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M3BeCTHUTE NNaHOBE Ha eKCrepuMeHTa 3a OLiEHKa Ha MOENM OT TpeTa CTEMeH ca C U3pa3eHa MYMTUKOMMHEApHOCT - NIMHeHa 3aBUCUMOCT MeXy CTbNGoBETE Ha
WH(bopMaLMoHHaTa Matpuua. M3nonssaHeto UM 3aTpyaHsiea obpaboTkaTa Ha eKCriepuMEHTanHUTE [aHHW W B MHOTO Crly4au BOAW [0 HaMUpaHe Ha U3MeCTeHu

OLIEHKM Ha KoeduLMeHTHTE.

3a HamupaHe Ha MNaHoBE C HUCHK (hakTop Ha MyNTUKONMHEAPHOCT e NMpeafaraT anropuTM1 W MporpamM1, MUHAMU3MPALLM Ba MHOMPEKTHU KpUTEPUS: cymaTta OT
M3BbHOMArOHanHUTe €NeMEHTU Ha KoBapuaLMOHHaTa MaTpuLa Uin MakcumanHust ot Tax. C TsxHa MOMOLL ca reHepupaHu NaHoBE Ha excnepuMeHTa 3a KybuuHa
perpecusi npu fiBa, TpU 1 YeTUpK hakTopa. BbB BCUYKM Cryyan HamepeHuTe ekcriepuMeHTanHN NNaHoBe ca ¢ NofobpeHa CTOMHOCT Ha MakCUMaHIS AVCTIEPCHOHEH

MHNaLnoHeH dakTop 0T ABa [0 TpU MbTM.

KnioyoBu AYMU: ONTUMANHO NNaHMpaHe Ha ekcnepumeHa; MynTuKonMHeapHoCT; Ky6VIHHa perpecus.

NMPOBNEMW HA ONTUMAITHOTO MNAHWPAHE HA
EKCNEPWUMEHTA MNMPU KYBUYHA PETPECUA

MonMHOMManHUTe MOAENnu OT TpeTu ped npu m
yNpaBnsiBaLy (HakTopa BKIKYBAT OCBEH MbIEH MOMMHOM OT
BTOpY pea
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ChblUecTByBaT MHOXECTBO MOAXOANW 33 TbPCEHe Ha
ONTUManHM NnaHoBe 3a Mogenu ot To3u Tun  (Byukos, Kpyr 1
op., 1971; Byukos, Wowues u gp. 1978, MepxaHosa u
Hukutin, 1979; Morues 1991). Mpn T8 OCHOBHO ca M3noN3-
BaHW kputepum 3a D unm G onTMManHOCT WM HamepenuTe

nnaHose ca ¢ MHoro [oBpu cToiHocTh 38 Dees M Geet .
/3non3saHeTo UM € obave e cBbp3aHO ¢ npobnemu npu cTa-

TUCTMYeckaTa 00paboTka Ha €eKCnepuMEHTamnHUTe  AaHHU.
ToBa Ce AbMKM Ha HapylwaBaHe Ha efHa OT MPEeAnoCcTaBKkUTe
33 W3ronsBaHe Ha MeToda Ha Haii-MankuTe KBagpaTu 3a
OLUeHKa Ha KoeUUMEeHTUTe B PErpecuoHHUTE Mogenu -
M3WUCKBAHETO 3@ OTCHCTBME HA MYNMTUKONMHEAPHOCT (MMHENHA
3aBMCMMOCT MEXJy KONMOHUTE Ha pasluMpeHata matpuua Ha
nnaHa Ha ekcnepumenTa F).

3a OUeHKa Ha MYyNTUKONMHEapHOCTTa Ca NPeasioXeHn
peavua Kputepun, U34MCNEHW OT eneMeHTUTE Ha mMaTpula

(o]
é - fT I(:) , 0630p Ha KOUTO € HanpaseH oT MuTkos 1 MiHKoB

(1993). C lc:’ € O3HayeHa CTaHgapTW3MpaHaTa MaTpuua Ha

nnaHa Ha ekcnepuMmMmeHTa, YNNTO eNneMeHTn ca onpedenexHu no
3aBMCNUMOCTTA:

iz 2,k; j= 1,N

Kbaeto k e 6pos Ha KOeqMUMEHTUTE B OLiEHsIBaHWS
perpecvoHeH Moger, N e 6post Ha ONMUTUTE B eKcnepu-

MeHTanHus nnau, a f; € cpegHoapUTMETWYHaTa CTOMHOCT Ha
i-TMs CTBNO Ha F.

Hait-4ecTo M3NON3BaHUAT KPUTEPUIA 3@ MYNTUKONUHEAPHOCT
€ JucnepcuoHHns uHdnaunoHeH daktop VIF. Toi npeg-
CTaBIsBa BEKTOP, CbCTABEH OT AWaroHarHuTe ereMeHTW Ha



o o
C=G
Cunta ce (Belsley, Kuh n gp., 1980; Hocking, 1983), ue
CbLUECTBYBA  MYMTWUKONMHEAPHOCT, @Ko  MaKCUMAamnHWsT
enemeHT Ha VIF e no-ronam ot 3+5.

CTaHOapTM3MpaHaTa KoBapualMoHHa MaTpuua

B Tabnuua 1 ca npuBedeHN AaHHK 3@ MakCUMamHUTE CTOM-
HocTu Ha VIF 3a HsKOW M3BECTHM NNaHOBE Ha eKCnepuMeHTa
MpW MOZEnw OT MbJlHA TpeTa CTEMeH.

