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THE EQUILIBRIUM OF A BODY LOADED WITH A SPATIAL SYSTEM OF FORCES

Asen Stoyanov
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ABSTRACT. A comparative research has been carried out on the equilibrium of a body loaded with a spatial system of forces from which one of the distributed loads
has an intensity which is changed after a non-linear law. For the purposes of this article, two analytical solutions to a specific task have been compared. The manual
solution is classic. In it, the resultant forces and resultant moment from the distributed loads are determined. After that, the concentrated forces are decomposed into
components, and the equations for equilibrium are composed. Finally, the unknown values are determined and the solution is checked.

The second solution is performed by means of MathCAD 15. The graph of the non-linear function Qo (y) is automatically depicted in the figure. The equations for

the equilibrium are represented inthe A, X = B matrix form, and its solution is the solution to the problem.
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PABHOBECWE HA TANO, HATOBAPEHO C MPOCTPAHCTBEHA CUCTEMA OT CUIN
AceH CmosiHos
MunHo-2eonoxku yHugepcumem "Ce. Mear Puncku", 1700 Cogpus

PE3IOME. MpoBefeHO € CpaBHWTENHO M3CMEeABaHE Ha PABHOBECWETO HA TAMO, HATOBApeHO C MPOCTPAHCTBEHA CHUCTEMA OT CWMM, OT KOSTO €gHO OT
pasnpefeneHnTe HaToBapBaHNs MMa WHTEH3MBHOCT, KOSTO Ce MPOMEHS MO HENMWHEeEeH 3akoH. B cTaTusita 3a KOHKpeTHa 3ajaya ca CpaBHEHM [BE aHanUTU4HM
peLueHnsi. PbYHOTO peLleHme e knacuyecko. B Hero ce onpenensiT paBHOLEACTBALLMTE CUMW U PE3YNTaHTHUAT MOMEHT OT pa3npefeneHuTe HaToBapeaHus. Cren
TOBa KOHLEHTPUPAHUTE CUNKW Ce pasnaraT Ha KOMMOHEHTW U Ce CbCTaBST ypaBHEHWUsiTA 3a pPaBHOBECWE. Hakpasi ce onpemensiT HEU3BECTHUTE W ce MpoBEpsiBa
PELLEHMETO.

BTtopoTo pelwenune ce nanbnHssa ¢ MathCAD 15. padmkata Ha HenuHelHaTta (hyHKUMS ce u3obpassiBa aBTOMAaTMYHO Ha [JajeHaTta ¢urypa. YpaBHeHUsTa 3a
paBHOBECHE Ca NpeacTaBeHu B MaTpuyHa dopma A, X = B, 1 HEHOTO peLleHme e pelleHme Ha 3agavata.

KniouoBu AYMU: NPOCTPAHCTBEHA CCTEMA OT CUIU, 06paTHa maTpuua, Martkag

Introduction The beam is studied classically, “by hand”, and with the help

The article studies the equilibrium of a beam with a broken ~ Of the MathCAD package. The analysis of the wo types of
axis loaded with a spatial system of forces. One of the two solution makes it easy to assess their efficiency.

distributed loads is with variable intensity. The function that A similar problem has been solved by Doev and Dronin

describes the change of this intensity is square. (2016). The authors cited have chosen a positive function for

Determining the resultant force &, and the resultant moment ("€ intensity in the loaded section.

; ; ; T been improved. The author has chosen the law for the change
loaded with gz (y) - The resulting algebraic projection M ,x of intensity in such a manner that the distributed load changes

is directly involved in the equilibrium equation (for this specific its direction of action over part of the loaded section - see fig.
example, in equation y” Mx; = 0;). 1.

Difficulties that arise when solving problems in theoretical The equilibrium of 3D systems of forces is examined also
mechanics, and in particular in statics, are mathematical. In the by Bertyaev (2005) and Stoyanov (2014, 2016).

example under consideration, integrating a square function is
not a problem. However, if the intensity is expressed by a
function other than a polynomial, the difficulties become very
prominent.

The system of forces acting on a free moving body is
successfully studied in a dynamical setting and by means of
the MATLAB programme (lvanov, A., 2014, Ivanov, I., Y.
Yavorova, 2017).

Such problems in engineering practice are not uncommon.

Their solution is easy when using any of the mathematical
packages, such as MATLAB, Maple, MathCAD, and the like.
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Solution "by hand"

The beam is stationary in the thee-dimensional space within
the reading system Oxyz (see fig. 1).

The support devices at points A and B have been replaced
by the corresponding reaction forces ( see fig.1).

The assignment is to find analytically all the reaction forces, if
the geometry and load on the beam are known:

a=3m;b=4m;c=3m; d=25m; oz:ﬁ

ﬂ:%; P, = 35kN; P, = 32kN;

q,(y)=-50.y? +50.y + 287,5kN /m.

Solution:

1) Decomposition of the forces ﬁ and P—Z into
components

—|Ry = R.sina =30,311kN;
P, = R.cosa =17,5kN;

P>y =P,.sin . =22,63kN;
Poy = P,.cos 8 =22,63kN.

q, =33kN/m;
* 2
y 4
8 ~
£
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Fig. 1. Calculation scheme

2) Determining the sizes of the resultants El and Ez
Ry = qg.a=33.3=99kN;

b b
Ry = [0 (y).dy = [ (-50.y? +50.y + 287,5).dy;
0 0

3t 2[* 4
Ry =-16,67.°) +25.y%| +2875.y
R, = 483,333kN.

3) Determining the sizes of the resultant moment M 2 X

b
Moy = [y.02(y).dy;
0

4 3* 2[*
Mo =-125y* +16667.y%| +14375.y7
M oy =166,667 KN.m.

