåëàöèÿ è ñà ñúãëàñóâàíè ñ åëåìåíòèòå íà ôèê-
ñèðàíèòå èäåàëè, à êîìïîçèöèÿòà èì å îáè÷àéíàòà êîìïîçèöèÿ íà ôóíêöèè.
Ôàêòîð êàòåãîðèÿòà íà êàòåãîðèÿòà DBoo, ïîñòðîåíà â ñòàòèÿòà íè, å äóàëíî
åêâèâàëåíòíà íà êàòåãîðèÿòà LKHaus (òîâà òâúðäåíèå âñúùíîñò å íàøàòà íîâà
òåîðåìà çà äóàëíîñò çà êàòåãîðèÿòà LKHaus); ïîêàçâàéêè, ÷å òÿ å èçîìîðôíà
íà êàòåãîðèÿòà CLCA, íèå çàâúðøâàìå íàøåòî àëòåðíàòèâíî äîêàçàòåëñòâî íà
òåîðåìàòà çà äóàëíîñò íà Äèìîâ.

Summary

This paper is a continuation of the paper Ã7-3 (i.e. of the paper [Georgi Dimov,
Elza Ivanova-Dimova, Walter Tholen, Categorical Extension of Dualities: From Stone
to de Vries and Beyond, I, Applied Categorical Structures, 30(2), 2022, 287�329]) but
in it we use some results from the papers B4-2 and Ã7-1 as well, so that we will
consider the summaries of these three papers as parts of the present summary.

In this paper, applying our general categorical procedure for the extension of dual
equivalences as presented in Ã7-3, a new algebraically de�ned category is established
that is dually equivalent to the category LKHaus of locally compact Hausdor� spaces
and continuous maps, with the dual equivalence extending a Stone-type duality for the
category EdLKH of extremally disconnected locally compact Hausdor� spaces and
continuous maps. The new category is then shown to be isomorphic to the category
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CLCA of complete local contact algebras and suitable morphisms between them,
introduced by Dimov in the paper [G. Dimov, A de Vries-type duality theorem for
the category of locally compact spaces and continuous maps � I, Acta Math. Hungarica
129 (2010) 314�349]. With this we prove that the category CLCA is dually equivalent
to the category LKHaus - a fact established by Dimov in his article just quoted.
Thereby, a new proof of Dimov's duality theorem is presented. (Note that Dimov's
duality theorem for the category LKHaus is an extension of the de Vries duality
theorem for the category KHaus.) Unlike the morphisms of the category CLCA and
their composition law (which are similar to the morphisms of the category deV and
their composition law), the morphisms of the new category and their composition law
are very natural and easy to handle.

Speci�cally, the objects of the category CLCA are all complete local contact
algebras. The local contact algebras were introduced by Roeper [P. Roeper, Region-
based topology, Journal of Philosophical Logic 26 (1997) 251� 309] (see also [D.
Vakarelov, G. Dimov, I. D�untsch and B. Bennett, A proximity approach to some
region-based theories of space, J. Applied Non-Classical Logics 12 (2002) 527-559] and
[G. Dimov and D. Vakarelov, Contact Algebras and Region-based Theory of Space:
A Proximity Approach - I, Fundamenta Informaticae 74 (2-3) (2006) 209� 249]).
They are generalized de Vries algebras equipped with an ideal of their underlying
Boolean algebra which satis�es some natural conditions. The CLCA-morphisms are
generalized de Vries morphisms satisfying some compatibility conditions with the
ideal structure. Their composition law is similar to the composition law of de Vries
morphisms. Our main goal is the construction of a new category, dually equivalent
to the category LKHaus, with the same objects as CLCA, but with more naturally
described morphisms, composed in a standard manner.

To this end we follow a path similar to the procedure used in our alternative proof

of the de Vries duality presented in Ã7-3. We set X
df
= EdLKH. Using the results from

B4-2 and Ã7-1, we describe its Stone-type dual as the category A = lzCBoo; its
object are complete lz-algebras, these being complete Boolean algebras equipped with

an open dense subset of its Stone dual (see B4-2 and Ã7-1). Putting Y
df
= LKHaus

and choosing for P the class of perfect irreducible maps of locally compact Hausdo�
spaces with extremally disconnected locally compact Hausdor� domain, we are now
at the beginning of a passage that culminates in the establishment of a string of an
isomorphism and two equivalences, indicated by

CLCAop // (DBoo/∽)op //nn (C(A,P,X)/∼)op ..oo LKHaus ,oo

whose composite is the mentioned above dual equivalence obtained by Dimov. Here,
C(A,P,X)/ ∼ is the category B given by our general categorical theorem for the
extension of dual equivalences as presented in Ã7-3, and DBoo is a category with
the same objects as the category CLCA and with morphisms that are Boolean
homomorphisms re�ecting the contact relation and respecting the ideal structure,
composed by ordinary map composition. Its quotient category gives a new dual equiva-
lence with LKHaus (this assertion, actually, is our new duality theorem for the
category LKHaus) and by showing that it is isomorphic to CLCA, we �nally obtain
an alternative proof of the Dimov duality theorem.

29



Ã7-5. Georgi Dimov, Elza Ivanova-Dimova, Ivo Duentsch, On dimension and
weight of a local contact algebra, Filomat, 32 (15) (2018), 5481-5500, IF 0.789,
Web of Science Quartile: Q2, https://doi.org/10.2298/FIL1815481D, ISSN (print)
0354-5180, ISSN (electronic) 2406-0933, MR3898590, Zbl 1499.54138 (60 òî÷êè)

Ðåçþìå

Â òîâà ðåçþìå ùå èçïîëçâàìå íÿêîè ôàêòè è îçíà÷åíèÿ îò ðåçþìåòàòà íà
ñòàòèèòå Ã7-2, Ã7-3 è Ã7-4, è ïîðàäè òîâà ùå ñ÷èòàìå òåçè òðè ðåçþìåòà çà
÷àñò îò íàñòîÿùîòî.

Â íàñòîÿùàòà ñòàòèÿ âúâåæäàìå ïîíÿòèÿòà çà òåãëî wa è ðàçìåðíîñò dima

íà ëîêàëíî êîíòàêòíà àëãåáðà è äîêàçâàìå, ÷å àêî X å ëîêàëíî êîìïàêòíî õàóñ-
äîðôîâî ïðîñòðàíñòâî, òî w(X) = wa(Λ

t(X)), è àêî, îñâåí òîâà, X å íîðìàëíî, òî
dim(X) = dima(Λ

t(X)). Òóê w(X) å òåãëîòî íà òîïîëîãè÷íîòî ïðîñòðàíñòâî X, à
Λt å êîíòðàâàðèàíòíèÿ ôóíêòîð, îñúùåñòâÿâàù äóàëíàòà åêâèâàëåíòíîñò ìåæäó
êàòåãîðèèòå LKHaus è CLCA, ïîñòðîåí îò Äèìîâ [G. Dimov, A de Vries-type
duality theorem for the category of locally compact spaces and continuous maps � I,
Acta Math. Hungarica 129 (2010) 314�349].