Tabnuua 1
Tun Ha nnaHa lMpennoxeH m| N Max
oT VIF
1 2 3| 4 5
M®E c 4 HuBa 2116 | 12.69
Pasgopckui,
OpTtoroHaneH Yanbin v gp. 3|40 | 34.04
HeKoMnoau- (1973)
LIMOHEH [eHucos u|3|32]|67.50
MMonos (1976)
[uckpeteH kBa3n | Byukos,
D-ontumaneH Kpyr u gp. 3140 [ 1983
(1971)
HenacuteH Byukos,
nocneposateneH | Vonues u ap. 3120 | 23.48
D-ontumaneH (1978)

C n3paseHa MyNTUKONMHEAPHOCT Ca 1 NaHOBETE, NOyYeHN
3a HembnHa TpeTa creneH (MepxaHoBa u HukutuHa, 1979;
lontchev H.A., K. Stoianov, 1998).

lMpunaraHeTo Ha MeTogda Ha Hal-MankuTe Ksagpatu npw
Hannyme Ha MynTuKOnuMHeapHOCT BOAM A0 HeyCTOI7I‘-WIBOCT Ha
OLleHKMTE Ha KoeduLmeHTuTe. B T031 cnyyai obpaboTkata Ha
eKcrepyMeHTanHMTE faHHW ce NPenopbYBa Aa Ce OCbLIECTBM
C W3NON3BaHe Ha MeTOAa Ha TMaBHUTE KOMMOHEHTM, PUOX
PErPECUOHEH aHanmM3, PerpecoHeH aHanua no XapakTepuc-
TUYHW KOPEHW, PErPECUOHEH aHanM3 ¢ 0606LieHo obpbLlaHe.
061, HepocTaTbk Ha HAMepEHUTe OLEHKM MO Ten MEeTOAM €
TAXHaTa M3MECTEHOCT, KOSITO € TOMKOBA MO-3HauMMa, KOMKOTO
no-ApKO € M3pas3eHa B3auMMHaTa  3aBUCUMOCT  MeXay
crbnboseTe B Matpuua F.

ManoxenuTte npobnemu Hanarat paspaboTBaHe Ha anropuT-
MW M Nporpamit 3a reHepupaHe Ha nnaHoBe Ha exkcrnepuMeHTa
3a KybuuHa perpecusi, KOUTO ca C HUCBK hakTop Ha MynTu-
KonmHeapHoCT. Mo TO3K HauuH Le Ce Cb3gaaaT NpeanocTaBku
33 HamMMpaHe Ha NO-TOYHW OLIEHKM Ha KOE(ULMEHTUTE B Tbp-
CEHUTE YpaBHEHWS.

WHOWPEKTHN KPUTEPUM 3A MYTNTTUKONNHEAPHOCT

MpouenypuTe 3a TbpCEHE Ha OMTUMAIHI EKCEPUMEHTANHM
NnnaHoBe Hal-00LO ce cBeXaaT [0 UTepaTBHO nopobpsiBaHe
Ha [JafeHa XapakTepuCTMKa Ha HavaneH nnaH Ype3 nocrneano-
BaTeHO OTCTpaHABaHe U ﬂ06aBﬂHe Ha TOYKN KbM Hero.

Mpw nocTaBeHaTa 3afaya 3a ThpCeHe Ha NNaHoBe C HACHK
(haKTop Ha MYNTUKOMWUHEaPHOCT, NIOTUYHO G1 BUNO KpUTEpUAT
3a onTMManHocT fga ObJe CBbp3aH C MUHUMU3MPaHe Ha

MakcumanHata ctoiHocT Ha VIF. [pskoTo My u3nonasaHe
obaye e orpaHuyeHo OT ronemust 6poit HeobXoLUMM U34MCnK-
TENHM onepauyuu. Besika npoMsiHa B TekyLwms nnaH (nobassHe
WNW OTCTPaHsiBaHe Ha TOYKA) Hanmara HOBO CTaHAApPTW3vpaHe
Ha F, opmmupaHe u obpblLyaHe Ha MaTpuua G. U ako 3a mbp-
BME ABE ONepaLym CbLUECTBYBAT PEKYPEHTHI 3aBUCMMOCTH, TO
0DpbLUaHETO Ha MaTpuuaTa e CBbp3aHo C roieMu U3YMCu-
TEnNHU 3aryéwm.

3a CWHTE3 Ha anropuTMK CbC 3a0BONUTENHO 6BP30AENCT-
BMe € YBobHO Aa ce W3non3BaT nokasaTenW, CBbP3aHW C
HecTaHaapTuaupaHaTa koeapuauuoHHa matpuua C. [Mpews-
YMCNABAHETO Ha HEMHWUTE eNeMEHTW Npu NPoMsHa Ha 6pos Ha
ONUTUTE B NNaHa NECHO MOXE Aa Ce OCbLIECTBY C U3MOM3BaHe
Ha 3aBucumocTute, npepnoxenn ot Galil u Kiefer (1980).
3amsiHaTa Ha OCHOBHMSI KPUTEPUIA C MHOMPEKTEH € Bb3MOXHO
CaMo MpW HanuumMe Ha kopenauus Mexay Tsx. 3a NpoBepka Ha
Tasn XWNoTe3a 3a PasNN4HM  TUMOBE EKCMepUMEHTarHN
nnaHoBe npw u3Bagka ¢ obem 10 ca HamepeHu:

- OUEHKWTe Ha KoeduLeHTa Ha Kopenawums 2 Mexgy max
VIF u cymata oT abcomnoTHUTe CTOMHOCTU Ha
M3BbHAMAroHanHuTe enemeHTn Ha C;

- OLeHKUTe Ha KoedhuLieHTa Ha kopenauws ry Mexgy max
VIF u wmakcumanHus no  abcomnTHa  CTOMHOCT
M3BbHAMAroHaneH enemexT Ha C;

- OUEHKWTe Ha koedmLEeHTa Ha Kopenaums r3 Mexay max
VIF u wmakcumanHua no  abconwTHa  CTOMHOCT
M3BbHAMAroHaneH enemexT Ha C;

- M3YMCIEHWTE CTOWMHOCT Ha t-kputepust Ha CTHOOBHT
ti ,i = 1,...,3,

Pesyntatute 3a 4YeTWpW OT W3CNeaBaHWUTE BapuaHTh ca
npeAcTaBeH B Tabnuua 2. Mpu MbpBuTe TPU MOOENbT UMa

euga Y= A+ D, anpunocnegins y= A+ B+ D.

