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HacTosiwara paspaGoTka e nocBeTeHa Ha M3cnedBaHe Bb3MOXHOCTUTE HA TOBApOMOAEMEH MaHWMynatop fa OCbLECTBABA MpeMecTBaHe Ha ToBapu no
NpeaBapUTeNHO 3ajiafieHn TPAEeKTOpU, ONpenerneHn OT KpaeH Gpoil TPAeKTOpHW TOuKM. PasrneaaHo e ChbOPbXEeHMe C POTALMOHHU ABOMKA U XMAPABANYHO
3a[BUXBaHe Ha 3BeHaTa, Bcska efHa OT TPAEeKTOpHWTE TOYKW Ce OMWUCBA Kato ChBKYMHOCT OT MO3WLMA W OPUEHTaLMs Ha ToBapa B obCnyxBaHus ofeM Ha
MaHunynatopa. Mpy 3agafieHo BpeMe 3a npeMuHaBaHe No onpefeneHa TPaekTopUst Ca U3UMCTIeHU ABUraTenHuUTe yCunusi No BCsika egHa cTeneH Ha csoboaa,
HeobXoaMMM 38 NPeofoNABaHe CbBKYMHOCTTA OT BBHLUHW CTATUYHW W AUHAMUYHM HATOBApBAHMS, KATO 32 Ta3W LEN € MPUMOXeH Ha WHTepakTuBeH HioToH-
Oitnepos anropuTbM. OnpedeneH e CbLo Taka XenaHus AeGUT Ha noMnaTa 3a peanu3alys CKOpocTUTE Ha 3BeHara. MonyyeHnTe pesynTaTv OT cuMynauusiTa ca
CPaBHEHY C [e/CTBUTENHUTE NapamMeTpyu Ha ChOPLKEHNETO 3a fia Ce HanpaBK OLEHKA Ha Bb3MOXHOCTUTE 3a BIKEHWE N0 OnpesernieHa TpaekTopusl.

TpaekTopusTa, kato NoHATME AedMHMpaHo poboToTex-
HUKaTa, nNpencTaBnsBa W3MEHeHWe BbB (DyHKUMS OT
BPEMETO Ha No3nLMATa, CKOpPOCTTa W YCKOPEHWETO BbB
BCsika CTeneH Ha coboga. Tean (yHKLWM Ce M34MCnABaT Ha
fasata Ha CbBKYMHOCT OT MO3WLMW W OpUEHTaLMM Ha
WHCTPyMeHTa, ToBapa Unn NoCneaHoTO 3BEHO OT paboTHMS
opraH Ha poboTa, npes KoSTO CbBKYMHOCT Te NMpemMuHaBat
npy ABWXEHWE OT edHO HayanHo A0 e4HO KPamHO momo-
XeHue. [lombnHMTENHO KbM TOBA OMucaHne Moxe Aa bwbae
BMbKHAT WU BPEMEHHUA €MIEMEHT, T.e. U3UCKBAHETO [ABWXeE-
HWETO OT HAYamnHoOTO 4O KPaHOTO MOMOXeHUe, NpW Npemu-
HaBaHe npe3 onpegeneH 6pon “MeXauHHW' TpaeKTOPHM
TOYKM, Aa Ce WM3BbPLUIM 33 OnpefeneH, npeaBapuTeriHo
3afjafieH uHTepBan ot Bpeme.

OueBMOHO €, Ye MpU OBWXEHWE MO OMpefeneHa Tpaek-
TOpUsi, paboTHWS opraH e MOANOXEH Ha AEACTBMETO Ha
CUCTEMA OT BBHLUHW CUAM — CTATUYHM, KAKTO N AUHAMUYHM,
BCMEACTBME HA HEYCTAHOBEHWUTE [BWXEHWs. ToBa e
0cobEHO BanMaHO MO OTHOLUEHWE HA TOBAPONOAEMHUTE
CbOPBKEHUS KOHCTPYMpaHu 3a 00paboTka Ha 3HA4UTENHM
Mo ronemMuHa ToBapy U CbC 3BEHa, YNSTO Maca He MOXe Ja
6bae npeHebperHata. OT gpyra CTpaHa, XenaHueto 3a
WHTEH3U(MLMPAHE Ha npoueca UM NoBUWABaHe Ha
NpOWU3BOAMUTENHOCTTA Ype3 HamansiBaHe Ha BPEMETO 3a
UMKbna (BpeMeTO 3a [ABWXEHWE OMpedenieHa TpaekTopus)
BOAM [0 YBENu4YaBaHe Ha OWHAMWYHWTE HATOBApBaHMs, a
0T TaM 1 06L0TO HAaTOBapBaHE Ha KOHCTPYKLMATA.