4) Determining the coordinate of the resultant force

_—

Ry
M 2X
Ro

Y2 = ;Y2 =0,345m.
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5) Compiling a system of equations for the equilibrium
of the beam

2Zi=0;-Ri-Ro—P; +B; =0;
2 Mx; =0;
Ply.C_Plz.b+MBX _MZX +Bz.(b+d):o,

2 Miy =0; Ri.a.0,5+ Mgy =0;
ZM|Z =O, Ay.a+MBz _Bx.(b+d):O.

6) Solving the equilibrium equations

The equilibrium equations in this case (p.5)) are independent
with relation to the unknown values and can be solved
separately.

By = —22,63kN;
Ay =—22,63+30,311=7,681kN;
B, =99 +48312+17,5=599,833kN;

M gy = —30,311.3+17,5.4 + 166,667 — 6,5.599,62
Mgy =—37531805kN.m;

Mpy =-99.3.05=-1485kN.m;

Mg, = —7,681.3—22,63.6,5 = —~170,138kN.m.

If it is necessary to solve a linear system of six equations
with six unknown values "by hand", the system can be
presented in the compact matrix form —

AS=B @)

Where:

o A is the matrix of coefficients in front of the unknowns
with dimensionality NxN (N =6);

e S is a vector whose elements are unknown reaction
forces and reaction moments;

o B is a vector whose elements are known magnitudes
(the free members of the system on p. 5) multiplied by

(-1).
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The solution to matrix equation (1) is searched in the species

S = A"LB. In order to determine the reversibility of A (i.e.
‘ A\ = (), itis necessary to use the Gauss-Jordan method.

7) Verification
The head moment of the forces (active and passive) that are
applied to the beam relative to axis “S " with a single vector

es = \/%@ + J + k) must be equal to zero -

Mg = %(Rl.O,S.a— R».0,345+ A, .a -

—PR.cosab+P.sinac+B;.(b+d) -
,

~By.(b+d)+Mpg, +Mg, +Mg,)=0;

1
Ms =—(148,5-166,75 + 23,043 - 70 +
Nek
+90,933 +3898,9145 +147,095 —
—3753,1805-148,5-170,138 =
1
=-—.(4308,4855 — 4308,5685) =
73 )

=-0,04792~0!

Solution to the problem with the MathCAD
package

The algorithm of the solution is as follows:

o The output data are introduced — see fig.2;
- -
e The resultant forces Ry and R, the resultant moment

M 2X, and the “ Yo" coordinate are determined —

see fig.2.;
e The distributed load q2(y) is graphically presented —

see fig. 2;
e The vectors p,, p,, R,, and R,are formed - see fig.2.;

o The square matrix is formed and its reversibility is verified,
i.e. det A= 0 -seefig.2;

o Vector B is formed with elements that are free members
in the equations from p.5) and those are multiplied by

(—1) - see fig. 2.
o The support reactions are determined — see fig. 2.
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Pl1:=35 P2:=32 ql:=33 q2y):= —SO-y2 + 50-y + 287.5

ai=3 b4 =3 d=25 oF=— B:zg ORIGIN := 1

b b
M2
R2:= J qQ2(y)dy  M2x:= I y-q2(y)dy y2:= =2 R2=1483333
0 0 R2

M2x = 166.667 y2=0.345 y:=0,.0001..4 pl:=(0 —Pl-sin(cx) —P1-cos() )T

Ri:=(0 0 —99)) R2:=(0 0 —483.333)" p2:= (P2-sin(B) P2-cos(B) 0)'

200,

2y 0

~ 200
0 1 2 3 4
Y
i . | P2 |
0 1 0 000
—p2. - pl
I 0 0 000 S
0 0 1 000 (-R1), - R2, - pl
A=10 0 bd100|A|:_1B: e
+ o . : - i
(plz)c+( pl3)b+M2x
0 0 0 010
R1.-.5-a
la ~(b+d) 0 00 1 3
- 0 d
7.683 )
—22.627
. o 599.833
S:=(Ay Bx Bz Mx My Mz) S:=A B S= 3
-3.753 x 10
—148.5
\ —170.129

Fig. 2. Partially automated solution to the beam with the MathCAD package
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Conclusion

The actual directions of reaction Ex and reactive moments
MX, ﬁy and M ; are opposite to the displayed ones -
see fig.1.

The study presented, in which the problem is solved both "by
hand" and with the MathCAD package for mathematical
research, gives a clear idea of the advantages of the MathCAD
application compared to the solution "by hand".

The solution “by hand” is sometimes accompanied not only
by the difficulties mentioned in the introduction, but also by
errors. The latter are difficult to detect because the process of
tracking the solution is longer than that with the MathCAD
package. Furthermore, when the problem is solved correctly, it
is possible for the routine error to be made in the course of the
verification.

When it a linear system of six equations with six unknowns is
solved “by hand”, the Gauss-Jordan method must be applied

correctly, i.e. (A‘E - E‘A‘l). The plausible presentation

of the distributed load az(y) on the diagram by hand (see

fig.1.) requires the use of tools for drawing (the calculation
scheme in the fig. 1. is drawn with AutoCAD).

The partially automated solution to the beam with the
MathCAD package is quick and compact and it accurately

represents the square function g (y) - see fig. 2.

The solution to the problem with the MathCAD package
cannot guarantee the lack of errors, but those can easily be
found in the short and clear record - see fig. 2.

The use of the graphic editor in MathCAD package helps for
establishing the connection between a geometric or a force
parameter and reaction forces and reaction moments.
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