Tabmvua 2.

Xapakre- Bapuant

PUCTUKM 1 2 3 4
1 2 3 4 5
m 2 3 3 4
k 8 13 13 23
N 12 13 19 28
Fy 0.896 0.945 0.898 0.786
f 0.988 0.996 0.991 0.996
f3 0.980 0.996 0.980 0.985
t4 8.555 8.190 5.769 3.594
to 26.799 | 33.767 | 20.660 | 29.694
ts 21.104 [ 30.318 | 14.120 | 16.293

Mpn HMBO Ha 3HaummocT 0.05 TabnuyHaTa CTOAHOCT Ha t-
kputepusaT e 2.306. BbB BCUUKM M3CneaBaHK cnyyau T4 € no-
Marnka oT u34ucreHaTa. ToBa No3BoMsABa xunoTe3ara 3a Hanu-
uMe Ha NWHERHa 3aBUCUMOCT MeXAy W3CNEeABaHUTE BEMNYMHM
[a Cce Mpueme U fa ce n3rpagsaT anroputMu1, 13non3sally uH-
BVPEKTHWU KpUTEPUM 33 MyNTUKONHeapHocT. [Npu ToBa Tpsibea
Ja ce uma npefgui, Ye HamansBaHETO Ha MYNTUKONMHEap-



HOCTTa He MOXe [1a Ce OCLLECTBU “Ge3HakasaHo” U Hamepe-
HUTe nnaHose Le GbaaT ¢ HamaneHn nokasartenm 3a Dees .

AITTOPUTMU 3A TEHEPWPAHE HA NITAHOBE C HUCHK
OAKTOP HA MYJTTUKOIMHEAPHOCT

/3nonasaHu ca [Ba HEMpeKM KpUTEPUs 3a TbPCeHe Ha onT-
MarHW nnaHoBe {  C HUCBK (hakTop Ha MyNTU-KONMHEAPHOCT:

MUHUMYM Ha CymaTa OT abCOmMOTHUTE CTOMHOCTW Ha U3BbH-
[MaroHanH1Te enemeHT Ha Matpuua C M MUHMMYM Ha Hait-
rofemMust Mo MOAYN W3BbHAMArOHANeH enemMeHTV Ha chluata
MaTpuua .

I "}‘”E1E1|Cij(1)| ©)
i=1 j=1 i=1 j=1
mii}x‘cij((*) . mzin miz}\x|cij(z)| "

Te ca n3bpaHu 0T cnegHNTE CbOBPaXEHNS:

- HaMMpaHeTO Ha MuHUManHa cToiHocT 0 3a mbpeus
KPUTEPWUIA BOAM OO reHepupaHe Ha OPTOroHaneH nna,
KOETO 03Ha4yaBa HEKOPENMPAHOCT Ha OLUEHKUTE Ha
PerpecvoHHUTe KoeuUMEHTU U necHa obpaboTka Ha
eKCrepuMEHTanHUTe AaHHK;

- KoedMUMEHTBT Ha Kopenauus Mexay BTOpUst KpUTepuil n
makcumannua VIF e ¢ Hait-ronsiMa CTOMHOCT.

Anroputbsm MMC1

OT cnyyaeH HavaneH nnaH ¢ N+1 Touku ce OTCTpaHsBa Tasm,
KOSITO MUHMMU3NPA U3bpaHus kputepui. KbM nonyyenus nna
¢ N Touku ce fobass egHa cnyyarHa Touka ot L-te Ha 6poit
chopmmpalyy KaHOWaaT-MHOXECTBOTO. AKO npu ToBa CTOM-
HOCTTa Ha KpUTepus Hamanee, ce npuema, Ye € W3BbLPLUEHa
ycrelwHa 3amsaHa Ha Touka. lMpoueadypata npogbmkasa Aoka-
TO nocrnegoBaTenHo He 6baat peanuavpaHu L Ha Gpoi Heyc-
NEeLHN CMEHM.

Anroputbm MMC2

Ton n3non3ea kputepuit 3a ontumanHocT (6) u B 0606LLeH
BMA peanuaupa cnegHata nocnefoBaTenHocT OT onepaLui:
<@ TeHepupa ce HayaneH nnaH ¢ N+1 Touku, Kouto ca
13bpaHm MO CyvaeH HauMH OT KaHAMOAT-MHOXECTBOTO.
B« Ypes nocreposaTenHo oTCTpaHsiBaHe Ha Mo egHa
TOYKa OT HauanHua nnaH ce nonyyasat N+1 nnaHa, Bcekm ¢ N
Ha Bpoi onua.
B«  Wsuucnseat ce cymute OT aGCOMOTHUTE CTOMHOCTU
Ha u3BbHonaroHanHute enemeHtn S, i=1,2,...N+1 Ha

KOBapMaLMOHHNTE MATPULM HA BCUYKW MNAHOBE, MOMyYeHW B
T.2.

g<@  Onpepensi ce nnaH k 3a koto Sy < §;, i=1,2,

...N+1. Toit ce npuema 3a Han-gobbP A0 MOMEHTa W Ha
MUHUMArHaTa CyMa Ha W3BbHOWaroHanHuTe enemeHT! Spin

Ce npuceosBa CTOMHOCTTA Ha Sk.