OBbuioTo HaToBapBaHe Ha pabOTHWS opraH ce noema ot
HocelaTa KOHCTPYKLWMS, KaKTO 1 OT CUCTeMaTa Ha 3afBuk-
BaHe M0 OTAENHUTE CTeneHn Ha cBoboaa. Thii KaTo yHNUBEP-
carHuTe TOBApOMOAEMHU MaHWMYNaTopy ca KOHCTPYMpaHM
32 MU3NbMIHEHWE Ha LWWPOK Kpbr 3agayun (BKJ'I}0'-II/ITeJ'IHO

TEXHOMOMMYHM), TO Opa3MepsIBAHETO Ha Hocewata  KoH-
CTPYKLMS, KAKTO 1 CUCTEMATa Ha 3afBuxBaHe (OT rmegHa Touka
Ha [BUraTeflHITE YCWUnusl) ca W3BbPLUEHW Ha Bas3aTa Ha obwpy
CbobpaxeHus 1 0600LLEHN UBNCKBAHMS.

Mpu U3non3BaHe Ha KOHKPETHA KOHCTPYKUMS B CrieLydudHm
ycnosust obave, TpsibBa Oa ce M3BbplUaT M3CnegBaHUs Ha
Bb3MOXHOCTUTE Aa ObJaT OCbLIECTBSBAHM XeNaHu Tpaek-
Topun. Te3an W3CriedBaHUs KacasT KakTo onpedensiHe Ha
Bb3MOXHOCTUTE Ha CUCTEMaTa 3a 3aABMXBaHe fa pa3suBa
KemnaHuTe YCWUNMA, M CKOPOCTM, Taka M SKOCTTA Ha KOH-
CTPYKUMSATA MO Bb3AEHCTBUETO Ha CTaTUYHUTE U AMHAMUYHM
yeunms.

Hactosiwata paspaboTka € NOCBeTeHa Ha TPaeKTOpHM
“3crneaBaHus Ha TOBApPOMOAEMEH MaHUNyaTop C XMAPaBnuYHO
3a[BWKBaHe W LeCT 3BeHa, obpasyBawy NET POTALMOHHM
KMHEMaTUYHU [BOWKM, KaKTO € nokasaH Ha durypa. 1. [bpBoTo
M NETOTO 3BEHA POTMPaT OKOMO BepTUKamNHM OCW, [OKaTo
OCTaHanuTe TpU — OKOJIO TPU YCNIOPeaHN XOPU3OHTaITHM OCH.

TpaeKTOpHVITe n3cnegBaHna ce OTHaACAT A0 Bb3MOXHOCTUTE
Ha CbLUeCTBYyBallaTa CUCTEMA 3a 3af1BUKBAHE:
al pa peanusupa HeobxoauMuUTe ABUraTeNHM yeunus;
0/ na peanusupa HeobxoouMMUTE CKOPOCTU Ha 3BeHaTa 3a
OMMCBAHE Ha XenaHuTe TpaeKTopum;
B/ 4a peanuaupa HeobxodumaTta MOLLHOCT 3a ABWXEHWe Mo
onpezaerneHa TpaekTopus.

MonyyeHuTe pesynTaTi MoraT Ja ObgaT uanonaBaHe 3a
LWMPOK Kpbr [APYrv 3afauu, BKIIOYMTENHO SKOCTHO Opasme-
psiBaHe Ha KOHCTPYKUMSITA, HO TOBa He € 00eKT Ha HacToswaTa
cTaTus.
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KoHKpeTHO e pasrneaame NpeHacsHETO Ha onpefeneH
TOBap — naneTHa eauHnLa OT edHO HavanHo NonoxeHue S,
npes MeXauHHO nonoxexne M 10 egHoO KpaiHO NONoXeHue
E. BbB BCAKO €0HO OT Tean NONMOXEHUs, nosuuyusTa u
OpWeHTaLMsATa Ha LieHTbpa Ha naneTHaTa eauHuLa Cnpsimo
6asoBata cuctema Ha MaHunynaTopa ce fasa NoCpPeACTBOM
TpaHcdopmauus oT Buaa:

Hcos(¢) -sin(g ) 0 XCH
o 0sin(9 ) cos(9) 0 y.D
o0 9 0 1 z,W
ﬁ 0 0 0 Iﬁ

KbOETO X, Y. M Z: Ca KOOPAMHATUTE HA TEOMETPUYHMUS
LiEHTbp Ha naneTHaTa eauHUUa, a ¢ - brbfia Ha poTauust
CMPSIMO 0CTa Z MMHaBaLLa NPe3 TO3M LiEHTbP.

PelueHneTo Ha nocTaBeHaTa 3ajava Moxe Aa 6bge
nocTurHato C um3nonseaHe Ha HioTtoH — Oiineposus
UTEPaKTMBEH anropuTbM, KOWTO pasrnexaa pPaBHOBECHOTO
CbCTOSHME Ha 3BeHaTa OT paboTHWA opraH nog 4eNCTBUETO
Ha cuCTEMA OT CTATUYHWM W AMHAMMYHM BBHLIHW CUNK K
OMOpHM peakuun B CcTaBuTe. Pasnonaraiku nokanHu
KOOpPAMHATHW  (CUCTEMM  CBBP3AHW  HEMOABMXKHO  KbM
CbOTBETHUTE 3BEHA) CbIMACHO ONpefeneHn U3UCKBaHUS,
KaKTO U HOMEpPUPaNKN CUCTEMUTE C Bb3XOASALM MOPESHU
HoMepa OT 6a3aTa KbM KpalHOTO 3BEHO OT KMHEMATW4HaTa
Bepura, MOXem fa npunoxum [eHaBuT-XapteHbeprosata
TpaHccopmauus, [aBalla OMMCAHMETO Ha KOOpAMHaTHA
cucTema C no-BUCOK HOMEP OTHOCHO Taau C MO-HUCHK HOMEP
— Denavit n Hartenberg (1955):