Òåîðåìàòà çà äóàëíîñò íà Äèìîâ ñå áàçèðà íà ðåçóëòàòèòå îò ñòàòèÿòà íà
Ðüîïåð [P. Roeper, Region-based topology, Journal of Philosophical Logic 26 (1997)
251�309], â êîÿòî å ïîêàçàíî, ÷å öÿëàòà èíôîðìàöèÿ îòíîñíî åäíî ëîêàëíî êîì-
ïàêòíî õàóñäîðôîâî ïðîñòðàíñòâî X ñå ñúäúðæà â òðîéêàòà

(RC(X), ρX ,CR(X)),

êúäåòî CR(X) å ìíîæåñòâîòî îò âñè÷êè êîìïàêòíè ðåãóëÿðíî çàòâîðåíè ïîä-
ìíîæåñòâà íà X. Çà äà îïèøå àáñòðàêòíî òðîéêèòå (RC(X), ρX ,CR(X)), Ðüîïåð
âúâåæäà ïîíÿòèåòî òîïîëîãèÿ, áàçèðàíà íà ðåãèîíè è äîêàçâà, ÷å � ñ òî÷íîñò äî
õîìåîìîðôèçúì, ðåñïåêòèâíî, èçîìîðôèçúì � ñúùåñòâóâà áèåêöèÿ ìåæäó êëà-
ñà îò âñè÷êè ëîêàëíî êîìïàêòíè õàóñäîðôîâè ïðîñòðàíñòâà è êëàñà îò âñè÷êè
ïúëíè òîïîëîãèè, áàçèðàíè íà ðåãèîíè. Äà îòáåëåæèì, ÷å

Λt(X)
df
= (RC(X), ρX ,CR(X)),

çà âñÿêî ëîêàëíî êîìïàêòíî õàóñäîðôîâî ïðîñòðàíñòâî X. Â ñòàòèÿòà íà Ã.
Äèìîâ è Ä, Âàêàðåëîâ [G. Dimov, D. Vakarelov, Contact algebras and region-
based theory of space: a proximity approach � I, Fundamenta Informaticae 74 (2006)
209�249], áå âúâåäåíî ïî-îáùîòî ïîíÿòèå áóëåâà êîíòàêòíà àëãåáðà è, ñúîòâåò-
íî, �äóàëíèòå� àëãåáðè íà “êîìïèíäæåíòíèòå áóëåâè àëãåáðè� áÿõà íàðå÷åíè
“íîðìàëíè áóëåâè êîíòàêòíè àëãåáðè� (ñúêðàòåíî, NCAs), à “òîïîëîãèèòå, áàçè-
ðàíè íà ðåãèîíè� áÿõà íàðå÷åíè “ëîêàëíî êîíòàêòíè àëãåáðè� (ñúêðàòåíî, LCAs).
Òèïè÷íè ïðèìåðè íà áóëåâè êîíòàêòíè àëãåáðè ñà äâîéêèòå

(RC(X), ρX),

êúäåòî X å ïðîèçâîëíî òîïîëîãè÷íî ïðîñòðàíñòâî. Ùå èçïîëçâàìå äàæå îùå
ïî-îáùîòî ïîíÿòèå áóëåâà ïðåäêîíòàêòíà àëãåáðà, âúâåäåíî îò Äþí÷ è Âàêàðå-
ëîâ â ñòàòèÿòà [I. D�untsch, D. Vakarelov, Region-based theory of discrete spaces:
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A proximity approach, Annals of Mathematics and Arti�cial Intelligence 49 (2007)
5�14].

Ïðè íàëè÷èåòî íà äóàëíîñòòà íà Äèìîâ

LKHaus
Λt
.. CLCA,

Λa
nn

åñòåñòâåíî âúçíèêâà ñëåäíaòà çàäà÷à: àêî P å òîïîëîãè÷íî ñâîéñòâî, äà ñå îïèøå
â òåðìèíèòå íà ëîêàëíî êîíòàêòíèòå àëãåáðè ñâîéñòâîòî P′, äåôèíèðàíî ÷ðåç
A ∈ P′ ⇔ Λa(A) ∈ P, êúäåòî A e ïðîèçâîëåí CLCA-îáåêò (èëè, åêâèâàëåíòíî,
X ∈ P ⇔ Λt(X) ∈ P′, êúäåòî X å ïðîèçâîëåí LKHaus-îáåêò).

Â íàñòîÿùàòà ñòàòèÿ âúâåæäàìå ïîíÿòèÿòà çà ðàçìåðíîñò íà ïðåäêîíòàêòíà
àëãåáðà è òåãëî íà ëîêàëíî êîíòàêòíà àëãåáðà, è äîêàçâàìå, â ÷àñòíîñò, ÷å:

1. òåãëîòî íà ëîêàëíî êîìïàêòíî õàóñäîðôîâî ïðîñòðàíñòâî X å ðàâíî íà
òåãëîòî íà ëîêàëíî êîíòàêòíàòà àëãåáðà Λt(X),

2. ×åõ-Ëåáåãîâàòà ðàçìåðíîñò íà íîðìàëíî T1-ïðîñòðàíñòâî X å ðàâíà íà
ðàçìåðíîñòòà íà áóëåâàòà íîðìàëíà êîíòàêòíà àëãåáðà (RC(X), ρX) (äà
îòáåëåæèì, ÷å âñÿêà íîðìàëíà êîíòàêòíà àëãåáðà (B, ρ) ìîæå äà ñå ðàç-
ãëåæäà êàòî ëîêàëíî êîíòàêòíà àëãåáðà îò âèäà (B, ρ,B)). Â ÷àñòíîñò,
×åõ-Ëåáåãîâàòà ðàçìåðíîñò íà íîðìàëíî ëîêàëíî êîìïàêòíî õàóñäîðôîâî
ïðîñòðàíñòâî X å ðàâíà íà ðàçìåðíîñòòà íà ëîêàëíî êîíòàêòíàòà àëãåáðà
Λt(X),

3. ðàçìåðíîñòòà íà âñÿêà áóëåâà íîðìàëíà êîíòàêòíà àëãåáðà å ðàâíà íà ðàç-
ìåðíîñòòà íà íåéíîòî NCA-ïîïúëíåíèå (âæ. [G. Dimov, A de Vries-type
duality theorem for the category of locally compact spaces and continuous maps
� II, Acta Math. Hungarica 130 (2011) 50�77] çà òîâà ïîíÿòèå),

4. ðàçìåðíîñòòà íà âñÿêà NCA îò âèäà (B, ρs) (êúäåòî ρs å íàé-ìàëêàòà (íîð-
ìàëíà) êîíòàêòíà ðåëàöèÿ íàä áóëåâàòà àëãåáðà B) å ðàâíà íà íóëà (êàêòî
è áè òðÿáâàëî äà áúäå), è

5. àêî (B, ρ,B) å LCA, m ∈ B \ {0}, è (Bm, ρm,Bm) å ðåëàòèâíàòà LCA íà
(B, ρ,B), ò.å.