B«@D  Wssbpwea ce npoBepka 3a W3YepriBaHe Ha
KaHAMAAT-MHOXECTBOTO. AKO MOCNE0BaTeNHO Ca HanpaBeHw

HeycneLHW onuTK 3a fobaBsHE Ha BCUUKW KaHOWAAT-TOUKK, TO
Hal--0obpuAT nnaH, HamepeH O MOMeEHTa, ce npuema 3a
TbPCEHWS NMaH; B NPOTUBEH CITyyalt Ce NpemMnHaBa KbM T. 6.
2@  KbM Hail-0obpus HamepeH nnaH [O MOMeHTa ce
pobaBs cnyyailHa Touka OT KaHAWAAT-MHOXECTBOTO W Ce
nonyyasa nnaH ¢ N+1 Touku.

@ <@ Ypes nocneaoBaTeNHoO OTCTPaHsBaHe Ha Mo efHa
TOYKa OT nnaHa, dopmmupaH B T. 6, ce nonyyasat N+1 nnaHa,
Bcekn ¢ N Ha 6poii onuta. 3a BCeku OT TsX Ce W3yncnsBa
cymata OT abCOMTHUTE CTOMHOCTW HAa W3BBbHAMArOHarHuTe
eNneMeHTH Ha KoBapuaLoHHaTa matpuua Sj, i=1,2,... N+1.

“B@)  Onpedenus ce nnaH p 3a KOMTO Sp < §j, =12,
N+

W@ Ao Sp < Spjn , TO NNak p Ce npuema 3a Hait-106bp
3a [afeH1sl MOMEHT Ha TbPCEHETO, Ha Sy Ce MpUcBoABa
CTOMHOCTTa Ha Sp WM USMBLMHEHNETO Ha  anropuTbMa
npofibkaga ot T. 6. Ak Sp = Syyjn , Ce NPeMUHaBa KbM T.5.

AnroputeM MMC3 uma cTpykTypa, aHanorniHa Ha MMC2,
HO M3NON3BaAHMAT KPUTEPUMIA 32 ONTUMAIHOCT € (7).

lNpeAcTaBeHUTe anropuTMK ca peanuanpaHn nNporpaMHo Ha
FORTRAN 77. C uen nosuwiaBaHe Ha 6bp30gencTBueTo, npu
NPOrpaMHUTE PELLEHNs € Bb3NPUETO:
- pabota camO C HapauaroHanHWTe enemMeHTM  Ha
KoBapuaLoHHaTa MaTpuLa nopaam HeltHata CUMETPUYHOCT;
- PEeKYPEeHTHO M34YMCNsIBAHE Ha CTOMHOCTTA Ha KpUTEpMs 3a
€(heKTUBHOCT.

AHATIN3 HA PE3YNTATUTE

C npefcTaBeHuTe anropuTMi Npu aBaTa u3bpaHu kputepus
Ca TbPCEHM TOYHW eKCriepUMEHTaNHM NIaHoBe 3a CryyauTe,
npeacTaBeHy B Tabnuua 3.

Tabnumua 3.

No Bup Ha mopena m k [ N L

1 2 3 41 5 6

1 2 8| 12 441
2 y=A+D 3 113113 9261
3 3113119 9261
4 4 119] 24 6561
5 y=A+B+D 3 114115 9261
6 4 | 23| 28 6561
7 y=A+C 3116 21 9261
8 y=A+B+C+D 3120 25 9261

Kato 6asa 3a cpaBHEHWe Ha MOMyuYeHWUTE pesyntati ca
WM3NON3BaHU XapaKTepUCTUKUTE Ha MIaHOBE, FeHepupaHu C
npouenypa FDOP, npegnoxeHa ot Monues (1991).

Mpw anroputem MMC1 pelueHMeTo 3a 3amsHa Ha Touka ce
B3MMa OT CTOWMHOCTTa Ha XapaKTepUCTUKMA, U3YMCIIEHN 3a NnaH
¢ N+1 Touku. Okasea ce, 4e TOBa Ce sBABA CbLECTBEH
npobrem npu TbPCEHETO, Thil KATO MUHUMANHaTa CTONHOCT Ha
kputepusi, onpegeneH Ha 6asa N+1 Touku He rapaHTMpa
MUHUMYM Ha KpuTepus, onpegeneH ot nnaH ¢ N Touku. MMpu
pasrnexgaHus anroputeM  OpOAT Ha 3aMEHeHUTe TOYKM e



OTHOCMTENHO Marbk, 3abens3Ba ce CTPEMEX 3a BKIOYBaHe
Ha TOYKMW, CUMETPUYHM Ha CbLUECTBYBALLMUTE B TEKYLLMS NMaH 1
PE3YNTaHTHUAT MIaH B 3HAYUTENHA CTEMEH 3aBUCK OT Havar-
Hus. Mopaan ToBa, Bbnpeku ve anroputsm MMC1 Hammpa
MnnaHoBe C HamarneHa MyNTUKONMHEAPHOCT, U3MOM3BaAHETO My
€ HeeeKTUBHO.

B Tabnuua 4 ca npeacraBeHn faHHM 3a makcumantus VIF
3a Ham-gobpute nnaHose, HamepeHu ype3 npoueaypu FDOP,
MMC2 n MMC3.