_ i i D
i ;T - it it10
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KbfleTo ,.; R npeacrasnsBa 3x3 poTalMOHHa MaTpuLa,

onucealla opueHTauudaTa Ha KoopAuMHaTHata CcucTema
CBbp3aHa HENoABMXHO C i+1 — BOTO 3BEHO CnpAmMo Tasu,

CBbP3aHa C i - TOTO 3BeHO, AokaTo ' P, ;) Npe/icTaBNsiBa

BEKTOpa Ha Ha4yanoTo Ha j+1 — BaTa koopauHaTHa cuctema
“3paseH cnpsmo i- TaTa.

3apavata e Obde peleHa B crnegHata nocrego-
BaTErHOCT:

- pellaBaHe Ha obpaTHaTa 3agava Ha KuHema-
TMKaTa U onpedensHe Ha KOHKPETHWTE BIMM Ha
OTHOCMTENHO 3aBbpTaHe MEXdy 3BEHaTa B HayasHoTo,
MEXAMHHOTO 1 KPanHOTO MOMOXEHWS;

- reHepupaHe Ha (yHKUMM OT BpEMETO Ha
MOMOXEHNETO, CKOpPOCTTa U YCKOPEHUETO MO BCAKA efHa
CTeneH Ha caoboaa;

- npunaraHe Ha HiotoH -  Oineposus
anropuTbM 3a onpegensHe Ha CUNNTE B CTaBuTe.

PeluaBaHeTo Ha 0BpaTHaTa 3afaya Ha KMHemaTukaTa 3a
MaHWnynaTop ¢ neT CTeneHu Ha cBoboga W POTaLMOHHU
OBOKA € TpaguuMOHHA 3ajaya W Ce W3BbLPLIBA My

pasrnexgaHe Ha nos3uumdata U OpueHTauuAaTa Ha KoopAauHat-
HaTa cucTeMa Ha NeToTo 3BEeHO. [onoXeHMeTo Ha TOBapa B
Tasn cucrtema ce onucea JecHo. EgHO  gombrnHUTENHO

Queypa 1. TosaponodemeH MaHUNyIamop ¢ nem cmenenu
Ha c80600a

yCnoBMe, NPy peluaBaHe Ha obpaTHaTta 3afjaya, € M3NCKBaHETO
33 XOpWM3OHTANHO TMOMOXEHWe Ha ToBapa MO Bpeme Ha
ABWKEHWETO. TOBA XOPU3OHTAIHO MOSIOKEHWE Ce OCUrypsiBa Mo
Pa3fMYHA  HAYWHK, HaMpUMep MOCPEACTBOM MaHTorpadHa
cucTeMa B KOHKPETHHS! Criyyail.

Kato pesynrat oT pellaBaHeTo Ha obpaTHaTa 3ajava, 3a
BCSiKa OT CTABHUTE NMPOMEHMMBK CE NONy4YaBaT TPU CTONHOCTMH,
onpefensLn aBa MHTepBana Ha ABWKEHWE — OT Ha4YanHoTo Ao
CPEOHOTO M OT CPEHOTO A0 KpaiHOTO nomnoxeHne: GO < G
<Oy U BOy< O <O BpemeTo 3a ABMKEHNE BLB BCEKM
y4acTbK e egHaKBO 3a BCUYKM CTEMEHU Ha cBoboda u Moxe aa
6bae npeaBapuTenHo 3agageHo, ki 0 < t < t; 3a nbpeus
yyactek n 0< t < f, 32 BTOpUS.

3non3saHeTo Ha MOMMHOM OT TpeTa CTENeH KaTto (PYHKUMS
Ha nonoxeHueto Ot)
O.(t)=ayyt a, tta,t’+a,t
i i0 il i2° i3

. (1)
0,(t)= a,+ 2a,t+ 3a,t’

M3UCKBa OnpedenaHe Ha YeTnpute KOG(bI/ILWIEHTa Ha NoJInHOMa

B 3aBWCUMMOCT OT HadanHute n KpaVIHMTe ycnoBus 3a BCEKKU
€[VH UHTepBan oT ABMXEHUEeTO:

- 3a MbpBN NHTEPBAn:

0(t=0)=0, 0(t=0)= 0
O(t=1,)=0,; 0(t=1)= 0,

OTKbAETO:
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OnpepensHeTo Ha CKopoCTTa B MEXAMHHATa TouKa Lie
WN3BBPLLMM MPY YCIIOBMETO 3@ PABEHCTBO Ha YCKOPEHWETO B
Kpas Ha MbPBUS M HaYanmoTo Ha BTOPUS WHTEpBan Ha
[BIKEHNE.