Bm
df
= {b ∈ B | b ≤ m}, ρm

df
= ρ↾B2

m
, Bm

df
= {b ∧m : b ∈ B},

òî dima(Bm, ρm,Bm) ≤ dima(B, ρ,B).
(Äà îòáåëåæèì, ÷å, êàêòî å äîáðå èçâåñòíî, Bm, ðàçãëåæäàíà ñ ÷àñòè÷íàòà
íàðåäáà, èíäóöèðàíà îòB, å áóëåâà àëãåáðà; òÿ ñå íàðè÷à ðåëàòèâíà àëãåáðà
èëè ôàêòîð àëãåáðà íà B ïî îòíîøåíèå íà m.)
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Âúâ âðúçêà ñ ïîñëåäíîòî òâúðäåíèå, íåêà îòáåëåæèì, ÷å òî å àëãåáðè÷íî îáîá-
ùåíèå íà äóàëíîòî òâúðäåíèå íà ñëåäíèÿ òîïîëîãè÷åí ôàêò: çà âñÿêî (ëîêàëíî
êîìïàêòíî) íîðìàëíî T1-ïðîñòðàíñòâî X è íåãîâî ðåãóëÿðíî çàòâîðåíî ïîäìíî-
æåñòâî M , å èçïúëíåíî, ÷å dim(M) ≤ dim(X). (Ðàçáèðà ñå, òîâà íåðàâåíñòâî å
èçïúëíåíî è çà âñÿêî çàòâîðåíî ïîäìíîæåñòâî M .)

Íàé-ñåòíå, ñòðóâà ñè äà îòáåëåæèì, ÷å ñ ïîìîùòà íà äóàëíîñòèòå íà Äèìîâ
èëè äå Âðèñ íå ìîæå äà ñå äåôèíèðà ïîíÿòèå çà ðàçìåðíîñò ñàìî çà áóëåâè
àëãåáðè, êîåòî äà å äóàëíî íà òîïîëîãè÷íîòî ïîíÿòèå çà ðàçìåðíîñò, òúé êàòî
çà âñåêè äâå åñòåñòâåíè ÷èñëà n è m, áóëåâèòå àëãåáðè RC(Rn) è RC(Rm) ñà
èçîìîðôíè, íî, ðàçáèðà ñå, ïðè n ̸= m, dim(Rn) ̸= dim(Rm) (òóê R å ðåàëíàòà
ïðàâà ñúñ ñâîÿòà åñòåñòâåíà òîïîëîãèÿ). Ñúùî òàêà, íå ìîæå äà ñå äåôèíèðà
àäåêâàòíî (â ñúùèÿ ñìèñúë) ïîíÿòèå çà òåãëî ñàìî çà áóëåâè àëãåáðè, òúé êàòî,
íàïðèìåð, áóëåâèòå àëãåáðè RC(I) è RC(EI) ñà èçîìîðôíè, íî w(I) = ℵ0 < 2ℵ0 =
w(EI) (òóê I å åäèíè÷íèÿ èíòåðâàë [0,1] ñúñ ñâîÿòà åñòåñòâåíà òîïîëîãèÿ, à EI å
àáñîëþòà íà I, ò.å. ñòîóíîâîòî äóàëíî ïðîñòðàíñòâî íà áóëåâàòà àëãåáðà RC(I)).

Summary

In this summary we will use some facts and notation from the summaries of the
papers Ã7-2, Ã7-3 and Ã7-4, so that we will consider these three summaries as parts
of the present one.

In the present paper, we introduce the notions of weight wa and dimension dima

of a local contact algebra, and we prove that if X is a locally compact Hausdor�
space then w(X) = wa(Λ

t(X)), and if, in addition, X is normal, then dim(X) =
dima(Λ

t(X)). Here w(X) is the weight of the topological space X and Λt is the
contravariant functor, constructed by Dimov [G. Dimov, A de Vries-type duality
theorem for the category of locally compact spaces and continuous maps � I, Acta
Math. Hungarica 129 (2010) 314�349], that realizes the dual equivalence between the
categories LKHaus and CLCA.

The Dimov duality theorem is based on the results by P. Roeper [P. Roeper,
Region-based topology, Journal of Philosophical Logic 26 (1997) 251�309], who show-
ed that all information about a locally compact Hausdor� space X is contained in
the triple

(RC(X), ρX ,CR(X)),

where CR(X) is the set of all compact regular closed subsets ofX. In order to describe
abstractly the triples (RC(X), ρX ,CR(X)), he introduced the notion of region-based
topology, and he proved that � up to homeomorphisms, respectively, isomorphisms �
there exists a bijection between the class of all locally compact Hausdor� spaces and
the class of all complete region-based topologies. Note that

Λt(X)
df
= (RC(X), ρX ,CR(X)),
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for every locally compact Hausdor� space X. In [G. Dimov, D. Vakarelov, Contact
algebras and region-based theory of space: a proximity approach � I, Fundamenta
Informaticae 74 (2006) 209�249], the general notion of Boolean contact algebra was
introduced and, accordingly, the �dual� algebras of the de Vries “compingent Boolean
algebras� were called “normal Boolean contact algebras� (abbreviated as NCAs), and
“region-based topologies� were called “local contact Boolean algebras� (abbreviated
as LCAs). Typical examples of Boolean contact algebras are the pairs

(RC(X), ρX),

where X is an arbitrary topological space. We will even use a more general notion,
namely, the notion of a Boolean precontact algebra, introduced by D�untsch and Vaka-
relov in [I. D�untsch, D. Vakarelov, Region-based theory of discrete spaces: A proximity
approach, Annals of Mathematics and Arti�cial Intelligence 49 (2007) 5�14].

In the presence of the Dimov duality

LKHaus
Λt
.. CLCA,

Λa
nn

the following problem naturally arises: if P is a topological property, describe in terms
of local contact algebras the property P′, de�ned by A ∈ P′ ⇔ Λa(A) ∈ P, where A
is an arbitrary CLCA-object (or, equivalently, X ∈ P ⇔ Λt(X) ∈ P′, where X is an
arbitrary LKHaus-object).

In this paper we introduce the notions of dimension of a precontact algebra and
weight of a local contact algebra, and prove, in particular, that

1. the weight of a locally compact Hausdor� space X is equal to the weight of the
local contact algebra Λt(X),

2. the �Cech�Lebesgue dimension of a normal T1-space X is equal to the dimension
of the Boolean normal contact algebra (RC(X), ρX) (let's note that any normal
contact algebra (B, ρ) can be regarded as a local contact algebra of the form
(B, ρ,B)). In particular, the �Cech�Lebesgue dimension of a normal locally
compact Hausdor� spaceX is equal to the dimension of the local contact algebra
Λt(X),

3. the dimension of a normal contact algebra is equal to the dimension of its NCA-
completion (see [G. Dimov, A de Vries-type duality theorem for the category of
locally compact spaces and continuous maps � II, Acta Math. Hungarica 130
(2011) 50�77] for this notion),

4. the dimension of every NCA of the form (B, ρs) (where ρs is the smallest
(normal) contact relation on the Boolean algebra B) is equal to zero (as it
should be), and

5. if (B, ρ,B) is an LCA, m ∈ B \ {0}, and (Bm, ρm,Bm) is the relative LCA of
(B, ρ,B), i.e.
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Bm
df
= {b ∈ B | b ≤ m}, ρm

df
= ρ↾B2

m
, Bm

df
= {b ∧m : b ∈ B},

then dima(Bm, ρm,Bm) ≤ dima(B, ρ,B).
(Note that, as it is well known, with the partial order inherited from B, Bm is
a Boolean algebra; it is called the relative algebra or factor algebra of B with
respect to m.)

In relation to the last assertion, we note that it is an algebraic generalization of the
dual of the following topological statement: for a (locally compact) normal T1-space
X and a regular closed subset M of X, dim(M) ≤ dim(X) holds. (Of course, the last
inequality is satis�ed by any closed subset M as well.)