Tabnuua 4

Ne Ha MaxVIF 3a nnaHoee, HamMepeHu ¢

nnaxa FDOP MMC2 MMC3
1 2 3 4
1 11.1954 5.3504 4.7934
2 15.8430 8.0715 7.2006
3 15.1251 5.8280 6.6307
4 16.5743 7.8128 7.7146
5 22.1535 9.0887 6.1818
6 27.7123 9.9930 5.9266
7 10.0000 4.7857 4.2968
8 28.3218 15.8197 11.6665

Ha cur. 1 ca npeacTaBeHn YCpeaHeHUTe nokasaTenu 3a
maxVIF. 3a Bceku OT 0CceMTe TbPCEHU NraHa Ha excnepuMeH-
Ta ca u3non3eaxu gaHHu ot 10 nocnegoBaTenHu peanuaamm.
C 1, 2 n 3 ca o3HauyeHn rpacvkuTe CLOTBETCTBALLM Ha
pesynTaTuTe nony4yenu ¢ npoueaypu FDOP, MMC2 n MMC3.

max VIF
40

30t 1

20 o

3
10} ﬁ”\—’\/ ]

a 5 10
Homep Ha nnaHa Ha excrepumeHTa

Queypa 1. NameHeHue Ha cpedHama cmoliHOCm Ha
MakcuMasiHusi apuayUoHeH UHnayuoHeH hakmop

BposT Ha uTepauuuTe 3aBUCK OT HaYamnHUs CriyYaeH nnaH.
3aToBa 3a CpaBHEHWe Ha CKOPOCTTa Ha CXOAMMOCT Ha npeana-
raHWTe anropuTMM MOXe [Ja Ce M3non3sa cpegHus 6Gpoi
utepauumn. B Tabnuuya 5 ca npeactaBeHu faHHK 33 ekcnepu-
MeHTaneH nnaH Ne 1.

Tabnuua 5
lNokasaTenu ANropuTem
MMC2 MMC3
1 2 3
CpeneH 6poit utepauum 1520 1560
MakcumaneH Bpoi utepauum 2475 2430

MuHnmManeH 6poii utepauum 724 805

CpepneH 6poit yCneLwHu uT. 42 48

BposiT utepauum, HeobXoaMMM 3a reHepupaHe Ha ocTaHanu-
T€ NNaHoBe, CbLLO HEe Ce PasnMyaBa CblEeCTBEHO NPU U3MNON3-
BaHe Ha anroputMn MMC2 n MMC3. ToBa nossonsiea ga ce
HanpaBW M3BOMa, Ye Te Ca C NPaKTUYEeCKM CbU3MepUMa CKO-
POCT Ha CXOAMMOCT.

3a npoBepka Ha CBOWCTBATa Ha reHepaHuTe ekcrnepyumeH-
TanHu nnaHose, B cpeaata Ha MATLAB e cbcTaBeHa cumyna-
LMOHHA Nporpama, KosiTo:
1. 3a BCMYKM TOYKM OT MU3CMeBaHUs NaH Ha ekcnepumeHTa
MHOrOKpPaTHO OMpedens CTOMHOCTTa Ha u3xoda Ha obexkT,
ONMWCBaH C Mofen OT MbfiHa TpeTa CTeneH Npu Hanuuve Ha
cTaHgapTeH 6an wym. [leicTBUTENHUTE CTOMHOCTM Ha Koedu-
LIMEeHTMTE ca [JafieHu B kornoHa 2 Ha Tabnuua 6. OTHoLweHNeTo
Ha CTaHOAPTHUTE OTKMOHEHUS Ha LUYMa U MONe3HWUs curHan e
7 %.
2. C u3non3BaHe Ha MeToAa Ha Hait-MankuTe KBagpaTu
onpeaens OUEHKNTe Ha KOe(UUMEHTUTE Ha PErpeCMOHHOTO
YpaBHeHMe.
3. Wsuucnsea pucnepcuaTa Ha pErpecuoHHUTE  Koedu-
UMEHTM.

Pesyntatute, nonyyeHn 3a nnaH Ne 8 ca npeacraseHu B
Tabnuua 6.

QOueBmnaHo e, Ye Npu NNaHOBETE, FeHepUpaHm C U3Non3saHe
Ha MMC2 n MMC3 makcumarnHaTa CTOWHOCT Ha aucnepcusTa
Ha KoeMUMEHTUTE € HamaneHa noBeye OT [Ba MbTU B
CpaBHEHME CbC CLOTBETHUS D-ONTManeH nnak.

OT aHanmm3a Ha nomyyeHwTe pesynTat moraTt fa ce

HanpassT CrefHUTe U3BOAM:

¢ npu w3nonseaHe Ha npouegypn MMC2 u MMC3 ce
nony4yaeaT NnaHoBe ¢ MakcumariHa CTOAHOCT Ha Bapua-
LMOHHNA MHNALMOHEH akTop 2+3 MbTW No-maska ot
CbOTBETHUTE D-ONTMManHW nNnaHoBe, KOETO BOAWM A0
CbLUECTBEHO HamasnsiBaHe Ha AWCMEPCUSITa Ha OLEeHKUTE
Ha KOeULMEHTUTE B PETPECMOHHOTO YPaBHEHNE;

¢ V3MON3BaHETO Ha KpuTepuii (7) B obLims cnyyan Bogu 4O
HamupaHe Ha nnaHoBe ¢ no-manku ctonHocty 3a maxVIF.

Tabnumua 6
YcrnosHo [ucnepcus Ha KoeduLmreHTUTE Npu
03Ha4eHue 1 W3non3BaHe Ha
JIEACTBUTENHM
CTOMHOCTM Ha FDOP MMC2 MMC3
koeduL,.