O(t=1,)=0(t=0)

2a;,t 6a;t = 2a,,

3amecTBalikv CbOTBETHUTE KOEULIMEHTH, 3@ CKOPOCTTA B
MeXaMHHaTa To4ka nonyyaBame:

g 2313004 -05)t1.(0,-0,)]
M 28,4,.(1,+ t,)

Kakto e otbensisaHo no-rope, BCSKO 3BEHO OT
MaHunynatopa Moxe Aa ObAe pasrmegaHo B paBHOBECME
Mo OEeACTBMETO Ha cuUCTEMA OT CTATWYHW M OMHAMUYHU
BbHIWUHM CWAM 1 OMOpHM peakumn B craBute. [lpu
TOBapOMOAEMHUTE MaHUMYNaToOpW BLHLUHUTE CTAaTUYHUCKTTN
ce onpegensT OT macuTe Ha ToBapa M 3BeHaTa. B Tosu
Cnyyait, pasrnexgaikn paBHOBECHOTO CbCTOSHWE Ha
NnocneaHoTo 3BEHO OT KMHEeMaTuyHata Bepura Hue Moxem
Aa 3anuiiem:

fs == R(°0+"G; )+ FQ + Fy;
s = - PyxJR O~ Pysx R G5+ My+ (4)

t Ms+ Pyx Fy+ Posx Fs

B TOPHOTO YpaBHEHWE BCWUYKM CUNIN N MOMEHTU Ca
M3pa3eHn cCnpaMo KoopAmHaTtHata CuctemMa Ha neToTo
3BEHO W Ca HanpaBeHW CneHnTe 03Ha4YeHUA:

]} - BEKTOp chna, NpUIoXeH B Ha4asnoTo Ha netarta
KOOpAMHaTHa cucTema;

ﬁ"l5 - BEKTOp MOMEHT, MNPUNoXeH B Ha4yanoTo Ha
neTaTta KOoOpAnuHaTHa CMCTeEMa,

—

OQ, 0G5 - CUITM Ha TeXeCTTa Ha ToBapa 1 neToTo

3BEHO, W3paseHW B HyneeaTa KOOPAMHAaTHA  cuUcTeMa
(koopauHaTHaTa cuctema Ha 6asata);
FQ, Fs - VHepuUMOHHM CUMW, MpUNOXeHM B

MacoBWTE LEHTPOBE Ha ToBapa W NETOTO 3BEHO BCREACTBUE
NNHENHOTO YCKOPEHME H 3BEHOTO;

—

M, M - MHepUOHHN MOMEHTU OT MacuTe Ha

TOBapa W 3BEHOTO BCNeAcTBME Ha HEroBOTO BITIOBOTO
YCKOpPEHKE;

PQ, PC5 - BEKTOPW Ha MOJIOXKEHNETO Ha MacoBuUTeE

LeHTpoBE Ha TOBapa W NOCNeAHOTO 3BEHO  CrnpsAMO
KOOpAMHaTHaTa CMCTeMa Ha 3BEHOTO.

OueBwnaHo, Ye cobcTBEHMTE Terna Ha TOBapa W 3BeHaTa Ha
pa6OTHI/I9| opraH ce onuceat Hail-NecHo cnpaMo  efHa
HenoaBkHa, 6a3oBa KoopauHaTHa cuctema. I'IpM NonoXexHwue,
ye octa Z Ha basosata KOOpAMHaTHa cucCTemMa € HaCO4eHa
Harope, T0 H1e MMame:

“0=70 0 -gmy]".

B 1031 Ccnyvain, yMHOXEHMETO C poTauMoHHaTa Matpuua
5
o R, naBawa opueHTauusTa Ha KoOpAMHATHATa cucTemMa Ha

6asata CnpAMO Ta3n Ha nocnegHoTo 3BEeHO M3passBa Tesn
BEKTOPW B 3aBMCMMOCT OT U3UCKBAHETO Ha YpaBHEHUETO.

MHele'I/IOHHI/ITe ChniM 1 MOMEHTU OT CBOA CTpaHa morat Aa

6baat onpenenenu ot HioToH-OnepoBuTe 3aBUCUMOCTH UNK:

F5 = m5vc5, FQ = mQVQ,

My=1pbist0sx1y0s;

KbETO:
Ves» Vo - IMHElHA YCKOPEHWS Ha Macosute
LIeHTPOBE Ha TOBapa 1 MOCNEAHOTO 3BEHO;
Is5, I - WHepuMOHHM TeHsopu Ha TOBapa W

3BEHOTO, U3paseHn CnpAMO KOOPAUHATHU CUCTEMU C Ha4ano B
Macosute LEHTpoBE W OpWEeHTauua efHakea C TasuM Ha
NocneaHOTo 3BEHO;

(17.5, (U5 - bINOBO YCKOPEHWE W BIINOBa CKOPOCT Ha
3BEHOTO.