Finally, it is worth remarking that one cannot de�ne a notion of dimension only for
Boolean algebras corresponding to the topological notion of dimension via de Vries'
or Dimov's dualities because for all positive natural numbers n and m, the Boolean
algebras RC(Rn) and RC(Rm) are isomorphic but, clearly, for n ̸= m, dim(Rn) ̸=
dim(Rm) (here R is the real line with its natural topology). Also, one cannot de�ne
an adequate (in the same sense) notion of weight for Boolean algebras because, for
example, the Boolean algebras RC(I) and RC(EI) are isomorphic but w(I) = ℵ0 <
2ℵ0 = w(EI) (here I is the unit interval [0,1] with its natural topology, and EI is the
absolute of I, i.e. the Stone dual of the Boolean algebra RC(I)).
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Ðåçþìå

Òàçè ñòàòèÿ ìîæå äà áúäå ðàçãëåæäàíà êàòî ïðîäúëæåíèå íà ðàáîòàòà B4-1
(ò.å. íà ðàáîòàòà [E. Ivanova-Dimova, Lower-Vietoris-type topologies on hyperspaces,
Topology and its Applications, 220 (2017), 100-110]), è ïîðàäè òîâà ùå ñ÷èòàìå
íåéíîòî ðåçþìå çà ÷àñò îò íàñòîÿùîòî.

Ïðåç 1975 ã., Ì. Ì. ×îáàí [M. M. �Coban. Operations over sets, Sibirsk. Mat. �Z.
16, 6 (1975), 1332� 1351] âúâåäå íîâà òîïîëîãèÿ â ìíîæåñòâîòî îò âñè÷êè çàòâîðå-
íè ïîäìíîæåñòâà íà åäíî òîïîëîãè÷íî ïðîñòðàíñòâî, êîÿòî å ïîäîáíà íà ãîðíàòà
âèåòîðèñîâà òîïîëîãèÿ, íî å ïî-ñëàáà îò íåÿ. Ïðåç 1997 ã., Ì. Ì. Êëåìåíòè-
íî è Â. Òîëåí [M. M. Clementino, W. Tholen, A characterization of the Vietoris
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topology, Topology Proc. 22 (1997), 71�95] âúâåäîõà òðè íîâè òîïîëîãèè â áóëå-
àíà P(X) (è íåãîâèòå ïîäìíîæåñòâà) íà åäíî ìíîæåñòâî X, êîèòî ñå ïîðàæäàò
îò ïðîèçâîëíè ôàìèëèè F è G îò ïîäìíîæåñòâà íà ìíîæåñòâîòî X, è ãè íàðå-
êîõà, ðåñïåêòèâíî, ãîðíà F-òîïîëîãèÿ, äîëíà F-òîïîëîãèÿ è (F,G)-õèò-àíä-ìèñ
òîïîëîãèÿ. (Äà îòáåëåæèì, ÷å â ñïîìåíàòàòà ïî-ãîðå ñòàòèÿ, àâòîðèòå íÿìàò çà
öåë èçó÷àâàíåòî íà òåçè òðè õèïåðòîïîëîãèè (è òå íå ãî ïðàâÿò); òåçè äåôèíè-
öèè ñå ïîÿâÿâàò ñúâñåì åñòåñòâåíî â ïðîöåñà íà ðàáîòàòà èì âúðõó ïðîáëåìà
çà êàòåãîðíà õàðàêòåðèçàöèÿ íà âèåòîðèñîâàòà õèïåðòîïîëîãèÿ.) Îêàçâà ñå, ÷å
ãîðíàòà F-õèïåðòîïîëîãèÿ å îáîáùåíà âåðñèÿ íà õèïåðòîïîëîãèÿòà íà ×îáàí.
Ïðåç 1998 ã., Ã. Äèìîâ è Ä. Âàêàðåëîâ [G. Dimov and D. Vakarelov, On Scott
consequence systems, Fund. Inform. 33, 1 (1998), 43�70] âúâåäîõà íåçàâèñèìî îò Ì.
Ì. Êëåìåíòèíî è Â. Òîëåí ïîíÿòèåòî ãîðíà F-õèïåðòîïîëîãèÿ, êîåòî áå íàðå÷å-
íî îò òÿõ õèïåðòîïîëîãèÿ îò òèõîíîâ òèï (ïî-êúñíî, â B4-1, òî áå íàðå÷åíî
ñúùî è õèïåðòîïîëîãèÿ îò ãîðíî-âèåòîðèñîâ òèï, çàùîòî �òèõîíîâà õèïåðòî-
ïîëîãèÿ� è �ãîðíà âèåòîðèñîâà õèïåðòîïîëîãèÿ� ñà äâå èìåíà íà åäíî è ñúùî
ïîíÿòèå). Õèïåðòîïîëîãèèòå îò òèõîíîâ òèï áÿõà èçó÷åíè ïîäðîáíî â ðàáîòàòà
[G. Dimov, F. Obersnel, G. Tironi. On Tychono�-type hypertopologies. Proceedings
of the Ninth Prague Topological Symposium (Prague, Czech Republic, August 19�25,
2001), Topology Atlas, Toronto, ON, 2002, 51�70]. Ñúùî òàêà, â B4-1, ïîíÿòèåòî
äîëíà F-õèïåðòîïîëîãèÿ áå âúâåäåíî íåçàâèñèìî è áå íàðå÷åíî õèïåðòîïîëî-
ãèÿ îò äîëíî-âèåòîðèñîâ òèï. Íàé-ñåòíå, â ïðåäâàðèòåëíàòà arXiv-âåðñèÿ [E.
Ivanova-Dimova, Vietoris-type topologies on hyperspaces, arXiv:1701.01181] íà òà-
çè ñòàòèÿ, áå âúâåäåíî ïîíÿòèåòî õèïåðòîïîëîãèÿ îò âèåòîðèñîâ òèï. Êàêòî
ðàçáðàõìå ïî-êúñíî, òî å åêâèâàëåíòíî íà ïîíÿòèåòî (F,G)-õèò-àíä-ìèñ õèïåð-
òîïîëîãèÿ, âúâåäåíî îò Ì. Ì. Êëåìåíòèíî è Â. Òîëåí.