1 2 3 4 5
b0 3.0 0.2868 0.2299 0.1680
b1 2.0 0.8462 04314 1.0682
b2 4.0 3.3604 0.8103 0.5105
b3 6.0 1.2387 0.6983 0.5164
b12 -4.0 0.0809 0.3071 0.1047
b13 25 0.1053 0.2905 0.1391
b23 -3.7 0.1293 0.1322 0.1446
b123 9.0 0.1043 0.0619 0.4879
b11 -12.0 0.2012 0.3108 0.2235
b22 -4.0 0.0724 0.2730 0.0892
b33 -3.0 0.1825 0.2694 0.4403




b111 -15 0.4016 0.3748 1.0697
b222 2.0 3.3216 1.3945 0.4629
b333 6.0 1.4865 0.3574 0.5643
b112 4.0 0.8494 0.4110 0.9025
b113 -3.0 0.5768 0.5376 0.9957
b221 6.5 0.7121 0.6688 0.3853
b223 44 0.2715 0.9387 0.3070
b331 -2.6 0.3759 1.3532 0.9951
b332 3.3 0.2184 1.0997 0.4293

ColueBpeMeHHO He TpsibBa aa ce 3abpass, Ye HamarnsBaHe-
TO Ha MYNTUKONMHEAPHOCTTa BOAM A0 HamanseaHe W Ha D-
e(eKTMBHOCTTa Ha nnaHoseTe. Ha dur. 2 ca npeactaBeHu

ycpeaHenute ctoiHocTM Ha Deer 3@ ocemte nnaHa Ha
ekcnepumenTa, Hamepenn ¢ MMC2 (rpadwmka 1) u MMC3
(rpachuka 2).

Deef
1
0.8 1
1
O.éa¢} 1
2
0.4 :
0 5 10

Howmep Ha nnaHa Ha excriepumenTa
Gueypa 2. MameHerue Ha cpedHama cmolnocm Ha D,

WacnepsareTo Ha anroputmn MMC2 u MMC3 n cboTBETHU-
T MM NporpamMHN peanu3auuu nokasea, Ye Te Morat fa ce
13NON3BaT 3a reHepupaHe Ha NnaHoBe 3a KybuuHa perpecus,
KaTo eKcrnepuMeHTaTopbT TpsibBa ga u3bepe W3non3saHus
KPUTEPUA B 3aBUCMMOCT OT W3WUCKBaHMSTA 3a OnM30CT Ha
HaMepeHus nnaH 4o D-onTuManHms.
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ABSTRACT

Known plans of experiment for assessing third-degree models exhibit well expressed multicolinearity, i. e. a linear relationship between the columns of the information
matrix. Their implementation impairs the processing of experimental data, and in many cases leads to obtaining biased estimates for the coefficients.

Algorithms and programmes that minimize two indirect criteria, namely the sum of extradiagonal elements of the covariance matrix, or the maximal one of those
elements, are proposed for finding plans of a low factor of multicolinearity. Using these algorithms and programmes, plans of experiment for cubic regressions with
two, three, or four factors have been generated. In all cases the value of the maximum variance inflation factor of experiment plans obtained has been improved up to
two or three times.

Keywords: optimal planning of experiment, multicolinearity, cubic regression.

PROBLEMS OF OPTIMAL EXPERIMENT PLANNING FOR CUBIC REGRESSION

Besides a complete polynomial of second degree the polynomial models of third degree with m controlling factors also involve a
term in one of the following forms or a combination of several such terms.

m m-1 m m )
A= b, + Z bx, + bxx; t 2 b.x; (1)
=1 =1 j=itl =1

m-2 m-1 m
B=) ) ) byxixx, 2
=1 g=itll=j+1

C2L Lt e ®
D= b @

There exist many approaches to searching optimal plans for models of that type (Vuchkov, Krug et al., 1971; Vuchkov, lontchev et
al., 1978; Merzhanova and Nikitina, 1979; lontchev, 1991). Criteria for D- or G-optimality are mostly used in those approaches, and

the plans obtained have very good values of Deef or Geef. However, their applications are connected with problems emerging in

the statistical processing of experimental data. This is due to the violation of one of the pre-requisites of using the method of least
squares for assessing the coefficients in regression models, namely the requirement for lack of multicolinearity (i. . no linear
relationship between the columns of extended matrix F of the experiment plan should be present).

Several criteria calculated from the elements of matrix (o; - Fn T }07 have been proposed for the assessment of multicolinearity. A

survey of those criteria has been compiled by Mitkov and Minkov (1993). ;7 designates the standardized matrix of the experiment
plan, the elements of which are determined in accordance with the relationship:



where k is the number of coefficients in the regression model being assessed, N the number of trials in the experiment plan, and fl
the arithmetic mean of the  column of F.

The most frequently used criterion for multicolinearity is the variance inflation factor or VIF. It is a vector consisting of the diagonal
-1
elements of standardized covariance matrix (oj: (”; It is assumed (Belsley, Kuh et al., 1980; Hocking, 1983) that a

multicolinearity is present when the maximal element of VIF is greater than 3 to 5.
Table 1 shows data for the maximal VIF values of some known plans of experiment for models of complete third degree.

Table 1
Type of the Proposed by m | N Max
experiment plan VIF
1 2 3 | 4 5
Plan of 4 levels 2 16 | 12.69
Razdorskiy,
Orthogonal non- | Chaliy et al. 40 | 34.04
compositional (1973)
Denisov  and 32 | 67.50
Popov (1976)
Discrete quasi-D- | Vuchkov, Krug
optimal etal. (1971) 40 ] 19.83
Non-saturated Vuchkov,
consecutive  D- | lontchev et al. | 3 20 | 2348
optimal (1978)

There is also an expressed multicolinearity in plans obtained for a non-complete third degree (Merzhanova and Nikitina, 1979;
lontchev and Stoianov, 1998).