/3uncnsiBaHETO Ha BEKTOPUTE CUra U MOMEHT, MPUNOXEHN B
HayarnoTo Ha KOOpAMHATHATa CHUCTeMa Ha OCTaHanuTe 3BeHa
(onopHuTe peakummn) We Obae OCHLIECTBEHO MOCPEACTBOM
nocrefoBaTeNHM uTepaummn B Husxogaw peg 4 < i < 1
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Queypa 2 [JuHamuyHu U cmamuyHU MOMEHMU 8b8 8mopama cmasa
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JIMHERHNTE W BIMOBMTE CKOPOCTH U YCKOPEHMS Ha 3BeHaTa
MoraT pga Obaar OnpedeneHu npu  MocnefoBaTenHu
Bb3XOOALLM UTepauuu, KaTo ce MMa MpeaBua, Ye TexHuTe
3HayeHus 3a 6a30BOTO 3BEHO ca paBHM Ha Hyma J.Craig
(1991). CToMHOCTMTE Ha CTABHUTE MPOMEHMMBH, TEXHUTE
CKOPOCTM M YCKOPEHWS Ce B3emaT OT reHepupaHuTe
TpaekTopun (MONMHOMK OT TpeTa CTeneH) no BCska edHa

cTeneH Ha ceoboga (popmynm 1 - 3).

BextopuTe f; W 771; Mat OBLO WECT KOMMOHeHTa. OT

TE3W LWeCT KOMMOHEHTa MeT Cce noemar OT MeTanHata
KOHCTPYKLMA Ha MaHunynatopa KaTto OMOpHU peakLuu,
pokato lwectata Tpsbea pa 6Obge npeogonsHa  OT
cucTeMata 3a 3afBukBaHe. Tbil kaTo HWe pasnonarame
ocuTe Z MO OCUTE Ha poTauMst Mexay 3BeHaTa, TO
HeoOXoAMMOTO YCUnMe e ce OMPEeAeNni No 3aBUCUMOCTTA:;
1,=m;.z;; z; - [0 0 1] " . ennHnven sexrop
no ocTa Z;

Ha dmrypa 2 ca npefcraBeHn HeOHXOAUMUTE BLPTALLM
MOMEHTM B CTaBaTa Mexzy MbpBOTO W BTOPOTO 3BEHA 3a
npemMecTBaHe Ha ToBapa MO OfnpefdeneHata TPaekTopus.
Yeunusata ca W34UCneHn no 3aBucumocTt 4 — 7 npu ase
pasnuyHu BpeMeHa 3a [BWKEHWe Mo TpaekTopusTa -
cvotBeTHO 6 M 10 [sec]. Ha dwmrypata cblio Taka ca
nokasaHu CTaTUMHUS MOMEHT U [ENCTBUTENHUS MOMEHT
pasBMBaH OT XMAPOLMIMHAPUTE B CTaBaTa KaTo (PYHKUMS Ha
brba Ha 3aBbpTaHe Mexgy 3BeHata. OueBugHO e, ue
WHTEH3MMKaLMSTa Ha npoLeca yBenuyaBa AUHAMUYHUTE

Queypa 3 Heobxodum cymapeH Oebum

HaToBapBaHUA, KOUTO He Morat Aa Obaat npeojoneHn B
onpefeneHa 4act OT TpaekTopusaTa.

Bb3MOXHOCTTa Ha cucTeMaTa 3a 3afBuxBaHe Aa oCblLecTBN

KemnaHu CKOpOCTYW Ha 3BeHaTa (onpeaeneHi no dopmynu 1 — 3)

ca CBbp3aHu Mpeau Bouuko ¢ aebuta, passuBaH OT XMapaB-
NMYHaTa Nomna, Tbil KaTo TS reHepupa OebuT 3a 3afBuKBaHe
Ha HAKOMNKO 3BEHa efHOBpeMeHHO. OnpeaensHeTo Ha Heobxo-
aumuTe 0ebuTi uanckea TpaHcHOpMUpaHe Ha bFOBUTE CKO-
POCTW Ha 3aBbpTaHe Ha 3BEHaTa B JIMHEMHW CKOPOCTW Ha
xuapouunuHgpute. MocnegHoTo € B 3aBUCMMOCT OT Buda Ha
OKa4BaHeTo Ha XWUOPOUMNIMHABLPA KbM 3BEHaTa (OUPEKTHO W
ype3 oCcTOBa CMCTEMA) W NapaMeTpuTe Ha ToBa OKayBaHe —
(Tpuropos u Excapos, 1981, Mpuropos. 1996).

Ha courypa 3 e npeAcTaBeHO M3MEHEHUETO Ha HeoBXoaMMMS
[ebuT 3a 3afBMXBaHe Ha BTOPOTO, TPETOTO M METOTO 3BEHA,
KOMTO B KOHKPETHMS! Clyyaii ce 3axpaHBaT oT eaHa nomna. OT

nomny4eHuTe rpacvkm CTaBa SCHO, Y€ ABVKEHWE MO 3afafeHaTa
TpaekTopus C NpOObIKMTENHOCT 6 [sec] He Moxe ga Obae
OCBLLECTBEHO MOPagM HEBBL3MOXHOCT Ha KOHKpeTHaTa nomna

[ OCBLLECTBM xenaHus aebut.