Â íàñòîÿùàòà ñòàòèÿ èçñëåäâàìå õèïåðòîïîëîãèèòå îò âèåòîðèñîâ òèï. Âú-
âåæäàìå ñúùî òàêà ïîíÿòèåòî ñèëíà õèïåðòîïîëîãèÿ îò âèåòîðèñîâ òèï. Ñòðó-
âà íè ñå, ÷å â ñðàâíåíèå ñ ïîíÿòèåòî õèïåðòîïîëîãèÿ îò âèåòîðèñîâ òèï, òî å
ïî-ïîäõîäÿùà ìîäèôèêàöèÿ íà ïîíÿòèåòî âèåòîðèñîâà õèïåðòîïîëîãèÿ. Ñèëíè-
òå õèïåðòîïîëîãèè îò âèåòîðèñîâ òèï ñà ñïåöèàëíè õèïåðòîïîëîãèè îò âèåòî-
ðèñîâ òèï. Èçñëåäâàìå òåçè õèïåðòîïîëîãèè è ïîêàçâàìå, ÷å êëàñúò îò âñè÷êè
âèåòîðèñîâè õèïåðòîïîëîãèè ñå ñúäúðæà ñòðîãî â êëàñà îò âñè÷êè ñèëíè õèïåð-
òîïîëîãèè îò âèåòîðèñîâ òèï. Ïîëó÷àâàìå è ðåçóëòàòè çà õèïåðïðîñòðàíñòâàòà
ñ òîïîëîãèÿ îò âèåòîðèñîâ òèï, êîèòî ñà àíàëîçè íà íÿêîè îò ðåçóëòàòèòå íà Å.
Ìàéêúë çà õèïåðïðîñòðàíñòâàòà ñ âèåòîðèñîâà òîïîëîãèÿ, ïóáëèêóâàíè â êëàñè-
÷åñêàòà ìó ðàáîòà [E. Michael, Topologies on spaces of subsets, Trans. Amer. Math.
Soc. 71 (1951), 152�182]. Â êëàñà îò âñè÷êè õèïåðïðîñòðàíñòâà ñúñ ñèëíà òîïî-
ëîãèÿ îò âèåòîðèñîâ òèï, ðàçãëåæäàìå è ïðîáëåìà çà �êîìóòàòèâíîñòòà ìåæäó
õèïåðïðîñòðàíñòâà è ïîäïðîñòðàíñòâà�, êîéòî å ðåøåí îò Õ.-Þ. Øìèäò [Hans-
J�urgen Schmidt, Hyperspaces of quotient and subspaces - I. Hausdor� topological
spaces, Math. Nachr. 104 (1981), 271�280] â êëàñà îò âñè÷êè äîëíè âèåòîðèñîâè
õèïåðòîïîëîãèè.

Çà äà ïðåäñòàâèì ïî-äåòàéëíî ïîëó÷åíèòå ðåçóëòàòè, ùå âúâåäåì ïúðâî íÿêîè
îçíà÷åíèÿ.
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Íåêà X å ìíîæåñòâî, à M,A ⊆ P(X) è A ⊆ X. Ïîëàãàìå:

• A+
M

df
= {M ∈ M | M ⊆ A}, è

• A+
M

df
= {A+

M | A ∈ A}.

Êîãàòî M = CL(X), ùå ïèøåì ïðîñòî A+ è A− âìåñòî A+
M è A−

M; ñúùîòî ñå
îòíàñÿ è çà ïîäôàìèëèèòå A íà ôàìèëèÿòà P(X).

Ñåãà ùå ïðèïîìíèì ïîíÿòèÿòà ãîðíà âèåòîðèñîâà õèïåðòîïîëîãèÿ è âèåòî-
ðèñîâà õèïåðòîïîëîãèÿ.

Íåêà (X,T) å òîïîëîãè÷íî ïðîñòðàíñòâî. Áàçà íà ãîðíàòà âèåòîðèñîâà òîïî-
ëîãèÿ Υ+X â CL(X) (íàðè÷àíà ñúùî òèõîíîâà òîïîëîãèÿ â CL(X)) å ôàìèëèÿòà
îò âñè÷êè ìíîæåñòâà îò âèäà U+ = {F ∈ CL(X) | F ⊆ U}, êúäåòî U å îòâîðåíî
ïîäìíîæåñòâî íà X. Âèåòîðèñîâàòà òîïîëîãèÿ ΥX â CL(X) ñå äåôèíèðà êà-
òî ñóïðåìóì íà òîïîëîãèèòå Υ+X è Υ−X , ò.å. Υ+X ∪ Υ−X å ïðåäáàçà íà ΥX . Äà
îòáåëåæèì, ÷å ôàìèëèÿòà T+ ∪ T− ñúùî å ïðåäáàçà íà ΥX .

Çàìåñòâàéêè ôàìèëèÿòà CL(X), ôèãóðèðàùà â äåôèíèöèÿòà íà ãîðíàòà âè-
åòîðèñîâà õèïåðòîïîëîãèÿ, ñ ïðîèçâîëíà ïîäôàìèëèÿ M íà ôàìèëèÿòà P′(X),
ïîëó÷àâàìå ñëåäíàòà äåôèíèöèÿ.

Íåêà (X,T) å òîïîëîãè÷íî ïðîñòðàíñòâî èM ⊆ P′(X). Òîïîëîãèÿòà Υ+M âM,
çà êîÿòî ôàìèëèÿòà T+

M å áàçà, ñå íàðè÷à òèõîíîâà òîïîëîãèÿ â M (èëè, ãîðíà
âèåòîðèñîâà òîïîëîãèÿ â M). Àêî M = CL(X), òî Υ+M ñúâïàäà ñ êëàñè÷åñêà-
òà ãîðíà âèåòîðèñîâà òîïîëîãèÿ Υ+X â CL(X) (= òèõîíîâàòà òîïîëîãèÿ Υ+X â
CL(X)).

Ñúùåñòâåíà ìîäèôèêàöèÿ íà ñúùîòî ïîíÿòèå ñå ïîëó÷àâà, îáà÷å, â ñëó÷àÿ,
êîãàòî X å ñàìî ìíîæåñòâî. Ñúîòâåòíîòî íîâî ïîíÿòèå å âúâåäåíî â ãîðåñïî-
ìåíàòèòå ðàáîòè íà Êëåìåíòèíî-Òîëåí è Äèìîâ-Âàêàðåëîâ.

Íåêà X å ìíîæåñòâî è M ⊆ P′(X). Åäíà òîïîëîãèÿ O â ìíîæåñòâîòî M ñå
íàðè÷à òîïîëîãèÿ îò òèõîíîâ òèï â M, àêî ôàìèëèÿòà O∩P(X)+M å áàçà íà O.

Â ñòàòèÿòà íà Äèìîâ-Îáåðñíåë-Òèðîíè, öèòèðàíà ïî-ãîðå, å ïîêàçàíî, ÷å êëà-
ñúò îò âñè÷êè òèõîíîâè õèïåðòîïîëîãèè ñå ñúäúðæà ñòðîãî â êëàñà îò âñè÷êè
õèïåðòîïîëîãèè îò òèõîíîâ òèï. Â ñúùàòà ñòàòèÿ å äîêàçàíî, ÷å ïîíÿòèåòî �òî-
ïîëîãèÿ îò òèõîíîâ òèï âM� ìîæå äà áúäå åêâèâàëåíòíî èçðàçåíî è àêî òðúãíåì
íå îò ìíîæåñòâî X, à îò òîïîëîãè÷íî ïðîñòðàíñòâî. Ïîêàçàíî å, ÷å ðàçëèêàòà
ìåæäó òèõîíîâèòå õèïåðòîïîëîãèè è õèïåðòîïîëîãèèòå îò òèõîíîâ òèï å â òîâà,
÷å òèõîíîâèòå õèïåðòîïîëîãèè ñå ïîðàæäàò îò öÿëàòà òîïîëîãèÿ â ñúîòâåòíîòî
ïðîñòðàíñòâî X, äîêàòî õèïåðòîïîëîãèèòå îò òèõîíîâ òèï ñå ïîðàæäàò îò áàçà
íà òîïîëîãèÿòà â X. Òîâà å íàïðàâåíî ïî ñëåäíèÿ íà÷èí.

Íåêà X å ìíîæåñòâî, M ⊆ P′(X) è O å òîïîëîãèÿ â M. Òîãàâà ôàìèëèÿòà

BO
df
= {A ⊆ X | A+

M ∈ O}

ñúäúðæà X è å çàòâîðåíà îòíîñíî êðàéíè ñå÷åíèÿ; ñëåäîâàòåëíî, òÿ ìîæå äà
ñëóæè çà áàçà íà òîïîëîãèÿ

T+O
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â X. Êîãàòî O å òîïîëîãèÿ îò òèõîíîâ òèï â M, ôàìèëèÿòà (BO)
+
M å áàçà íà O.