Applying the method of least squares in the presence of multicolinearity leads to instability of coefficient estimates. In such a case
it is recommended to process the experimental data by using the method of principal components, ridge regression analysis,
regression analysis on characteristic roots, regression analysis with generalized reversal. A common disadvantage of the estimates
obtained by these methods is their biasing which is the more considerable the stronger the mutual relationship between columns in
matrix F is expressed.

Problems discussed above impose the development of algorithms and programmes for generating plans of experiment for cubic
regression that have a low factor of multicolinearity. In such a way the needed pre-conditions will be created for finding more
accurate estimates for coefficients in the equations being sought after.

INDIRECT CRITERIA FOR MULTICOLINEARITY

In the most general case, procedures of searching optimal experiment plans are reduced to improving iteratively a characteristic of
an initial plan by consecutively eliminating and adding points to it.

For the assigned task of searching plans of a low multicolinearity factor it would be logical that the criterion of optimality be
connected with minimization of the maximal VIF value. However, its direct application is limited by the large number of necessary
computational operations. Every modification of the current plan (adding or eliminating a point) requires new standardization of F,
forming and reversing matrix G. Although there are recurrent relationships for the first two operations, reversing the matrix implies
considerable computational losses.

To synthesize algorithms of satisfactory speed of performance it is convenient to use parameters connected with the non-
standardized covariance matrix C. Re-calculating its elements, when there is a change in the number of trials in the plan, can be
easily realized by using the relationships proposed by Galil and Kiefer (1980). Substituting an indirect criterion for the basic one will



be possible if only there is a correlation between them. To verify this hypothesis for various types of experiment plans for a sample of
volume 10 the following has been found:

1. the estimates for correlation coefficient 7, between maxVIF and the sum of absolute values of the extradiagonal elements in C;
2. the estimates for correlation coefficient 7;2 between maxVIF and the extradiagonal element of maximal absolute value in C;

3. the estimates for correlation coefficient 7, between maxVIF and the extradiagonal element of maximal absolute value in C;
4.

the calculated values of Student’s t-criterion ¢, ,7 = 1,...,3.

Results for four of the variants examined are shown in Table 2. For the first three of them the model is in the form = A+ D,
and forthe lastone y = A+ B+ D.

Table 2.
Characteri Variant
stics 1 2 3 4
1 2 3 4 5
m 2 3 3 4
k 8 13 13 23
N 12 13 19 28
79l 0.896 0.945 0.898 0.786
;92 0.988 0.996 0.991 0.996
A3 0.980 0.996 0.980 0.985
t 8.555 8.190 5.769 3.594
t, 26.799 33.767 20.660 29.694
ty 21.104 30.318 14.120 16.293

At a significance level of 0.05 the tabular value of the t-criterion is 2.306. In all cases examined it is smaller than the calculated
one. This allows to assume the hypothesis for the presence of a linear relationship between the investigated variables, and to build
up algorithms using indirect criteria for multicolinearity. Here, it should be taken into account that it is not possible to realize “free of

charge” decreasing of the multicolinearity, and the plans obtained will have reduced parameter values for Deef .
ALGORITHMS FOR GENERATING PLANS WITH A LOW FACTOR OF MULTICOLINEARITY
Two indirect criteria for searching optimal plans { " with a low factor of multicolinearity have been used: a minimum of the sum of

the absolute values of extradiagonal elements in matrix C, and a minimum of the extradiagonal element of highest module value in
the same matrix.

k-1 k-1 . k-1 k-1
Y Y [ele )|z miny Y fe,l¢)] ©)
=1 Tl =1 Tl
max‘c[j(( *)‘: minmax‘cy(Z H 7)

i ij
They have been selected based on the following considerations:
+ finding a minimal value 0 for the first criterion leads to generating an orthogonal plan, which means non-correlation of the
estimates for regression coefficients and easy processing of experimental data;
+ the coefficient of correlation between the second criterion and the maximal VIF is of the highest value.

Algorithm MMC1
From a random initial plan of N-1 points that point shall be eliminated, which minimizes the criterion selected. A random point from
the points of number L forming the set of candidates is added to the N-point plan obtained. If this leads to a decrease in the criterion



value it is assumed that a point has been successfully replaced. This procedure is continued until unsuccessful replacements of
number L are carried out.

Algorithm MMC2
It applies a criterion of optimality (6) and in a generalized form realizes the following sequence of operations:
An initial plan of N+1 points is generated, the points being randomly selected from the set of candidates.
Eliminating consecutively one point at a time from the initial plan leads to obtaining N+1 plans, each of them consisting of trials
of number N.
» Sums S, i=1, 2, ..., N+1, of the absolute values of extradiagonal elements in the covariance matrices are computed for all
plans obtained at step 2.
> A Kk"plan for which S, < S, i=1, 2, ..., N+1 is defined. It is assumed to be the best one for the time being, and the value of Sxis
assigned to the minimal sum of extradiagonal elements Sy
> A check for depleting the set of candidates is performed. If consecutive unsuccessful attempts for adding all candidate points
have been made, then the best plan obtained so far is assumed to be the one that has been sought after. Otherwise, the
programme goes to step 6.
> Arandom point from the set of candidates is added to the best plan found so far, and a plan of N+1 points is obtained.
> Eliminating consecutively one point at a time from the plan formed at step 6 leads to obtaining N+1 plans, each of them
consisting of trials of number N. The sum S;, i =1, 2, ..., N+1, of the absolute values of extradiagonal elements in the covariance
matrix is computed for each of those plans.
> Ap"plan, forwhich S, < S, i=1, 2, ..., N+1 is defined.
> I S,< Sy, then the p plan is assumed to be the best at that moment of the search procedure, the value of S, is assigned to
Smin, and the algorithm continues performing from step 6. If S, = S, then the programme goes to step 5.