MpeacTaBeHaTa cUMynauust W M3BBLPLLEHA Ype3 CbCTaBsiHe

Ha u34ucnuTenHa nporpama B Cpefa Ha nporpamHaTa cuctema
Matlab. MacuTte Ha 3BeHaTa, KaKTo ¥ MHEPLIMOHHUTE TEH30pH Ca
onpefeneHu upe3 mogenupaHe B cuctemara Mechanical

Desktop 6

3AKMIOYEHNE

MpeacTaBeHa € METOAMKA 3a U3CTeABaHe Bb3MOXHOCTUTE
Ha XngpasnuyHo 3aaBWXBaH MaHunynaTop aa
OCbLUECTBABA MpeHacsHe Ha TOBap MO MpeaBapuUTesnHO
onpefeneHa TpaekTopus 3a 3afafieHo Bpeme. Tasu
METoAMKA Ce OCHOBABa Ha CpaBHsIBaHe LEACTBUTENHUTE
[IBUraTesHN YCUNus, pa3BuBaHi OT cUCTEMaTa 3a 3afBHX-
BaHe U HeobXxoguMUTE 3a NMpeodonsiBaHe Ha Cymarta oT
CTaTUYHN W AUHAMUYHW CUM. [JOMbAHUTENHO CPaBHEHMe
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MpenopbyaHa 3a nybnukysaHe om
kamedpa ‘“MexaHusayusi Ha muHume”, MEM®

NNTEPATYPA

lpuropoB B., Mn. Ekcapo 1981. OtHocHo u36opa Ha
XMOPOUMNMHOBP 33 3adBWKBAHE Ha 3BEHaTa Ha
TOBApOMOAEMEH MaHWUNYNaTop OT aHTPOMOMOPKEH Tun.
MawuHocmpoeHe KH. 1.

lpuropos, B. 1996. KuHemaTuyHO u3cnedBaHe Ha
TOBapONoAeMeH MaHunynaTop C  XWUOPaBMNYHO
3apBwkBaHe. MawuHocmpoeHe, kH. 9-10.

Craig, J.J. 1991. Introduction to Robotics - Mechanics and Con-
trol. — Addison-Wesley Publishing company.

Denavit, J., R.S. Hartenberg. 1955. A Kinematic Notation for
Lower-Pair Mechanisms Based on Matrixes. - J. Applied
Mechanics June 1955.



TRAJECTORY INVESTIGATION OF A HYDRAULICALLY DRIVEN MANIPULATOR

Bojidar Grigorov

Technical University -

Stefan Asparuhov

Technical University - Sofia

Sofia Sofia 1797 Bulgaria

Sofia 1797, Bulgaria
E-mail b.grig-
orov@vmei.acad.bg

ABSTARCT

The present work presents an investigation conducted in order to determine the abilities of loading manipulator to move a particular load along desired trajectory
through space. Such a trajectory is defined via number of known path points (including initial and final positions). Each path point is represented as position and ori-
entation of the load within the manipulator’s working space according to some basic frame. The particular construction under consideration is hydraulically driven,
five degree of freedom structure with revolute joints. Given the time elapsed between the path points, the necessary driving torques to counterbalance the system
of external static and dynamic forces at each degree of freedom are computed. Such computations are performed using interactive Newton — Euler algorithm. The
necessary flow output of the hydraulic pump to provide desired velocities of the manipulator’s links is also determined. The computed required forces and flow are
compared to the actual parameters of the manipulator in order to evaluate the capabilities of concrete installation to follow predefined trajectory in space.

Trajectory as stated in robotics refer to a time history of
position, velocity and acceleration for each degree of free-
dom These functions are determined by taking into account
a number of known positions and orientations of the tool,
load or the last link of manipulator, i.e. the basic problem is
to move the manipulator from one initial to one final position.
Note that, in general, this motion involves change in posi-
tion, but change in orientation as well relative to some basic
frame. Sometimes the trajectory can be specified in more
details as sequence of “via points” are given in addition to
the starting and ending positions. All the starting, ending loc-
ations as well as the “via points” are referred as “trajectory
points”. We can also include the time factor — a time interval
required to complete the motion via the set of trajectory
points.

It is obvious, that while in motion, the links of the manipu-
lator are subjected to a system of external forces — both
static and dynamic. This is quite true for heavy duty loading
equipment, designed to lift and transport considerable loads.
In such cases the mass of the links could not be negligible.
The set of external forces produces reactions — three dimen-
sional torque and force vectors at each joint. All components
of these force and moment vectors are resisted by the struc-
ture of the mechanism itself, except for the torque about the
joint axis, which is balanced by the hydraulic system actuat-
ors

On the other hand, there is constant desire to intensify the
working process mainly by increasing link’s velocity and thus
reducing the working cycle. This leads however to increas-
ing accelerations and escalating dynamic forces and thus —
to the greater stress upon the construction.

In general, the universal loading manipulators are inten-
ded to perform large scope of activities, including some
purely technological tasks. This is why the structure and the
driving system are designed having in mind some general
requirements, sometimes without regard to any specific ap-
plications. When going to specific tasks however, it is neces-
sary to conduct some kind of investigations upon the given
construction. Such investigation can be the study of the ma-
nipulator’'s ability to maintain given trajectory in space. This
involves not only the ability of the driving system to generate

the necessary forces (torques with revolute joins) and velocities
at each joint, but the strength of the structure as well.

The present paper is dedicated to trajectory investigation of
five degree of freedom, hydraulically driven loading manipulator
with revolute joins as shown on Figure 1. The first and the fifth
link rotate about vertical axes, while the others arms — about
three parallel horizontal axes.