Ïî àíàëîãè÷åí íà÷èí, â ñòàòèÿòà íà Êëåìåíòèíî-Òîëåí è â ìîÿòà ñòàòèÿ â
arXiv, öèòèðàíè ïî-ãîðå, áÿõà âúâåäåíè ñëåäíèòå ìîäèôèêàöèè íà âèåòîðèñîâàòà
õèïåðòîïîëîãèÿ:

• Íåêà (X,T) å òîïîëîãè÷íî ïðîñòðàíñòâî è M ⊆ P′(X). Òîïîëîãèÿòà ΥM â
M, ïîðîäåíà îò ôàìèëèÿòà T+

M∪T−
M, ñå íàðè÷à âèåòîðèñîâà òîïîëîãèÿ â M. Àêî

M = CL(X), òî ΥM = ΥX .
• Íåêà X å ìíîæåñòâî, M ⊆ P′(X) è O å òîïîëîãèÿ â M. Òîïîëîãèÿòà O ñå

íàðè÷à òîïîëîãèÿ îò âèåòîðèñîâ òèï â M, àêî ôàìèëèÿòà (BO)
+
M ∪ (PO)

−
M å

ïðåäáàçà íà O.

Ùå îçíà÷àâàìå ñ TO òîïîëîãèÿòà â X, çà êîÿòî BO ∪ PO å ïðåäáàçà.

Àêî O å òîïîëîãèÿ îò âèåòîðèñîâ òèï â M è àêî îçíà÷èì ñ
• Ou òîïîëîãèÿòà â M, çà êîÿòî ôàìèëèÿòà (BO)

+
M å áàçà, è ñ

• Ol òîïîëîãèÿòà â M, çà êîÿòî ôàìèëèÿòà (PO)
−
M å ïðåäáàçà,

ùå ïîëó÷èì, ÷å Ou å òîïîëîãèÿ îò ãîðíî-âèåòîðèñîâ òèï â M, Ol å òîïîëîãèÿ
îò äîëíî-âèåòîðèñîâ òèï â M, è ÷å O ñå ÿâÿâà ñóïðåìóì íà òîïîëîãèèòå Ou è
Ol, êàêòî è áè òðÿáâàëî äà áúäå. Ñúùî òàêà, àêî (X,T) å òîïîëîãè÷íî ïðîñò-
ðàíñòâî è M ⊆ P′(X), òî, î÷åâèäíî, ΥM å òîïîëîãèÿ îò âèåòîðèñîâ òèï â M.
Ïîíÿòèåòî �òîïîëîãèÿ îò âèåòîðèñîâ òèï â M�, îáà÷å, íè ïîäíàñÿ è íÿêîè èçíå-
íàäè. Íàèñòèíà, êàêòî âåäíàãà ñå âèæäà îò äåôèíèöèèòå èì, âñÿêà òîïîëîãèÿ îò
ãîðíî-âèåòîðèñîâ òèï â M, êàêòî è âñÿêà òîïîëîãèÿ îò äîëíî-âèåòîðèñîâ òèï â
M, å òîïîëîãèÿ îò âèåòîðèñîâ òèï â M.

Çà äà èçáåãíåì òàêèâà íåæåëàíè åôåêòè, âúâåæäàìå íîâî ïîíÿòèå, ñ êîåòî äå-
ôèíèðàìå ñïåöèàëåí ïîäêëàñ íà êëàñà îò âñè÷êè õèïåðòîïîëîãèè îò âèåòîðèñîâ
òèï. Íåãîâàòà äåôèíèöèÿ å ñëåäíàòà: àêî X å ìíîæåñòâî, M ⊆ P′(X) è O å òî-
ïîëîãèÿ îò âèåòîðèñîâ òèï â M, òî O ñå íàðè÷à ñèëíà òîïîëîãèÿ îò âèåòîðèñîâ
òèï â M, àêî T+O = T−O(= TO).

Äîêàçâàìå, ÷å ïðè ìèíèìàëíè èçèñêâàíèÿ çà M, âñÿêà âèåòîðèñîâà òîïîëî-
ãèÿ â M å ñèëíà òîïîëîãèÿ îò âèåòîðèñîâ òèï â M. Â ÷àñòíîñò, çà âñÿêî T1-
ïðîñòðàíñòâî X, ΥX å ñèëíà òîïîëîãèÿ îò âèåòîðèñîâ òèï â CL(X). Ñúùî òàêà,
ïîñòðîÿâàìå ïðèìåð íà ñèëíà õèïåðòîïîëîãèÿ îò âèåòîðèñîâ òèï, êîÿòî íå å âè-
åòîðèñîâà õèïåðòîïîëîãèÿ.

Èçó÷àâàéêè ñâîéñòâàòà íà õèïåðïðîñòðàíñòâàòà ñ òîïîëîãèè îò âèåòîðèñîâ
òèï, óñïÿâàìå äà îáîáùèì íÿêîè îò ðåçóëòàòèòå íà Ìàéêúë (îò öèòèðàíàòà
ïî-ãîðå íåãîâà êëàñè÷åñêà ñòàòèÿ), îòíàñÿùè ñå äî õèïåðïðîñòðàíñòâàòà ñ âè-
åòîðèñîâà òîïîëîãèÿ, äîêàçâàéêè àíàëîãè÷íè ðåçóëòàòè çà õèïåðïðîñòðàíñòâà-
òà ñ òîïîëîãèÿ îò âèåòîðèñîâ òèï. Ðàáîòàòà íàä òåçè îáîáùåíèå íè äîâåäå äî
äåôèíèðàíåòî íà äâå èíòåðåñíè íîâè ïîíÿòèÿ, à èìåííî, ïîíÿòèÿòà çà òåãëî
w(X,P) íà ìíîæåñòâî X ïî îòíîøåíèå íà ïîäôàìèëèÿ P íà ôàìèëèÿòà P(X)
è P-ðåãóëÿðíîñò íà òîïîëîãè÷íî ïðîñòðàíñòâî (X,T), êúäåòî P å ïðåäáàçà íà
(X,T). Òåõíèòå äåôèíèöèè ñà ïðèâåäåíè ïî-äîëó:
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• Íåêà X å ìíîæåñòâî è P ⊆ P(X). Òîãàâà w(X,P)
df
= min{|P′| | (P′ ⊆ P) ∧

(∀U ∈ P è ∀x ∈ U ∃V ∈ P′ òàêîâà ÷å x ∈ V ⊆ U)}.
• Íåêà (X,T) å òîïîëîãè÷íî ïðîñòðàíñòâî è P å ïðåäáàçà íà (X,T). Êàçâàìå,

÷å (X,T) å P-ðåãóëÿðíî ïðîñòðàíñòâî, àêî çà âñÿêî x ∈ X è çà âñÿêî U ∈ P,
òàêîâà ÷å x ∈ U , ñúùåñòâóâàò V,W ∈ P, çà êîèòî å èçïúëíåíî, ÷å x ∈ V ⊂
X \W ⊂ U .