>
>

Algorithm MMC3 has a structure analogous to that of MMC2 but the optimality criterion it uses is (7).

The algorithms shown have been realized as programmes in FORTRAN 77. To increase the speed of performance the
programming solutions are based on:
¢ using only the supradiagonal elements of the covariance matrix for the matrix is a symmetrical one, and
¢ applying a recurrent computation of the effectiveness criterion value.

ANALYSIS OF RESULTS

Accurate experiment plans for the cases shown in Table 3 have been searched for by using the algorithms represented for the two
selected criteria.

Table 3.



The characteristics of plans generated with procedure FDOP proposed by lontchev (1991) have been used as a basis for
comparing the results obtained.

In algorithm MMC1 the decision for replacing a point is made from the value of characteristics calculated for a plan of N+1 points. It
turns out this being an essential problem in searching as the minimal value of the criterion obtained on the basis of N+1 points does
nor guarantee a minimum for the criterion obtained from a plan of N points. For the algorithm considered the number of replaced
points is relatively small, a tendency towards involving points symmetric to those existing in the current plan is observed, and the
resulting plan depends to a considerable degree upon the initial one. For these reasons, the use of algorithm MMC1 is inefficient,
irrespective of the fact that it finds plans of reduced multicolinearity.

Data for the maximal VIF of the best plans obtained through procedures FDOP, MMC2, and MMC3 are given in Table 4.

Table 4.

Ne of MaxVIF for plans obtained through:
plan FDOP MMC2 MMC3
1 2 3 4
1 11.1954 5.3504 4.7934
2 15.8430 8.0715 7.2006
3 15.1251 5.8280 6.6307
4 16.5743 7.8128 7.7146
5 22.1535 9.0887 6.1818
6 27.7123 9.9930 5.9266
7 10.0000 4.7857 4.2968
8 28.3218 15.8197 11.6665

Fig. 1 shows the averaged parameters for maxVIF. Data from 10 successive realizations have been used for each of the eight
required experiment plans. Plots corresponding to results obtained through procedures FDOP, MMC2, and MMC3 are designated by
1,2, and 3, respectively.

maxVIF
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Figure 1. Variation of the mean value of the maximal variance inflation factor.

The number of iterations depends on the initial random plan. That is why the average number of iterations can be used for
comparing the speeds of convergence of the algorithms proposed. Data for experiment plan No. 1 are shown in Table 5.

Table 5.

Parameters

Algorithms

MMC2

MMC3

1

2

3




Average number of iterations 1520 1560
Maximal number of iterations 2475 2430
Minimal number of iterations 724 805
Average number of successful 42 48
iterations

Moreover, there is no much difference between the numbers of iterations needed for generating the rest of the plans when using
algorithms MMC2 or MMC3. This allows to conclude that they are characterized by practically comparable speeds of convergence.

A simulation programme has been created in the MATLAB environment for the purpose of checking the properties of experiment
plans generated. This programme is characterized by the following:
=~ J<@For all points of the plan examined it determines multiple times the value at the output of a plant described by a model of
complete third deegree in the presence of a standard white noise. The real values of the coefficients are given in column 2 of
Table 6. The ratio between the standard deviations of noise and the useful signal is 7 percent.

== <@DUsing the method of least squares it determines the estimates of coefficients in the regression equation.
=~ B<@Dlt calculates the variance of regression coefficients.

Results obtained for plan No. 8 are shown in Table 6.
It is obvious that for plans generated by using MMC2 and MMC3 the maximal value of coefficient variance has been reduced more
than twice compared to that of the respective D-optimal plan.

The following conclusion can be deduced from the analysis of results obtained:
e using procedures MMC2 and MMC3 leads to obtaining plans of maximum value for the variance inflation factor being
2 to 3 times lower than that of respective D-optimal plans, which determines a considerable decrease in the variance
of coefficient estimates for the regression equation;
 using criterion (7) generally leads to finding plans with lower values of maxVIF.

Table 6.

Symbolic Coefficient variance when using:
designations and real
values of coefficients FDOP MMC2 MMC3

1 2 3 4 5

b0 3.0 0.2868 0.2299 0.1680
b1 -2.0 0.8462 0.4314 1.0682
b2 4.0 3.3604 0.8103 0.5105
b3 6.0 1.2387 0.6983 0.5164
b12 -4.0 0.0809 0.3071 0.1047
b13 25 0.1053 0.2905 0.1391
b23 -3.7 0.1293 0.1322 0.1446
b123 9.0 0.1043 0.0619 0.4879
b11 -12.0 0.2012 0.3108 0.2235
b22 -4.0 0.0724 0.2730 0.0892
b33 -3.0 0.1825 0.2694 0.4403
b111 -1.5 0.4016 0.3748 1.0697
b222 2.0 3.3216 1.3945 0.4629
b333 6.0 1.4865 0.3574 0.5643
b112 4.0 0.8494 0.4110 0.9025
b113 -3.0 0.5768 0.5376 0.9957
b221 6.5 0.7121 0.6688 0.3853
b223 44 0.2715 0.9387 0.3070
b331 -2.6 0.3759 1.3532 0.9951
b332 3.3 0.2184 1.0997 0.4293

At the same time it should be remembered that reducing the multicolinearity leads to lower D-effectiveness of the plans as well.
Fig. 2 shows the averaged values of Deef for the eight experiment plans obtained through MMC2 (plot 1) or MMC3 (plot 2).
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Figure 2. Variation of the mean value of Deg.
Investigating the algorithms MMC2 and MMC3 and their respective programming implementations has shown that they can be
used for generating plans for cubic regression, while the experimenter will have to choose the criterion to be used depending on the
requirements for proximity of the plan obtained to the D-optimal one.
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