The trajectory investigations are conducted by means of com-
puter simulation and treat the capacity of the existing driving
system to:

al generate the necessary driving forces (torques) in order to
balance the set of external static and dynamic forces;

b/ generate the necessary velocities of arms in order to maintain
desired trajectory;

c/ generate desired output power.

The acquired result from such a simulation could be easily util-
ized in wide area of additional research tasks, including stress
analysis, which is out of the scope of this work.

Specifically we will consider transportation of a particular load
with defined mass and dimensions from one starting location S,
via some middle point M (without stopping there), to a particular
final position E. For every one of these trajectory points, the po-
sition and orientation of the gravity center of the load in respect
to the base coordinate system is known and given by transform-
ation matrix:

Hcos(¢) -sin(¢p ) 0 xCH
o 0sin(9) cos(b) 0 y.0
0y 0o 1 zt
ﬁ 0 0 0 Iﬁ

Where x, y. z: and are the coordinates of the load’s center of
gravity, while ¢ represents the rotational angle about the vertic-
al axis passing through that center.

The solution of the present task will be achieved utilizing the
Newton — Euler interactive algorithm, which regards the state of



static equilibrium of each manipulator’s link under arrange-
ment of external static and dynamic forces and reactions in
joints. Numbering the links in ascending order staring from
the immobile base of the manipulator and placing the local
frames (connected rigidly to respective arms) in accordance
to some rules, we can apply the Denavit-Hartenberg's trans-
formation which gives the description between two neighbor-
ing frames: - Denavit and Hartenberg, 1955
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where . 1’ R s rotational 3x3 matrix describing the orienta-

tion between i+7-th and i- th frames, and P,,, isthe

i+1 frame’s origin vector described in respect to the i th co-
ordinate system

THE TASK OF SIMULATION WILL BE
PERFORMED IN THE FOLLOWING
ORDER:

- solving the inverse problem of manipulator kinematics.
This will give a positional vector in joint space (five dimen-
sional vector with particular values for each joint angle) cor-
responding to the starting middle and final trajectory points;

- generating time dependant functions for position, velocity
and acceleration for each joint angle while passing between

the trajectory points; Figure 1. Five degree of freedom loading
- applying the Newton — Euler interactive algorithm in order

to determine the dual force-moment vectors acting in each
joint.

The forth polynomial coefficients will be computed using the
initial and final values of the function which are known:
Solving the inverse problem of manipulator kinematics is 1. for the first section
routine tasks and can be done considering the position and 0(t=0)=0.- 0(t=0)= 0
orientation of the fifth arm’s coordinate system in respect to ( ) S ( ) )
the base frame of the manipulator. The location of the load 0(t= t)= 0 v 0(t= t)= 2] M
in this fifth frame has elementary description. One additional
condition which somehow simplifies the solution is the fact whence:
that the load must be maintained in horizontal orientation

during the motion. That condition could be ensured by differ- ap=0s; ap = 0;

ent techniques (using the pantograph system for this partic- - )

ular example),( ang providesg one gimple dependency a; - 3.(6 M2 o S) - 0 M.

between joint variables. t; t (2)
The inverse problem solution produces as a result three _ 2(0,-04) @.M

values for each joint variable which values correspond to the a3 -~ 3 ¥ 5

given trajectory points. Hence the joint variable will vary G i i

< @ <0y for the first section of the motion (from the start

to the middle position) and Gy < & <@ for the second

section. 2. for the second section:

The time elapsed between the trajectory points will be also
considered as specified and we will denote 0 < t < t, for . .
the first section and for 0 < t < t, the second section re- O(1=0)=0y; 0(t=0)= 0y
spectively. O(t=1,)=0,: 0(t=1,)= 0
To assure the smooth motion between the points, third or-
der polynomials will be used to specify the time dependent
position for each joint variable O\). whence

0,(t)= ay+ a,t+a,t’+a,t

0,(t)= a,+ 2a,t+ 3a,;t’
(1)



ay =0, a; =0y,

3005-0,,) 20,

t; l; (3)
2(8,-0,), 6
drs = 3 2
15 t;

We can compute the desired velocity at the “via point” as-
suming the equality of the acceleration at the end of the first
section and the beginning of the second section.

O(t=1t,)=0(t=0)

2a;,t 6a;;t, = 2a,,

Substituting the coefficients for the middle point we obtain:

g - 3[82.00,-0)tt7.(0,-0,,)]
M 28,0,.(1 % 1))

As it was mentioned above, each link of the manipulator
could be regarded as in equilibrium when subjected to a set
of external forces and joint reactions. When a particular load
is being transported, the masses of the load itself and ma-
nipulator's arms represent the static external forces. Addi-
tional dynamic components are applied at mass centers due
to the acceleration of the arms. Considering the balance of
the last arm from the kinematical chain we can write:

S5 = R("0+"Gs )+ Fy + Fy;
ms = =Py )R"Q - Pyt JR"Gs+ My + (4)
t Ms+ Pyx Fy+ Posx Fs

In the above equation all force and moment vectors are
expressed in terms of the coordinate system of the fifth link.
Here the following notations are made:

f5 - force vector applied at the fifth frame origin;

m s - moment vector applied at the fifth frame ori-
gin;
OQ, 06’5 - weights of the load and the link as
vectors expressed in the base, motionless coordinate sys-
tem;

F, , ﬁ} - dynamic forces applied at the mass

centers of the load and the fifth link owing to the linear ac-
celeration of the link (three dimensional vectors);

M 0 M 5 - dynamic moments acting on the load

and the link owing to the angular acceleration of the link (three
dimensional vectors);

PQ, PC5 - positional vectors specifying the gravity

centers locations of the load and the fifth link, expressed in re-
spect to the same coordinate system.