Î÷åâèäíî, w(X,P) ≤ |P|; ñúùî òàêà, àêî P å òîïîëîãèÿ â X, òî w(X,P) ñúâ-
ïàäà ñ òåãëîòî íà òîïîëîãè÷íîòî ïðîñòðàíñòâî (X,P), à àêî (X,T) å òîïîëîãè÷íî
ïðîñòðàíñòâî ñ áåçêðàéíî òåãëî è P å ïðåäáàçà íà (X,T), òî w(X,P) ≥ w(X,T).
Îñâåí òîâà, åäíî òîïîëîãè÷íî ïðîñòðàíñòâî (X,T) å T-ðåãóëÿðíî òîãàâà è ñàìî
òîãàâà, êîãàòî òî å ðåãóëÿðíî; âñÿêî P-ðåãóëÿðíî ïðîñòðàíñòâî å ðåãóëÿðíî, íî
íå è îáðàòíîòî: íèå ïðèâåæäàìå ïðèìåð íà ðåãóëÿðíî òîïîëîãè÷íî ïðîñòðàíñòâî
X è íåãîâà áàçà P, òàêàâà ÷å X íå å P-ðåãóëÿðíî. Äîêàçàíè ñà è ðåäèöà äðóãè
òâúðäåíèÿ, îòíàñÿùè ñå äî òåçè ïîíÿòèÿ, è å äåìîíñòðèðàíà òÿõíàòà ïîëåçíîñò
ïðè èçó÷àâàíåòî íà õèïåðïðîñòðàíñòâàòà ñ òîïîëîãèè îò âèåòîðèñîâ òèï.

Íàé-ñåòíå, èçñëåäâàìå è ïðîáëåìà çà �êîìóòàòèâíîñò ìåæäó õèïåðïðîñòðàí-
ñòâà è ïîäïðîñòðàíñòâà� â êëàñà îò âñè÷êè ñèëíè õèïåðòîïîëîãèè îò âèåòîðèñîâ
òèï, ò.å. ñëåäíèÿ ïðîáëåì: êîãà õèïåðïðîñòðàíñòâîòî íà åäíî ïîäïðîñòðàíñò-
âî A íà òîïîëîãè÷íî ïðîñòðàíñòâî X å êàíîíè÷íî ïðåäñòàâèìî êàòî ïîäïðîñ-
òðàíñòâî íà õèïåðïðîñòðàíñòâîòî íà X, êúäåòî òîïîëîãèèòå è íà äâåòå õè-
ïåðïðîñòðàíñòâà ñà ñèëíè òîïîëîãèè îò âèåòîðèñîâ òèï. Òàêèâà èçñëåäâàíèÿ ñà
ïðàâåíè îò Õ.-Þ. Øìèäò (â ñòàòèÿòà ìó, öèòèðàíà ïî-ãîðå) â êëàñà îò âñè÷êè
äîëíè âèåòîðèñîâè õèïåðòîïîëîãèè, îò Ã. Äèìîâ [G. Dimov, On the commutability
between hyperspaces and subspaces, and on Schmidt's conjecture, Rend. Istit. Mat.
Univ. Trieste 25 (1993), no. 1-2, 175�194, MR 96d:54011] â êëàñà îò âñè÷êè òè-
õîíîâè õèïåðòîïîëîãèè è â êëàñà îò âñè÷êè âèåòîðèñîâè õèïåðòîïîëîãèè, îò
Äèìîâ-Îáåðñíåë-Òèðîíè (â ãîðåñïîìåíàòàòà òÿõíà ðàáîòà) â êëàñà îò âñè÷êè
õèïåðòîïîëîãèè îò òèõîíîâ òèï, è îò Á. Êàðàèâàíîâ [Borislav Karaivanov, On the
commutability between hyperspaces and subspaces, Questions Answers Gen. Topolo-
gy 14 (1996), no. 1, 85�102. MR 97a:54014] â äðóãè êëàñîâå îò õèïåðòîïîëîãèè.

Summary

This paper can be regarded as a continuation of the paper B4-1 (i.e. of the paper
[Elza Ivanova-Dimova, Lower-Vietoris-type topologies on hyperspaces, Topology and
its Applications, 220 (2017), 100-110]), so that we will consider its summary as a part
of the present one.

In 1975, M. M. Choban [M. M. �Coban. Operations over sets, Sibirsk. Mat. �Z.
16, 6 (1975), 1332� 1351] introduced a new topology on the set of all closed subsets
of a topological space which is similar to the upper Vietoris topology but is weaker
than it. In 1997, M. M. Clementino and W. Tholen [M. M. Clementino, W. Tholen, A
characterization of the Vietoris topology, Topology Proc. 22 (1997), 71�95] introduced,

38



for every two families F and G of subsets of a set X, three new topologies on the
power set P(X) (and its subsets), called by them, respectively, upper F-topology,
lower F-topology and (F,G)-hit-and-miss topology. (Note that in the aforementioned
article, the authors do not aim to study these three topologies (and they do not
do this); these de�nitions appear quite naturally in the process of their work on
the problem of categorical characterization of the Vietoris topology.) The upper F-
topology turned out to be a generalized version of the �Coban topology. In 1998, G.
Dimov and D. Vakarelov [G. Dimov and D. Vakarelov, On Scott consequence systems,
Fund. Inform. 33, 1 (1998), 43�70] introduced independently of M. M. Clementino and
W. Tholen the notion of upper F-topology, which was called by them Tychono�-type
hypertopology (later on, in B4-1, it was called also upper-Vietoris-type hypertopology
because �Tychono� hypertopology� and �upper Vietoris hypertopology� are two names
of one and the same notion). Tychono�-type hypertopologies were studied in details in
[G. Dimov, F. Obersnel, G. Tironi. On Tychono�-type hypertopologies. Proceedings
of the Ninth Prague Topological Symposium (Prague, Czech Republic, August 19�25,
2001), Topology Atlas, Toronto, ON, 2002, 51�70]. Also, in B4-1, the notion of
lower F-topology was introduced independently and was called lower-Vietoris-type
hypertopology. Finally, in the preliminary arXiv-version [E. Ivanova-Dimova, Vietoris-
type topologies on hyperspaces, arXiv: 1701.01181] of this paper, the notion of Vieto-
ris-type hypertopology was introduced. As we learned later on, it is equivalent to
the notion of (F,G)-hit-and-miss topology introduced by M. M. Clementino and W.
Tholen.

In the present paper we study the Vietoris-type hypertopologies. We introduce as
well the notion of strong Vietoris-type hypertopology. It seems to us that compared
to the notion of Vietoris-type hypertopology, it is a more appropriate modi�cation
of the notion of Vietoris hypertopology. Strong Vietoris-type hypertopologies are
special Vietoris-type hypertopologies. We study such hypertopologies and show that
the class of all Vietoris hypertopologies is strictly contained in the class of all strong
Vietoris-type hypertopologies. Also, some of the results of E. Michael from his classical
paper [E. Michael, Topologies on spaces of subsets, Trans. Amer. Math. Soc. 71
(1951), 152�182] about hyperspaces with Vietoris topology are extended to analogous
results for hyperspaces with Vietoris-type topology. In the class of strong Vietoris-
type hypertopologies, we investigate as well the problem of �commutability between
hyperspaces and subspaces� regarded previously by H.-J. Schmidt [H.-J. Schmidt,
Hyperspaces of quotient and subspaces - I. Hausdor� topological spaces, Math. Nachr.
104 (1981), 271�280] in the class of lower Vietoris hypertopologies.

For presenting our results in more details, we have to introduce some notation.