It is natural that the weights of the load and each arm of the
manipulator are best known in the base coordinate system,
where the Z axis points vertically upwards. Then we can write a

simple description: OQ =/[0 0 - g.mQ]T In this case

the rotational matrix g R gives the description of these vectors

in respect to the fifth coordinate system, which is in accordance
to the equation requirements.

WE WILL USE THE NEWTON-EULER
EQUATIONS TO COMPUTE THE DYNAMIC
FORCE AND MOMENT, CRAIG (1991):

F5 = msV.s, FQ = myvy;
Ms=1,65+0sxI505;
My=1p0s+0sx Ip0s; o
where:

Vs, VQ - linear acceleration of the mass centers of
the load and manipulator’s link;

I5, I, -inertia tensor of the load and the link in re-

spect to the coordinate systems with origins at the mass cen-
ters, having the same orientation as the link’s frame]

W5, W5 -angular acceleration and angular velocity
of the link.

Using the inward iterations we can compute the force and mo-
ment vectors as reactions at each successive joint in descend-
ing order

= i+1iR’J7;'+1 * ﬁi_()iR'Oéi"
n; i+1iR'ﬁ;li+]+ Mi_ f)CiXO[R'OGi+ (6)

I
- i - -
+ Pi+1Xi+1R'fi+1 * PC5 X Fz

I

3

3
<

i*7ci’

i
M= La,+0,x1w,;

Linear and angular velocities and accelerations of each link
can be determined by outward iterations, having in mind that
their values for the base frame are equal to zero, Craig (1991).
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Figure 2 Static and dynamic torques at the second joint [N.m]
The values for the joint variables, their velocities and accel-
erations at each moment of time are taken form generated
trajectories (third order polynomials) for each degree of
freedom (formulas 1-3).

Between them vectors f; and m; have six components

altogether. All these components are resided by the struc-
ture of the mechanism itself except for the torque about the
joint axis, which is to be counterbalanced by the driving sys-
tem’s actuator. As we place local Z axes along the axes of
rotation between arms, the necessary torque, required to
maintain the static equilibrium, will be determined by the dot
product of the joint axis vector with the moment vector:
r,=mzy; =00 0 17,

Figure 2 shows the necessary torques to be applied by the
driving system at the second joint (rotation about the first ho-
rizontal axis), while moving the load along predetermined
trajectory in space. Two sets of values are computed apply-
ing the above described simulation method (formulas 4 - 7)
— one for the overall duration of the motion of 6 seconds
and one for the duration of 10 seconds. The necessary stat-
ic torque as well as the actual torque, applied by the driving
system’s actuators are also shown there. It is clearly visible,
that increasing the process by reducing the time elapsed
leads to greater dynamic loads which can not be balanced
by the existing driving system at some part of the trajectory
and thus rendering such a trajectory unfeasible.

The ability of the driving system to provide desired link ve-
locities (computed by formulas 1-3) depends mainly on the
flow produced by the hydraulic pump, which usually gener-
ates flow needed to power several actuators at the same
time. Determining the necessary flow requires transforming
the angular velocities in joints to linear velocities of hydraulic
actuators as soon as linear actuators are used to drive rota-
tional joints. The schemes used to attach the linear actuat-
ors to the manipulator's arms (directly or using a kind of
leverage) as well as the parameters of the attachments are
paramount in such transformations. (Grigorov and Exsarov,
1981, Grigorov 1996).
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Figure 3 Desired overall flow [I/sec]

Figure 3 gives graphical representation of the flow necessary to
drive the second, third and fifth links of the manipulator while
moving along the same trajectory. Analyzing the graphs, one
can see that moving along the path in 6 seconds interval could
not be achieved because the lack of the actual pump to supply
desired flow.

The simulation presented is made by programming in Matlab
mathematical package environment. The masses and center of
gravity locations of the manipulator links as well as inertia
tensors are determined through creating 3D models in Mechan-
ical Desktop 6 CAD package

CONCLUSIONS

- A method to investigate the capability of hydraulically driven
manipulator to transport a load along given trajectory in space is
presented. This method is based on comparing the actual driv-
ing torques applied by the hydraulic actuators in each joint to
the torques necessary to counterbalance the sum of static and
dynamic forces acting on links and the load during the motion.
One additional comparison is made regarding the flow supplied
by the pump and the flow needed to provide desired velocities
of the manipulator’s links.

- This method can be used to investigate a real machine as well
as in the design stage in order to choose suitable driving system
parameters, provided a concrete application for the manipulator
is given.

- Some additional results such as computing the reaction forces
in each joint can be utilized for other purposes such as stress
analysis or mechanical design of manipulator’s links.
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