Let X be a set. Let M,A ⊆ P(X) and A ⊆ X. We put:

• A+
M

df
= {M ∈ M | M ⊆ A}, and

• A+
M

df
= {A+

M | A ∈ A}.

When M = CL(X), we will simply write A+ and A− instead of A+
M and A−

M; the
same for subfamilies A of the family P(X).
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We will now recall the notions of upper Vietoris hypertopology and Vietoris hyper-
topology.

Let (X,T) be a topological space. Òhe upper Vietoris topology Υ+X on CL(X)
(called also Tychono� topology on CL(X)) has as a base the family of all sets of the
form U+ = {F ∈ CL(X) | F ⊆ U}, where U is open in X. The Vietoris topology ΥX

on CL(X) is de�ned as the supremum of Υ+X and Υ−X , i.e. Υ+X ∪Υ−X is a subbase
for ΥX . Note that the family T+ ∪ T− is also a subbase for ΥX .

Replacing the family CL(X) appearing in the de�nition of the upper Vietoris
hypertopology with an arbitrary subfamily M of the family P′(X), we obtain the
following de�nition:

Let (X,T) be a topological space andM ⊆ P′(X). The topology Υ+M onM having
as a base the family T+

M is called a Tychono� topology onM (or, upper Vietoris topology
on M). When M = CL(X), then Υ+M is just the classical upper Vietoris topology
Υ+X on CL(X) (= the Tychono� topology Υ+X on CL(X)).

A substantial modi�cation of the same notion occurs, however, in the case where
X is just a set. The relevant new concept was introduced in the papers of Clementino-
Tholen and Dimov-Vakarelov, cited above:

Let X be a set and M ⊆ P′(X). A topology O on the set M is called a Tychono�-
type topology on M if the family O ∩ P(X)+M is a base for O.

In the aforementioned paper of Dimov-Obersnel-Tironi, it was shown that the
class of all Tychono� topologies is strictly contained in the class of all Tychono�-
type topologies. In the same paper, it was revealed that the notion of Tychono�-type
topology on M can be expressed equivalently starting not with a set X but with a
topological space. It was shown that the di�erence between Tychono� topologies and
Tychono�-type topologies is in the fact that while Tychono� topologies are generated
by a topology on the relevant set X, the Tychono�-type topologies are generated by
a base for a topology on X. This was done as follows:

Let X be a set, M ⊆ P′(X) and O be a topology on M. Then the family

BO
df
= {A ⊆ X | A+

M ∈ O}

contains X and is closed under �nite intersections; hence, it can serve as a base for a
topology

T+O

on X. When O is a Tychono�-type topology on M, the family (BO)
+
M is a base for O.

In an analogous way, in the paper of Clementino-Tholen and in my arXiv-paper
cited above, the following modi�cations of the notion of Vietoris hypertopology were
introduced:

• Let (X,T) be a topological space andM ⊆ P′(X). The topology ΥM onM having
as a subbase the family T+

M ∪ T−
M is called the Vietoris topology on M. If M = CL(X)

then ΥM = ΥX .
• Let X be a set, M ⊆ P′(X) and O be a topology on M. The topology O is called

a Vietoris-type topology on M if the family (BO)
+
M ∪ (PO)

−
M is a subbase for O.
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We denote by TO the topology on X having BO ∪ PO as a subbase.

Having a Vietoris-type topology O on M and denoting by
• Ou the topology on M having as a base the family (BO)

+
M, and by

• Ol the topology on M having as a subbase the family (PO)
−
M,

we obtain that Ou is an upper-Vietoris-type topology on M, Ol is an lower-Vietoris-
type topology on M and O is equal to the supremum of the topologies Ou and
Ol, as it should be. Also, if (X,T) is a topological space and M ⊆ P′(X), then,
clearly, ΥM is a Vietoris-type topology on M. However, the notion of Vietoris-type
topology onM produces some surprises as well. Indeed, as it follows immediately from
their de�nitions, all upper-Vietoris-type topologies on M and all lower-Vietoris-type
topologies on M are Vietoris-type topologies on M.

For avoiding such side e�ects, we introduce a new notion with which we de�ne
a special subclass of the class of Vietoris-type hypertopologies. Its de�nition is the
following one: if X is a set, M ⊆ P′(X) and O is a Vietoris-type topology on M, then
O is called a strong Vietoris-type topology on M if T+O = T−O(= TO).

We prove that, under mild conditions on M, every Vietoris topology on M is a
strong Vietoris-type topology on M. In particular, for every T1-space X, ΥX is a
strong Vietoris-type topology on CL(X). Also, we construct an example of a strong
Vietoris-type hypertopology which is not a Vietoris hypertopology.

Studying the properties of the hyperspaces with Vietoris-type hypertopologies,
we succeeded to generalize some of the Michael results (from his classical paper cited
above) concerning hyperspaces with Vietoris hypertopology by obtaining analogous
results for the hyperspaces with Vietoris-type hypertopology. The work on these
generalizations led us to the de�nition of two interesting new notions, namely the
notions of weight w(X,P) of a set X with regard to a subfamily P of P(X) and
P-regularity of a topological space (X,T), where P is a subbase for (X,T). Their
de�nitions are given below:

• Let X be a set and P ⊆ P(X). Then w(X,P)
df
= min{|P′| | (P′ ⊆ P) ∧ (∀U ∈

P and ∀x ∈ U ∃V ∈ P′ such that x ∈ V ⊆ U)}.
• Let (X,T) be a topological space and P be a subbase for (X,T). The space

(X,T) is said to be P-regular, if for every x ∈ X and for every U ∈ P such that
x ∈ U , there exist V,W ∈ P with x ∈ V ⊂ X \W ⊂ U .

Clearly, w(X,P) ≤ |P|; also, if P is a topology on X, then w(X,P) is just the
weight of the topological space (X,P). Furthermore, if (X,T) is a topological space
with in�nite weight and P is a subbase for (X,T), then w(X,P) ≥ w(X,T). Besides
that, a topological space (X,T) is T-regular i� it is regular; every P-regular space
is regular, but not viceversa. Some other results concerning these new notions are
obtained and it is demonstrated their usefulness in the study of hyperspaces endowed
with Vietoris-type hypertopologies.

Finally, we investigate the problem of �commutability between hyperspaces and
subspaces� in the class of strong Vietoris-type hypertopologies, i.e. the following
problem: when the hyperspace of a subspace A of a topological space X is canonically
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representable as a subspace of the hyperspace of X, where both hyperspaces are
endowed with a strong Vietoris-type hypertopology. Such investigations were done
previously by H.-J. Schmidt (in his paper cited above) in the class of lower Vietoris
hypertopologies, by G. Dimov [G. Dimov, On the commutability between hyperspaces
and subspaces, and on Schmidt's conjecture, Rend. Istit. Mat. Univ. Trieste 25 (1993),
no. 1-2, 175�194, MR 96d:54011] in the class of the Tychono� hypertopologies and in
the class of Vietoris hypertopologies, by Dimov-Obersnel-Tironi (in their aforementio-
ned paper) in the class of Tychono�-type hypertopologies, and by B. Karaivanov
[Borislav Karaivanov, On the commutability between hyperspaces and subspaces,
Questions Answers Gen. Topology 14 (1996), no. 1, 85�102. MR 97a:54014] in other
classes of hypertopologies.

Ñîôèÿ, 07.04.2023 ã.
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